
AEDC-TR-78-59 
q. -  

~IAR i 9 I984 

APPLICATION OF SPLINES TO THE 
NUMERICAL SOLUTION OF 

TWO-POINT BOUNDARY-VALUE PROBLEMS 

Donald C. Todd and John C. Adams, Jr. 
ARO, Inc., a Sverdrup Corporation Company 

VON KARMAN GAS DYNAMICS FACILITY 
ARNOLD ENGINEERING DEVELOPMENT CENTER 

AIR FORCE SYSTEMS COMMAND 
ARNOLD AIR FORCE STATION, TENNESSEE 37389 

December 1978 

Final Report for Period October 1977 - August 1978 

I Approved for public release; distrlbutMon unlimited. I 

~ ~, ,r~..'. ~ •. ~"~ ~ .~ , ,. ~ ,;~ 

r 

Prepared for 

ARNOLD ENGINEERING DEVELOPMENT CENTER/DOTR 
ARNOLD AIR FORCE STATION, TENNESSEE 37389 



NOTICES 

When U. S. Government drawings, spec~ficatlons, or other data are used for any purpose other 
than a definitely related Government procurement operation, the Government thereby incurs no 
responsibdity nor any obhgation whatsoever, and the fact that the Government may have 
formulated, furnished, or m any way supplied the said drawings, specifications, or other data, is 
not to be regarded by implication or otherwise, or in any manner licensing the holder or any 
other person or corporation, or conveying any rights or permission to manufacture, use, or sell 
any patented invention that may in any way be related thereto. 

Qualified users may obtain copies of this report from the Defense Documentation Center. 

References to named commerical products m this report are not to be considered m any sense 
as an indorsement of the product by the United States Air Force or the Government. 

This report has been reviewed by the Information Office (O1) and is releasable to the National 
Technical Information Service (NTIS). At NTIS, it will be available to the general public, 
including foreign nations. 

APPROVAL STATEMENT 

This report has been reviewed and approved. 

Project Manager, Research Division 
Directorate of  Test Engineering 

Approved for publication: 

FOR THE COMMANDER 

ROBERT W. CROSSLEY, Lt Colonel, USAF 
Acting Director of Test Engineering 
Deputy for Operations 



UNCLASSIFIED 
REPORT DOCUMENTATION PAGE READ INSTRUCTIONS 

BEFORE COMPLETING FORM 
1 R E P O R T  NUMBER J2. GOVT ACCESSION NO, 3 R E C I P I E N ~ ' S  C A T A L O G  NUMBER 

I A E D C - T R - 7 8 - 5 9  

4 T I T L E  ( ~ d  Subtitle) 

APPLICATION OF SPLINES TO THE NUMERICAL 
SOLUTION OF TWO-POINT BOUNDARY-VALUE 
PROBLEMS 

? A U T H O R ( I )  

D o n a l d  C. Todd and John  C. Adams,  J r . ,  
ARO, I n c . ,  a S v e r d r u p  C o r p o r a t i o n  Company 

9 P E R F O R M I N G  O R G A N I Z A T I O N  NAME AND ADDRESS 

A r n o l d  E n g i n e e r i n g  D e v e l o p m e n t  C e n t e r  
A i r  F o r c e  S y s t e m s  Command 
A r n o l d  A i r  F o r c e  S t a t i o n ,  T e n n e s s e e  37389 

1 I C O N T R O L L I N G  O F F I C E  NAME AND ADDRESS 
A r n o l d  E n g i n e e r i n g  D e v e l o p m e n t  C e n t e r ( O I S )  
A i r  F o r c e  S y s t e m s  Command 
A r n o l d  A i r  F o r c e  S t a t i o n ,  T e n n e s s e e  37389 
14 M O N I T O R I N G  AGENCY NAME Ill ADDRESS( I /  different ftem Contrel l lni l  Off ice) 

S T Y P E  OF R E P O R T  6 P E R I O D  C O V E R E D  

F i n a l  R e p o r t ,  O c t o b e r  
1977 - A u g u s t  1978 
6 P E R F O R M I N G  ORG. R E P O R T  NUMBER 

8 C O N T R A C T  OR G R A N T  NUMBER(e)  

10 PROGRAM ELEMENT,  P R O J E C T ,  TASK 
AREA & WORK U N I T  NUMBERS 

P r o g r a m  E l e m e n t  65807F 

12. REPORT DATE 
December  1978 

13. NUMBER OF PAGES 

121 
15. S E C U R I T Y  CLASS. (e l  I h f l  repo*t) 

UNCLASSIFIED 

15a DECL  ASSI F I C A T I O N / D O W N  GRADING 
SC. EDULE N / A  

16 D I S T R I B U T I O N  S T A T E M E N T  (o f  this Report) 

A p p r o v e d  f o r  p u b l i c  r e l e a s e ;  d i s t r i b u t i o n  u n l i m i t e d .  

17 D I S T R I B U T I O N  S T A T E M E N T  (e l  the eb l t r a i t  entered in Brock 20, i f  different from Report) 

18 S U P P L E M E N T A R Y  NOTES 

A v a i l a b l e  i n  DDC. 

19 K E Y  WORDS (Cent|hue on reveree aide I f  n e c e e l e ~  ~ d  I d e n t l ~  by bleck numbe~ 

N a v t e r - S t o k e s  e q u a t i o n s  
s p l i n e s  
b o u n d a r y  v a l u e  p r o b l e m s "  
d i f f e r e n t i a l  e q u a t i o n s  

20 A B S T R A C T  (Continua ~ reveree aide | t  neceeea~  end fden t f~  ~ b|ock numbe~ 

In  t h e  s e a r c h  f o r  b e t t e r  m e t h o d s  t o  s o l v e  t h e  N a v i e r - S t o k e s  
e q u a t i o n s ,  t h i s  i s  a p r e l i m i n a r y  t e s t  o f  s p l i n e  c o l l o c a t i o n ,  o r  
t h e  a p p l i c a t i o n  o f  s p l l n e  c o l l o c a t i o n  t o  s o l v e  t w o - p o i n t  b o u n d a r y -  
v a l u e  p r o b l e m s .  P e r t i n e n t  s p l l n e  t h e o r y  and t h e  s p l l n e  c o l l o -  
c a t i o n  me thod  a r e  d e v e l o p e d  f rom f i r s t  p r i n c i p l e s .  The p r o b l e m s  
c o n s i d e r e d  a r e  n o n l i n e a r ,  t h i r d - o r d e r ,  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s .  A FORTRAN IV c o m p u t e r  p r o g r a m  t o  s o l v e  s u c h  p r o b l e m s  

i 

FORM 1473 ED,T, ON OF ' N O V ' S , S  OBSOLETE D D  , JAN ?S 

UNCLASSIFIED 



UNCLASSIFIED 

2 0 .  ABSTRACT (Continued) 

is described, and a source deck listing is included. 
sample problems solved by the program are presented. 

Several 

A F S C  
A r ~ l d  A F 5  " £ e ~  

UNCLASSIFIED 



A E DC -TR -78-59 

PREFACE 
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was Elton R. Thompson. This work was done by ARO, Inc., AEDC Division (a Sverdrup 

Corporation Company), operating contractor for the AEDC, AFSC, Arnold Air Force 

Station, Tennessee. under ARO Project Number V32A-PIA. The manuscript was 
submitted for publication on August 23, 1978. 
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1.0 INTRODUCTION 

The availability of increased computer power within the past decade has spurred 

considerable effort toward development of computer programs for the numerical solution 

of the Navier-Stokes equations. The first and continuing effort involved numerical 

solution by finite-difference schemes. In recent years, however, other methods have come 

under investigation; two of these methods are finite elements and spline collocation. A 

preliminary test of spline collocation, namely application to numerically solve various 

two-point boundary-value problems, is the subject of the present report. Pertinent spline 

theory is developed from first principles. The spline collocation method, which is similar 

to that used by Rubin and Khosla (Ref. 1), is also fully developed. The problems 
considered are nonlinear, third- order, ordinary differential equations. A FORTRAN IV 

computer program to solve such problems is desGribed, together with a source deck 
listing. Several example problems solved by the program are presented. 

A spline interpolates between points by polynomials determined by various 

conditions of continuity. If a spline using polynomials of degree p is continuous along 

with its first q derivatives, o ~< q ~< p, then the spline is said to have a deficiency of p - q. For 

example, a cubic spline with continuous second derivatives has a deficiency of 

one. Rubin and Khosla (Ref. 1) have shown that classical three-point difference formulas 

are equivalent to a quadratic spline with a deficiency of zero. The method presented in 
this report uses a quintic spline of  deficiency three. 

Three-point, finite-difference methods, when applied to a linear equation, produce a 
tridiagonal algebraic system to be "solved (Ref. 2), whereas spline collocation (for 

second-order equations) produces a tridiagonal system of 2 by 2 blocks. End conditions 
t 

involving first and second derivatives are naturally imposed using spline collocation. For 

uniform grid spacing the three-point, finite-difference formula for the second derivative 
yields a second-order approximation, whereas the quintic spline gives third-order accuracy. 

Splines were originally invented for interpolation, which means that interpolation of 

spline solutions is immediately available. This plus the suitability of spline collocation to 

handle nonuniform spacing makes it feasible to change grid spacing between iterations. 
This can be used effectively to improve accuracy of the resulting solution. 

It is concluded that splines have many useful features and should have a role in 
future techniques for solving complicated problems. 
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2.0 SPLINE THEORY 

Given points (xi, yl) with i = 1, 2, ..., N, a spline has the following properties: 

1. It is a function defined o n  [x  1 , . x  N ]. 

2. It passes thru the points. 

. It is continuous. The splines considered in this report have continuous first 

and second derivatives. 

. It is defined by (N-  1) polynomials, one for each interval [xi, xi + 1 ]. The 

polynomials are determined by the conditions of continuity and the end 

conditions. 

It is convenient for the succeeding analysis to make the following definitions. 

h = xi+ 1 -- x, (1) 

o" i = h~+l 
h (2) 

1 

= --!-1 Cx - x i) ( 3 )  r/i hi 

(4) 0 i = 1 - r/i 

Figure 1 shows the first two and last three points, (xl, Yl), and their related h i .  

2.1 CUBIC SPLINES 

A cubic spline is defined by 

s ( x )  = p, (x) ( 5 )  

for xi ~ x  ~< x1+1 with i = 1, 2 . . . .  , N -  1 where the pl(x) arecubics .  S inces(x)  passes 
thru the points, 

s ( x i )  = Yi (6) 

Since s(x) is assumed to have continuous first and second derivatives, one can make the 
definitions 

m a = s ' ( x i )  ( 7 )  

and 

Mi = s " ( x i )  ( 8 )  



AE DC-TR-78-59  

(xl,Y I) 

(x2,Y 2) 

(XN_2,YN- 2) 

(XN_ 1 , YN_I ) 

(x N, YN ) 

L. =1 
h 1 Vl 

Figure 1. 

L.. 

hN- 2 hN_l I 

Clarif ication of  the h i , 

X 

7 
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/ 

The pi(x) can be written in terms of the mi as follows. Define 

= 1 hi mi YAi Yi + 

and 
_ 1 h YBi = Yi+l ~ i mi+l 

then Pi(X) c a n  be written 

Pi(X) = Yi0i 3 + 3 YAi r/l 02 + 3 YBi rli 2 0i + Yi+x r/i 3 

The first derivative is 

p ( ( x )  = h3-.~.. [ - y l  0~ + YA1 (Oi - 2 r / i ) 0 i  
I 

2 + YBi r/i (20 i  - r/i) + Yi+l r/i "] 

and the second derivative is 

• " 6 [ y  i 0 + (r/ i  - 2 0  i ) Pi (x) = h_.. ~. i YAi 
i 

(9) 

(10) 

(11) 

(12) 

+ YBi ( 0 i -  27/1) + Ya+l r/i] ( 13 )  

The pl(x) are cubics in x, and it can be confirmed that, as defined, 

Pi (xi) = Yi (14) 

Pl (Xl+l) = Yi+l (15) 
p D  

Pl (xi) = ml (16) 

and 

P:  (Xl+l) = mi+l ( 1 7 )  
I 

The pl(x) have been written in terms of  the mi which, as yet, have not been 

determined. A relation among the mi can be derived by the requirement that the second 
derivative be continuous; thus, 

p l  p t  

Pi-1 (xi) = Pa (xi) = M i (18) 

"" 6 [ Y A , / - - 1 -  2YB,i- -1  + Yi] Pi-1 (xi) - h2 
i--1 

From Eq. (13), 

(19) 

Thus after substituting Eqs. (9) and (10) into (19) and simplifying, 

- 6 ( Y i -  Yi-1 ) (20 )  2 (2mi  + m _ l  ) _ h 2 Mi h~-I ~-1 

8 
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Again, from Eq. (13), 

Pi" (x t )=  h- ~ [-Yi- 2yAi + YBi-] (21) 
1 

which, after substitution of Eqs. (9) and (10), yields 

= 6 _ y )  _ 2 (2mr + ml+l ) (22) Mi h-- ~ (gi+l h 
I l 

Subtracting Eq. (22) from Eq. (20) and simplifying gives the desired relation among the 

mi, 

l mi - .- 2 ( 1 1 ) ml + 1 
h. 1 h h ~--- m + l  

t--i i--I i l 

= _ 3 ( h__~) 3 h21-I Yi-I + 3 h~-ll _ t Yx + h-- ~, Y,+] (23) 

Assume end conditions 

Ai Yi + B, m i + CiM i = D (24) 

for i = 1 and N where Ai, Bi, Ci, and D i are given constants. In each case, i = 1 or i = N, 

at least one of  the coefficients, B1 or Ci, must be nonzero. Since the yl are given, the Ai 

are unnecessary and can be assumed zero. They were included for purposes of  Section 3 

on spline collocation where the Yi are unknown. With i = 1, substitution of Eq. (22) into 
(24) yields 

(B1 - h-~4 C 1 )  ml - 2 C1 m 9 - ~ l  " 

D1 - (A1 - 6 CI ) y l  - 6 C1 y2 -5 -5 (25) 
h I h 1 

Similarly, with i = N, substitution of  Eq. (20) into (24) yields 

(BN + 4__.A~ C N )  m,N + _...2_2 CNmN_I 
hN- 1 hN_ 1 

= DN - ( AN - 2 6 CN) YN _ 6 CN YN-1 (26) 
hN_ 1 h2N_l 

Equations (25), (23) with i = 2, 3, .... N -  1, and Eq. (26) form a tridiagonal system 

which can be solved for the mi. When the solution for the mi has been effected, the 

spline is known. 

It is a straightforward matter  to derive formulas for the integral of  the spline. If one 

has a formula for 
b 

Ji (a, b) = f Pi (x) dx (27) 
a 
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where x i ~ a < b ~< xl+ 1 then the integral over an arbitrary subinterval of  [xt ,  xN ] can 
be obtained by summing the appropriate Ji(a,b) with the proper arguments. When Eq. 
(11) is integrated, 

[ 1 0 i )  3 J , (a ,  b) = h i -~ y, 0 4 -  Yai (q, + ~ 01 

( 1 ) 1 4 ]  b 
+ YBi r/~ 0i + 4 r/i + ,i Yi+l r/i a (28) 

Of particular interest is 

h [Yi + YAi + YBi + Yi+l] Ji (x i ,  Xi+l) = T (29) 

When one has the given points, (xi, Yi), and the calculated mi, then the Mi can be 
computed from Eqs. (20) and (22). In analysis, in order not to give preferential 
treatment to one formula or the other at interior points, it is expedient to average the 
two equations to arrive at 

Mi - 1 ml_l + 2 ( 1 _ _1 ) mi _ _1 mi+l 
hi_ 1 hi_ 1 h h i 

a _ 3 ( 1 1 ) yi + ~12 + h--if- Yi-1 h~"" + h- ~- Yi+l (30) 
1--1 1--1 1 

The fundamental relation, Eq. (23), was found by subtracting Eq. (20) from (22). 
Equation (20) was obtained by adding Eqs. (20) and (22). So, in that sense, there is a 
symmetrical relation between Eqs. (23) and (30). 

By eliminating the Yi from Eqs. (20) and (22), a relation between the mi and Mi is 
obtained. 

Mi_ 1 + M i = ~ (mi+ 1 - m )  h. (31) 
I 

The spline relations have been written in terms of unknown m i. Analogous formulas 

in terms of unknown M~ can be derived. Replacing i with (i + l) in Eq. (20) and 
eliminating mi+ 1 from Eqs. (20) and (22) yields 

mi _ 1 (Yi+l - Yi ) - h (2Mi + MI+I ) - g-- g -  ( 3 2 )  
1 

Replacing i with (i - 1) in Eq. (22) and eliminating ml-1 from Eqs. (22) and (20) yields 

mi = ~hi_l ()'i - Yi-1 ) + hi--'~i6 (2Mi + M'-I)  (33) 

Averaging Eqs. (32) and (33) gives 

mi = - 1 Yi_l + I ( 1 _ 1 ) yl + 1 

+ ht-I Mi_l + I (h I - h) M i - hi 
1"'-2- 6 - 1--2 Mi+l (34) 

10 
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Subtracting gives 
h l 

h,-1 Mi_l + 1__ (hi_ 1 + hi ) Mi + __ Mi, 1 
6 3 6 

_ . 1 Y i - I  - 1 + ~-  Yi + Y i + l  
h~_ 1 - (35) 

The end conditions, Eq. (24), in terms of  unknown M, are found to be 

C1 - -3-hi B1 MI - --6 BI M2 

and 

_ ( _ 1 B ) Y l -  ! B 1 )'2 ( 3 6 )  D1 A1 h---~ 1 hi 

(CN + ---~hN-I B N )  Mlg + ThN-1 BN MN-1 

= D N _ (A N + 1 BN) YN + I___L_ B N YN-I 
hN_ 1 hN_ 1 (37) 

As an alternative to solving for the m,, Eqs. (36), (35) with i = 2, 3, ..., N - 1, and Eq. 

(37) form a tridiagonal system which can be solved for the Mi. 

The preceding formulas on cubic splines are adequate for the present analysis. For a 

complete treatment and proofs, see Ref. 3. 

2.2 TRUNCATION ERROR OF CUBIC SPLINE FORMULAS 

Fyfe, Ref. 4, used operator methods to obtain a Taylor expansion of  cubic spline 

relations with uniform spacing. His work can be generalized for unequal spacing as 

follows. Define the operator E i by 

Ei Y, = Y,+I (38) 

Let y(x) be a function such that Y(X1) = Yi. Indicate the j th derivative by yQ)(x) and 

define y(i) = yCJ)(xi). For the purpose of  this error analysis, the tenth derivative will be 

assumed continuous. Expanding the fight-hand side of Eq. (38) in a Taylor series, 

= v " 1 h 2 "" Ei Yi Yi + h i , i  + ~ 1 Yi + . . . .  

Using the operator D to denote differentiation, from Eq. (39), 

(39) 

E i = 1 + h i D + 1 },2 D 2 _ 
2 

and it is interesting to observe that 

E i = exp (h i D) 

where the exponential is defined by its expansion. 

(40) 

(41) 

11 
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Since 

then (assuming existence) 

and from Eq. (41), 

E a - I  Y i - I  = Yi (42) 

Yi-I = ETll Yi (43) 

ET_ll = exp  ( - h i _  1 D) (44) 

Some consider the last step presumptuous; however, understanding that operator 
expressions are merely convenient representations of series, and assuming linearity, the 

distributive law, etc., rigorous justification is possible. This section will lean heavily on 
such algebraic analogies. 

In operator notation, Eq. (23) becomes 

E h_~l ETJl + 2 ( l _ ~._) + ~ Ei] m. 
- h ~ - I  1 h i  l 

= L f_ 3 ETJ - 3  ( 1 1 ) + ~ E, 7 
h- T -  1 2 h2 h2 j Y i (45) 

1-1 h~ - I  ~ 

and solving for m,, 

m i = i--1 1 i v. 

hi_ 1 h , i (46) 

or, if one expands Eq. (46) into a series, 

m. = [ 1  - 1 ( a i _  1 1) (h i 1 D) 3 1 7-2 (71--1 -- " -- 

(73 
_ ° ~ - 1  , -1  + 1 (h i_  / D) 4 

180 % - I  + 1 

1 
2,160  

o'a_ 1 (o'l_ ! - 1) (3o"2_1 - 5 % _  1 4- 3) ( h  1 D) 5 4- . . . .  ] Yi" ( 4 7 )  

where ol. 1 is defined by Eq. (2). Thus it is found that m i is a second-order-accurate 
approximation to y~ (third-order error). For uniform spacing (Oi. 1 = l ) ,  it is third-order 
accurate. 

12 
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s o  

o r  

In operator notation, Eq. (31) becomes 

( E  i + l )  M i = 2 
h 

t 

( E  t - 1) m 
1 

1 

= 2 1 t M °7+ 

(48) 

(49) 

_ 17 ( 1  h i  D ) 7  . . . .  1 m 
3 1 5  l (50) 

Combining with Eq. (47) yields 

M i = L1 - 1 2 ( h i  1 D) 2 
1-2 a i - 1  - - 1 a i - 1  ( ° i - 1  - t ) / ( h t - 1 D ) 3  

7 2  (51) 

+ 1 (3o~ 1 2a21 + 2ai 1 2) (hi 1 D) 4 36---O c r i -1  - - - - - - 

] ( a i _  1 - 1) (a~ 1 10(ri i + 6) ( h i  1 D) 5 + ] Yi" 4,32-----0 ° ~ - I  - - - - " " " " 

Thus, M1 is a first-order-accurate approximation to y~' (second-order error). For uniform 
spacing (ai-1 = 1) it is a second-order-accurate approximation. 

Equations (47) and (51) do not agree exactly with Rubin and Khosla (Ref. 1); 

however, as Ref. 1 points out, the expression derived depends on which equation one 

begins with. This discrepancy is explained by the limited information conveyed by N 

points. The N points determine a polynomial of  degree (N - 1), but there are infinitely 

many polynomials of  higher degree which pass thru the points. Thus a Taylor expansion 

of the method is not unique. Considering the nonuniqueness, one may wonder about the 

value of the error analysis. The value comes from the conclusions drawn on the order of  

the method,  which are valid and useful. From the error analysis, higher order 
approximations will be derived. 

Substituting Eqs. (9) and (10) into (29) gives 

1 h (Yi + Yl+I ) - 1 h .  2 (m i 1 - mi) ( 5 2 )  J i  ( x , ,  x i +  1) = ~ , . 1--2 ' - 

This is seen to be the trapezoidal rule plus an extra term. In operator notation, 

1_ h ( E  + 1) 1 h e J i  ( x i '  x i - r l )  = 2 i Y i -  1--2 i ( F . i -  l ) m  i (53) 

13 
i 
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Substituting Eq. (47) into (53) and expanding gives 

J l  ( x i ,  Xl+l) = [ 1  ~_ 1 hi D + 1 (h i D) 2 + 1 _  
2 6 24 

302 1 + 5a~-I - 5 (h i D) 5 + ! _  (h i D) 4 + - 
144 (12) (360) o 2  1 

(h i D) 3 

9o2 1 - 9or I + 4 ( h  D) 6 . ]  h 

(12) (720) o 3 
t - - 1  

iYl  

Expanding y(x) in a Taylor series and integrating, one finds that 

xz+ 1 oo -] 

y(x) dx = ] hi )'1 
( j  + 1) l 

x i J=0 

Comparing Eqs. (54) and (55), 

xt+ 1 

J i  ( x i '  x '+ l )  = f Y(X) d x - l---L-- (hi D)5 [ 1 7 2 0  
X 1 

3a2_ 1 - 5 o _  1 + 5 h. D 
1 

6ty2t_ 1 

(54) 

(55) 

+ 12o'13_1 - 63o2 1_ + 6 3 o _  1 - 28 (h i 0)  2 + • • • " l  D-]  
Yl 

84o'~_ 1 / (56) 

Thus, the formula is found to be fourth-order accurate (fifth-order error). 

2.3 HIGHER ORDER APPROXIMATIONS 

From Eq (51), 

r J  

Yi = M1 + 1 o~_1 h 2 iv 
12 1-1 Y l  + . . . .  (57) 

14 
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If an approximation of zero-order accuracy (first-order error) were known for y i v  
then substitution into Eq. (57) would yield a second-order-accurate approximation for rt 
Y i" Consider the conjecture 

y~V = 2 [ - ( a i _  1 + 1)Mi  + Mi+ 1 ]  a _  1 (O'i_ 1 + 1) h 2 ° i - 1  Mi-1 ( 5 8 )  
i--1 

which is the three-point, finite-difference formula applied to the Mi. Substitution of Eq. 
(58) into Eq. (57) yields, as the approximation for Y'i', 

~ i  = Mi - Ai [ e i -1  Mi 1 - (ai-1 + 1) M i + Mi+l] 
W 

(59) 

where 

A i - O'x-- 1 
o"1_ 1 + 1 (60) 

Note that if A i = 0 then ~i = Mi. In operator notation, 

~i  = { 1  +A-!6 [ e i - I  E?l l  - ( g i - 1  + 1 ) +  E i ] }  M' 

or, expanding the operator, 

~ 1 (ai_ 1 + 1) (hi_ 1 D) 2 ~ i  = 1 + Ai [~ a i _  1 
6 

(61) 

_ / 3 i) ( h i _  1 D)  ¢ + 31 o'i_ 1 (o'i21 1) (hi_ 1 D) 3 + 6! °'i-1 (°'i-1 + 

_ 1 4 1) (h i 1 D)5 } 57 ° i -1  (°'i-1 - - . . . . .  ] ~|i (62) 

Substituting Eq. (51) into (62) gives 

I 0 .2 ( o1_ 1 + 1 
"~i = 1 + i-_..~l Ai 

12 o-i_ 1 

+ oi_ 1 to_  1 - 1) [-2A i (o~_ 1 - 1) - I]  (h i 1 D)3 
72 

720 - 

_ o1_ 1 (o1_ 1 - 1) [ A  i (oi_ 1 + 1)(4o"2_1 + 5o-i_ 1 6) 2 6)-] (hi_ 1 D) 5 (30)(144) - - (ai-1 - 10ai-]  + 

I pl 
+ . . . .  Yi (63) 

15 
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By design, when A i is given by Eq. (60), ~II i is a second-order-accurate approximation to 

y'[ (third-order error) and for uniform spacing (ai-i = 1), it is third-order accurate. 

This is somewhat  different from that of Rubin and Khosla, Ref. 1, who reached the same 

results but  with 
o 3 

A i  = ~-1 + 1 

a,-1 (ai-1 + 1)2 (64) 

This discrepancy is not caused by error but  is explained in the discussion following Eq. 
(51). Note for uniform spacing (oi-1 = 1) that Eqs. (60) and (64) both give ,% = 1]2. In 

the limit as al-i approaches infinity, both equations give ~i = 1; however, as o1-1 

approaches zero, Eq. (60) yields A i = 0, whereas Eq. (64) gives ,% = infinity. 

In an analogous manner, a higher order approximation, 

Substituting Eq. (58) into Eq. (47), let 

where 

m i to y~, can be obtained. 

8i hi-I  Mi_ 1 (ai_ 1 i) M i m i = m i + [ a i _  1 - - + M i +  1 '] (65) 
36  

~ i  - a i - 1 -  1 
o -~ 1 (66) t--I 

1) that 8i = 0 and 'mi = mi. Therefore, ~'i is an Note for uniform spacing (Oi-1 = 
improvement over m i only for nonuniform spacing. However, for uniform spacing, mi was 

already third-order accurate. In the limit, when oi-1 = 0, then 81 = -1, and when 81-1 = 
infinity, then 8i = 1. In operator notation, 

8i h~_ 1 m = m + [ai_ 1 E~-ll (o,i_ 1 + 1) + E']  ~,'l i (67) 
1 1 36  

Expanding the operator  and substituting Eqs. (47) and (51) into Eq. (67) yields 

"i = t 1 + °i---~t72 [ ~  ('~-~ + 1) - (°~-1 - 1)] (h i_1 0)3 

[ o3 ] 
+ °"----.-.--!l 58 1  ( 0 2 1  - l )  - 6 ' - l + l  (hi_ 1 D) 4 

1 8 0  cri_ 1 + l 

_ o'r... 1 (0"_  1 - 1) [ 5 8 ~  (O'i_ l + 1) + 2 (cr~ 1 - 5 ° i - 1  + 3 ) ]  (h i 1 I } )5  
4 , 3 2 0  - - 

I • + . . . .  Yl (68) 

16 
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By design, when 8i is given by Eq. (66), " i  is a third-order-accurate approximation to 
t 

Yl (fourth-order error). 
/ 

The analysis on " i  and ~i is valid only at interior points (i = 2, 3 . . . . .  N - 1). At the 

end points (i = 1 and N) they will be defined as ,,~i = mi and ~i = Mi. 

In the next section an approximation, K~ (xi, xi+ 1 ), to the integral of  Eq. (55) will 

be derived as follows: 

K i ( x i ,  Xi+l ) = 1 hi (Yi + Yi+l ) - 1 h 2 i-O- 1 (mi+l-  "i) (69) 

+ l__L_ h. 3 (~ll i + ~ i + l )  
120 1 

It is convenient to include the error analysis of  the formula at this time. In operator 

notation 

1 h (E i + 1 ) Y i  1 h 2 (E i 1) m i Ki ( x i '  X l + l ) =  } i - - -  - 
lo (70) 

+ 1 h -3 (E i + 1) ~ i  
12----O l 

Expanding the operators and substituting Eqs. (68) and (63) into Eq. (70), one can arrive 

at 

t 1 + 1__ hi D + L (h i D) 2 + _1__ (h i D) 3 Ki (x i , Xi+l) 
2 6 24 (71) 

(ai_ 1 1) (2a i 1 -  1) 1 + 1 ( h  D) 4 + 1 + - - (h i D) 5 
12--"6 7 - ~  (36) (120)o2 1 

160"31 + 50"2 1 + 950"i 1 + 25 1 4- 1 4" - - 
( 3 - - - - - - )  - - - z ' - 6 0 ) O 2 0 %  (hi D)6 4,80--'-'-6 

+ . . . .  f hx Yi 

17 
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Comparing Eqs. (71) and (55), 

Xi+l 

K i (x i , xi+ 1) = J y (x )  dx 
I l 

(72) 

l 
+ (h a D)61 (0",-1- 1)(20"i-1- 1) 

(36) (120)0"2 1 

[ 160.~_ 1 + 50"2_ 1 + 950"1_ 1 + 25 ] 
(360)(120)0" 3 + l (h a D) 100.800 

1--1 

D-1 + 

. . . .  i Yl 

Thus Eq. (69) is found to be fifth-order accurate (sixth-order error) and for uniform 

spacing (oi-1 = 1), it is sixth-order accurate. If "~i and N 1 were exact, then the formula 
would be sixth-order accurate. 

2.4 QUlNTIC SPLINES 

Once the higher order approximations, " i  and ~1, have been found, a spline, z(x), 

is needed for which the first and second derivatives at xi are "i  and ~lli, respectively. 
That is, 

z(x) = qi (x) (73) 

for xi ~< x ~< Xi÷l, where the q,(x) are polynomials such that 

z" (x i) = m i (74) 

and 

z'" (x i) = ~L 

for i = 1, 2, ..., N. For a particular qi(x), this requires the conditions 

(75) 

qi (xL) = Yi (76) 

q ( % )  = " i  

qi (xi) = ~[i 

(77) 

(78) 

18 
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qi (Xl+l) = Yi+l (79) 

q((Xi+l) = mi+ 1 (80) 

q(" (Xi+l) = ~ i + l  (81) 

Since there are six conditions, qi(x) is quintic. Now one can define 

. = v ,  + 1 h i m  i 
Yal • i 5 (82) 

. 2_ h i  ~ i  + l_L_ h 2 ~ i  Ybi = Yi 5 20 i (83) 

Ycl = Yi+l - 2 h + l__ h .2 ~r[~l+ l i mi+l  20 I (84) 

1 h i  Ydi = Yi+l - ~ mi*l  (85) 

then 
2 3 qi (x) = Yi 05 + 5Yai T/i 04 + lOYbi r/i Oi 

+ lOYci ~73 O~ + 5Ydi r/ t  0 i + Yi+l r/i (86) 

The first derivative is 

q((x) = 5 [ - Y i  Ot + Yai ( O i -  4r / l )O~ + 2Ybl (20 i - 37/ i ) r / i  O~ 
h 

1 

+ 2Yci (30 i - 2r/i) r/~O i - Ydi (40i - r/i) r/i 3 + Y,+I r/i 4"] 

and the second derivative is 
(87) 

"" 20 3 (37/i 20i) 2 qi (x) = h___ ff [ Y i  Oi + Yai - Oi 
1 

+ Ybi (0~ - 6r / ,O i + 3r/~)Oi 

+ Ycl (30~ - 6r/l 0 i + r/~) ql 

+ y,, ( 3 0 , -  2. 0 ,~ + y-+] ,Tg ] (88) 

It can be verified that Eq. (86) does satisfy the six conditions, (76) thru (81). 

To compute the integral of  the quintic spline, if one has a formula for 
. b 

Ki (a, b) _- f q l  (x) ax 
8 

(89) 

19 
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where x i ~< a < b ~< xi+], then one can obtain the integral over an arbitrary subinterval 

of [xl, XN] by summing the appropriate Ki(a,b) with the proper arguments. Integrating 
Eq. (86), 

1 Yi 6 ] 0 , ) 0  i K . ( a ,  b )=  h [-~. 6 t i Oi - )'al (r/i + 5 

2 04 - yb,(  + , i  + 

+ Yci 0~ + r/i 0 i + 61--77 r/i 

l 6 b 
+ Ydi (0i + 1 r/i)r/iS + 6-Yi+l  r/i ] a  (90) 

Of particular interest is 

K (x i , x +  1) = 1_ h (Yi + Yai + Yb, + Yc, + Yd, + Yi+l ) ( 9 1 )  
6 

If one substitutes Eqs. (82) thru (85) into (91), then one obtains Eq. (69). 

3.0 SPLINE COLLOCATION 

The general solution to a second-order differential equation involves two arbitrary 

constants; thus two conditions must be made to determine a particular solution. If the 

two conditions are the specification of the values of the solution and its derivative at a 

particular x-value, then the problem is called an initial value problem, and one-step 

methods such as Runge-Kutta can be applied, with nonlinearity presenting no special 

problem. When the two conditions are given at two separate x-values, the problem is 

called a two-point boundary-value problem, and several techniques are applicable, all 

requiring iteration to handle nonlinearity. Some methods allow the problem to be left in 

its nonlinear form, for example shooting methods for which each iteration is an initial 

value problem. However, probably the best methods are those where the problem is 

linearized and each iteration solves a linear problem. That is the approach used in this 

report. Section 3.1 describes a spline collocation method to solve linear problems, and 

Section 3.2 shows how to linearize a problem and iterate to obtain a solution to the 
nonlinear problem. 

A collocation method for solving a differential equation involves writing an 

approximate solution in terms of a number of parameters, then determining the 

parameters by requiring the approximate solution to satisfy the differential equation at 

certain discrete points. The approximate solution "and the differential equation collocate 

20 
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at those points. In the case of spline collocation, the approximate solution is the spline, 

and the parameters are the y~ and M~. Since there are 2N unknowns, the Y, and M,, 2N 

equations are needed. Because the unknowns are sptine parameters, N spline relations are 

in force. The other N equations come from the collocation requirements that the spline 

satisfy the differential equation at the xl. 

In the following analysis, quintic splines are assumed throughout:  however, the  

equatmns for cubic splines are found by setting A i = ~i = 0. In Section 2, since the spline 

passed thru the points, zl equaled yl [(z~ = z(xi)]. In this section, the requirement is for 

the spline to satisfy the differential equation at the xt; therefore, zl does not necessarily 

equal Yi- For this reason, when reference is made to equations in Section 2, it will be 

assumed that the Yi are replaced by zi without further explanation. 

3.1 THE LINEAR PROBLEM 

Given the differential equation 

y " =  a(x) + /3(x) y + y(x) v" -, ~(x) I (92) 

where 

I = 11 + / - y ( x ' )  dx" 
J*l  (93) 

where 11 is a given constant; and given end conditions, Eq. (24), it is desired to find a 
numerical solution for Xl ~< x ~< xN by spline collocation. 

Equation (92) should be classed as a third-order differential equation in I, since y = 

I', y' = I", and y"  = I'". Orginally, the method to be presented was developed for 

second-order equations; later, it was extended to solve third-order equations by the above 

device. Spline collocation determines the spline, z(x), which satisfies the differential 

equation, Eq. (92), at the x,. Therefore, for i = 1, 2, ..., N, 

~llIi = a i  + /9i zi  + Yi m + ei gi (94) 

where the subscript, i. on the functions a, ~, % and e indicates their evaluation at x i. The 
gi are defined by 

and f o r i >  1, 

gl = It (95) 

gi = g i - 1  + K i - 1  (x i -1  ' xi) (96) 

21 
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which by Eq. (69) becomes 

g, = gi-1 + /2 hi-1 (Zi - Z~-I) (97) 

- ! h~_ 1 (m i - m i _ l  ) 10 

+ ~ h~-i ($i + "11Ii 1 ) 120 

for l < i ~ N. If  one defines 

Qi = ai-1 M~-I - (ai-1 + 1) M i + M+ 1 (98) 

then Eqs. (65) and (59) can be writ ten 

m i = 
ms, for i = 1 and i = N 

h m + , , - t  Q i '  for 1 < i < N 
t 36 

(99) 

( 
~i = ) M 1, for i = 1 ~tnd i = N 

(100) 1 ~ A i 
M i - __ Q t ,  for 1 < i < N 

• , 6 

Ordinari ly one would choose the zl and m~ as the principal unknowns  using Eqs. (23), 

(25), and (26). However, in light o f  Eq. (98) and its exclusive involvement of  the M1, the 

analysis can be simplified by choosing the zl and M~ as the principal unknowns  and using 

Eqs. (36), (35), and (37), which can be writ ten 

( B ~ ) z l  B'  _ _ _ _  z 2 + ( C  1 Al ~ hi 

_ 1 B1 h i  ) M1 _ 1. B 1 h 1 M 2 = D 1 
3 6 

hi-ll z i_ l  _ (h___~_l + ~_t ) zi + 1 zi - -  h 1 

_ 6-1 h i_ l  Mt-I  - 31 ( h  -1  + h ) M  i - 6-1 h~ Mi+ 1 = 0 

for 1 < i < N 

(AN + hNB__~N1) z N - BN 
- hN_ l 

ZN_ 1 + (C N 

+ 13 BN hN-1) MN + 61- BN hN-1 MN-1 = DN (101) 

J 

22 
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The m i values come from Eqs. (32), (34), and (33), which can be written 

I11i = 

h 1 1 .  (z 2 - z 1) - - -  (2M 1 + M 2) for i = 1 
h 1 6 

] z i _ l  + 1 ( ] - 1 ) z ,  + - L  
2h~- I  2" hi-[ h'a 2 h  Z i + l  

+ h ' - I  mi  1 + 1 (h i 1 - hi)  Mi h I---7 - 6 - - 1-Y Mi+l 

for l < i < iN 

1 (z N - Z N _  1) + hN-----!l (2M N + M N 1 ) for i = N 
hN_ 1 6 - - (102) 

From Eqs. (94) thru (102) one could form a tridiagonal system with 7 by 7 blocks with 

unknowns z~, M1, 1t11, Q i ,  m i ,  ~ 1, and gl. However, for the sake of numerical efficiency, it 
is best to eliminate some of the unknowns before defining the system. The -'i and ~i can 
be eliminated by substitution of Eqs. (99) and (100) into Eqs. (94) and (97). Equation 
(94) becomes 

f l l  zt - Mi - Yi mi  - ei gi = - a i  

for i = 1 and  i = N 

f l i  i t  - Mi + Y, mt + ¢i gi + I (Yl t~i h t - I  - 6Ai)  Qi = - a i  (103) 

for 1 < i < N 

If one defines 

and 

h 3 
all = ,-.__! ( A  - 2 ~  a) (104) 

720 

h a (  2~,-1 ) (105) = ~-____A A + _ _  
a2 i  720 o - _  2 
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t h e n ,  a f t e r  "1 a n d  ~11~ are  e l i m i n a t e d ,  t h e  gl c a n  be w r i t t e n  

11 for i = I 

1 h 1 Zl ) ] h~ (m 2 ]) gl  + ~" (z2 + - --10 - m 

+ I_A_ h13 (M 2 + M1) + a12 Q2 for i = 2 
120 

1 h 2 m t _ l  ) g~-I + 1 h _ l  (z, + Z , _ l )  - t---O i-1 (mi - 

+ 1__]_ 133 (M + Ml_ 1) + a l , Q  ' + a2, Q,-1  for 2 < i < N 
120 i-1 

- L h N _  1 (z N ~- ZN_ 1) - ._2_1 h 2 (m N gN-1 2 l0 N-1 - raN-l)  

+ __1 h 3N_l (MN ~- MN-1 ) + a2N Q N - I  for i = N 
120 

(106) 

The mi and Q~ can be eliminated from the system by substitution of Eqs. (102) and 

(98) into Eqs. (103) and (106). The results, after substitution, can be called Eqs. (103)' 
and (106)', which will not be written out explicitly. The system then consists of Eqs. 

(106)', (103)', and (101), which can be written in the form 

Dol Vl + D]] V 2 = R l 

D_I2  V 1 - D02 V 2 + D12 V 3 = R 2 

D_2 * Vi_ 2 + D_I i Vi_ 1 + Dot V i + Dl i  Vi+ 1 = R i for 2 < i < N 

where 

D_2N VN_ 2 + D _ I N  V N _  1 + DON V N = R N 

V 1 = 'I i 

LZ~ J 

(107) 

(108) 

Ri = - a l  i "-aN 

DI D N 

for i=l for 1 < i < N for l=N (109) 
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and 
/ 

Omi = (dmijk) " (110) 

where all the d m i j k  a re  zero, except for ones which will be listed below. A brief 

clarification of  the subscripts may be useful. The subscript m takes values -2, -1, 0, and 

1. The value 0 refers to the principal diagonal;-1 to the first lower diagonal; -2 to the 

second lower; and 1 to the upper diagonal. The subscript i indicates the ith point with 1 

~< i ~< N. The subscripts j and k take values 1, 2, and 3. The j subscript refers to Eqs. 

(106)', (103)', and (101), respectively. The k subscript refers to gi, Mi, and Zi, 
respectively. 

The n o n z e r o  dmijk are as follows: 

_ h 2 
d_2 i l  2 h l -2  i-1 + a . .  for 2 < i < N 120 "~ t7i-2 -- 

d_2 i l  3 - ° ~ - 2 h l - I  for 2 < i < N 
2O 

(111) 

(112) 

d _ l l l  1 = 1 for 1 < i < N (113) 

d - l [  12 = 

3 
h l  + a 1 

- 3-'0 a12 
for i = 2 

h3( ) 
-1-1 1 - 1 + a l l  o i_  1 - a2 i  (a i_ 2 + 1) for 2 < i < N 
60 a~_ 2 

h 3 - 1  { 2 - 3 ~  - (trN_2 + 1) for i = N 
120 ~trN-_ 2 ] a2N 

(114) 

o h  
""1 for i = 2 
2O 

d - l i 1 3  = --h~-I (a~_ 2 + 10) for 2 < i < N 
20 

hN---.....~ 1 ( O N _  2 + 11) for i = N 
2O 

(115) 

d0i 11 = - 1  for 1 < i < N (116) 
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doi  12 = 

3 

hl (2o" 1 - 3) - a12 (a I + 1) for i 2 
120 

h 3 
1-1 (a i_  1 _ 1) - a l l  (a t_  1 + 1) + a2i  for 2 < i < N - ; - d -  " 

3 
- h N - 1  + a2N for i = N 

30 
(117 )  

t h l  ( 1  * 11 20 \ a  1 ) 

h i -1  ( 1L_ + 1 0 )  
d0~ 13 = 20 ~tr i_ 1 

I 9hN-1 for i =  N 
2O 

for i = 2 

for 2 < i < N 

h 2 h 
i--1 x A + a 

11 ~ l i  1 2  - ]20 
for 1 < i < N 

( l l 8 )  

( 1 1 9 )  

hi- 1 
d l i  13 - 20crx_ 1 

for 1 < i < N ( 1 2 0 )  

d _ l i  22 = 

Yl h , -1  + ax------A ( y ~ f ~ h i _  1 - 6 A )  for 1 < i < N 
12 36 

YN hN-1 for i = N ( 1 2 1 )  

d - l i  23 = 

- )'_....a.._~ 
2hi_ I 

for 1 < i < N 

_ YN for i = N 
h N -  1 

(122 )  

d0121 = ~i for 1 < i < N ( 1 2 3 )  
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d0122 = 

-1 - ) ' l  h i  for i = 1 
3 

- 1  + Y-.._~, (hi_  1 - hi) _ __L1 ( Y i ~ i h i - 1  - 6 A )  (tri_ 1 + 1 ) f o r  1 < i < N 
6 36 

-1  + YN hN-1 for i = N 
3 (124) 

d0i 23 = 

/31 - Y_! for i = 1 
h 1 

~ i + Y ,  ( l  _ 1 ) 
T h _  1 ~-a 

/3 N _ Y_.~N for i = N 
hN-  1 

for 1 < i < N 

(125) 

d l i 2 2  = 

- Y l  h__.J1 for i = 1 
6 

_Yl  h 

12 36 

t Yt 
d l 1 2 3  = 

Y, 

for i = 1 

for 1 < i < N 

,-1 - 6Ai )  for 1 < i < N 
(126) 

(127) 

d 1132 = 

hl-- I 
6 

B N hN_ 1 

for 1 < i < N 

for i = N 
(128) 

d_ t i33 = 

1 
h 

I--] 

_ B N 
h N -  1 

for 1 < i < N 

for i = N 

(129) 
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d 0 i 3 2  = 

C 1 - B I  h 1 
3 

for  i = l 

_ 1  (h i_  1 + hi  ) 
3 

for  1 < i < N 

B N h N -  1 
C N + 

3 
for i = N (130) 

d0133 = 

A 1 - B____! 
h I 

for i = 1 

for  1 < i < N 

_ BN A N - -  for i = N 
h N - 1  (131) 

d l , 3 2  = 

- B I  h l  for i = 1 
6 

h 
- ~  for 1 < i < N 

6 (132) 

d l  ~33 = 

B |  

h 
1 

for  i =  1 

1__ for  1 < i < N (133) 
h 

1 

Figure 2 shows the coefficient matrix for N = 7. Each small square corresponds to a 

dmijk, and each large square corresponds to a D mi. The X's mark the nonzero elements. 

The most straightforward way to solve the system is to use a banded system solver. The 

matrix is seen to have five diagonals above and below the principal diagonal for a 

bandwidth of  1 1. 

The matrix can be treated as four diagonals of  3 by 3 blocks. The upper diagonal can 

be eliminated and the solution obtained by forward substitution. Some advantage can be 

taken of  the sparseness of  D-2i ( two nonzero elements). One must be careful in 

programming such a procedure if the procedure is intended to improve on the banded 

solver. 
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Figure 2. Coefficient matrix for N = 7. 
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When e(x) = 0, then Eqs. (103) and (101) become uncoupled from Eq. (106) and a 

tridiagonal of  2 by 2 blocks can be solved for the Mi and z~. The integral can then be 

computed from Eq. (69) if it is needed. 

3.2 THE NONLINEAR PROBLEM 

Most problems are nonlinear. Instead of Eq. (92) one may have 

y " =  f (x ,  y ,  y ' ,  I) (134) 

Methods of  solution of  such problems often involve a process called quasi-linearization. 

The process requires an "in-hand" solution, which to begin with may be just a guess. 

Indicating the in-hand solution by a bar, 

y'" = f (x ,  ~-, y" ,  T) + f2(x ,  F ,  Y",  " i ' ) (y - "y)  

+ f3(x,  y ,  y- ' ,  T) (y" - y ' )  - f4(x, y ' ,  "y' ,  ] )  (I - ] )  (135) 

where fj indicates the partial derivative 'of f with respect to the j th argument. Equation 

(135) can be put in the form of  Eq. (92) where 

a(x) = f (x .  ~ ' ,  • ' ,  I) - f2(x .  ~r, y - ,  "~) 3; 

- f3 ( x ,  y ,  y ' ,  i )y"  - f 3 ( x ,  y ,  y ' ,  ]) (136) 

and 

fl(x) = f 2 ( x ,  y ,  y ' ,  ]) (137) 

y(x) = f3(x,  y ,  y ' ,  i) (138) 

~(x) = I4(x,  7 ,  y ' ,  I) (139) 

With a, /3, % and e defined by Eqs. (136) thru (139), a solution can be obtained by the 

method of  Section 3.1. This solution becomes the new in-hand solution. Iteration 

continues until a converged solution is obtained or until it becomes apparent that the 

method (for a particular case) fails to converge. 
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4.0 THE COMPUTER PROGRAM 

The computer  program was written in FORTRAN for the IBM 370/165 computer.  

To apply the program to a particular problem, the user must provide the t'unctions a(x), 

t3(x), "r(x), and e(x) of  Eq. (92). This is done via a subroutine, QLDE. Only the text of  

the subroutine need be changed, the interface having already been programmed. The user 

must also provide the end condition constants of Eq. (24); the constant, I1, of Eq. (93): 

a starting solution; and various logic control variables. These inputs are made in 

subroutine DATA. The different parameters are described by comments, and the user sets 

their values as desired. One other routine, CHEKBM, is problem dependent;  however, it is 

not essential to the solution. CHEKBM is evoked after a solution has been found and the 

user can check or process the solution as desired. The use procedure of  the computer  

-program is demonstrated in Section 5 by example problems. 

A listing of  the program is given in Appendix A. A conscientious effort  was made to 

make the program clean and modular, and to use comments liberally. Below are notes on 

some of  the subroutines. If a subroutine is not included below, then it is adequately 

documented by comments. Line numbers refer to sequence numbers in colunms 73 thru 
80. 

PROCED 

The general logic of  the program is contained in this routine. The DO loop of  Line 

340 provides the option of solving multiple problems. Exit from this loop is effected by 

a RETURN 2 from DATA (Line 350). Iteration is performed by the DO loop of  Line 

380 A converged solution (and branch-out of the loop) is indicated by a RETURN 1 

from UPDATE (Line 430). The user is given the opportuni ty to check or process the 

solution as desired in CHEKBM, Line 530. The solution will be written on tape or disk, 

Line 540, or printed, Line 550, if the proper indicators (JUNIT and LPRNT) are set in 
DATA. 

CHEKBM 

The user can check or process the solution as desired in this routine. If 13o such 

need exists, then Lines 1770 thru 1960 can be deleted or, alternately, Line 530 of  
PROCED can be deleted. 

CHEKDE 

If the solution at the collocation points is the input arguments to this routine, 

then in effect the routine merely checks the validity of the solution from BANDED. This 
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routine can be used to see how well the solutmn satisfies the differential equation at 

points other than the collocation points, as follows: 

I. Call QUINTS to determine the solution at the points of  interest. 

2. Call NTEGRL to compute the integral at the points. 

3. Call QLDE to compute the cti,/5,, %. and e~. 

4. Call CItEKDE and it checks the solution with the differential equatton. 

DATA 

The logic control variables, end condition constants, and starting solution are input 

via this routine. Note the availability to UNIFRM to compute uniform spacing and 

GUESS to compute a quintic solution which satisfies the end conditions. 

DELTAS 

This routine evaluates Eqs. (60) and (66) for zX, and 5, and has been made a 

separate routine with the idea that it might be useful to experiment with different values. 

It was pointed out that the expressions for A i and 8, are not unique, thus it would be 

interesting to determine their tnfluence. Also, setting A~ = 5i = 0 reduces the higher order 

quintic spline method to a cubic, so that the refinement of the method can be evaluated. 

DIFRNC AND ERROR 

The user should be aware of  the availability of these routines which have been 

found useful in the various checking routines. 

GUESS 

GUESS is available to the user to compute a starting solution. It determines a 

quintic solution which is consistent with the end conditions. The metlaod used by GUESS 

is presented in Appendix B. 

NORM 

NORM is used to check for convergence. The user has a choice of  two tests 

indicated by the variable LNORM set in DATA. The first test finds the greatest 

difference between the two solutions relative to the range of the first solution. The 

second test finds the greatest difference between the two solutions relative to the 

solutions' local values. The second test is more stringent, especially for solutions which 
approach an asymptote. 
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RESPAC 

RESPAC computes a new spacing with smaller steps where the solution changes 

more rapidly. The method used is presented in Appendix C. If no respacing is desired, 

then the parameter RSC can be set to a large value in DATA. 

RESULT 

The solutions returned by BANDED are the gt, M~, and z~ [SeeEq. (108)]. RESULT 

computes mi On the tcmporary variable. T I )  from Eq. (102) and then "1 and ,N i from 

Eqs. (99) and (100). 

SYSTEM 

SYSTEM computes the dmljk from Eqs. (111) thru (133). 

PAGER 

The user should replace Line 7560 with his own identification. 

TIMCHK AND GETNOW 

These routines are cosmetic rather than essential. Dumlny routines are supplied in 

order to present a complete working program. 

The user can replace Line 7800 with his own job identification or ideally would 

automate the routine to supply the job  number, time, and date, as designed, via the 

mechanisms of  his computer  configuration. 

5.0 EXAMPLE PROBLEMS 

The computer  program as listed in Appendix A solves the In-st example problem 

(Section 5.1). The program as listed will be called the reference program. Since most of  

the input must be programmed. Ibr example the functions, a(x), fl(x), "7(x), and e(x), 

different problems are run by modification of  the reference program. 

The modifications to run the example problems are listed in Appendix D. They are 

presented in the format of  an in-house update program which has three command 

statements: 

-DEL L] [ ,  I_,2] 

-INS L1 

-I1EP L1 [ ,  k.2] 
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The L1 and L2 are sequence numbers (i.e., the numbers in columns 73 thru 80 of  the 

reference program). The brackets indicate that the inclusion of L2 is optional. The 

command -DEL deletes lines L1 thai L2. . I f  L2 is omitted, then only line L1 is deleted. 
i 

The command -INS inserts lines after line L1. The insertion lines follow the command 

statement and continue to the next command or else to the end of  the data. The 

command -REP replaces lines L1 thru L2. If L2 is omitted, then only line L1 is replaced. 

The replacement lines follow the command statement and continue to the next command 

or to the end of  the data. 

At AEDC the reference program is kept on a permanent file. The operating 

procedure to run a particular problem is,to create the modified program'on a temporary 

file via the update program, then to compile and execute the modified program. 

The printed output  of  the example problems is given in Appendix E. 

5.1 EXAMPLE 1 

The first example comes from Ref. 5, as follows: 

y. ,  + y3 y, _ y y ' ~ ] 4 y ' +  ),4 = 0 (140) 

with end conditions 
(x 1 , ),1) = (0 ,  0) 

( X N ,  y g )  = ( t a n  - 1  7 ,  7) 

It can be verified that the analytic solution is 

y = t a n  x 

By Eq. (24), the end conditions are specified by 

A 1 = 1 ,  B 1 = O ,  C 1 = O ,  D 1 = 0 

(141) 

A N = 1 ,  B N = 0 ,  C N = 0 ,  D N = 7 

Equations (136) thru (139) yield 

a(x) = 3yy"  
yZ _ . Zy%_+y4) 

4y "+  y4 
'(142) 
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(143)  

y(x) = y ( 6 y ' + y 4 -  y2) 
~4y'+ y4 (144)  

,(¢~) = 0 (145)  

The  c o m p u t e r  program as listed in Append ix  A solves the first example  problem.  

The program as listed will be refer red  to as the  re fe rence  program.  

5.2 EXAMPLE 2: THE FALKNER-SKAN EQUATION 

A well-known equa t ion  in bounda ry - l aye r  similarity flows, Ref. 6, is the 

Falkner-Skan equat ion ,  

y " -  l y ' +  k(1 - y2) = 0 (146)  

where k is a parameter .  Equa t ion  (87) defines I, where  
/ 

I 1 = 0 

The end condi t ions  are 
(x l ,  y l) = (0 ,  0) 

(XN, yN) = (o0, 1~ 

For  numerical  compu ta t i on ,  the = must  be replaced by  an appropr ia te  finite number .  

By Eq. (24),  the end condi t ions  are specified by  

A! = 1 ,  B 1 = 0 ,  C 1 = 0 ,  D 1 = 0 

A N = 1 , B N = 0 ,  C N = 0 ,  D N = l 

Equat ions  (136)  th ru  (139)  yield 

a(x) = I y ' -  k(1 + y2) (147)  

fl(x) = 2ky (148)  

y(x) = - I  (149)  

~(x) = - y "  (150)  
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It took three-at tempts  at solving this problem to obtain satisfactory results in all 

cases. The goal was to recompute a table in Ref. 6 which is printed in the first page of 

printout for this example (Appendix E). One could expect difficulty for k < 0, since 

multiple solutions exist, but only the one solution presented in the table was of  interest. 

The first at tempt was with x,~ = 6. Good solutions were obtained for k /> 0, but for k < 

0, the iteration converged to a wrong solution. The second attempt was to choose (using 

the table) a more appropriate xN for each k. This improved the accuracy of the solution 

for k = 10, but otherwise it had little effect. The first two attempts used GUESS 

(Section 4) to obtain the initial solution of  the iteration, which produced a straight line. 

The third attempt was to use as the initial solution 

y = 1 - e -3x (151) 

With this as the starting solution, the iteration converged to the correct solution in each 

case. 

The solutions were not printed (LPRNT = 0), but were written on disk (JUN1T = 

20). A second program read the file on disk and plotted the solutions and the first 

derivatives of  the solutions. These plots are shown in Figs. 3 and 4 and can be compared 

with similar plots in Ref. 6. 

5.3 EXAMPLE 3: VISCOELASTIC FLUID 

The third example comes from Ref. 7 and describes the steady flow of  a viscoelastic 

fluid parallel to an infinite plane surface with uniform suction 

with end conditions 

ky'"  + y" + y = 0 (152) 

x 1 = 0 X N = e,o 

I 1 = 0  I N = 1 

where 

Yl = )t 

k - 1 - N / I  - 4k  

2k 

It can be verified that  the analytic solution is 

(153) 

I = 1 - e -Ax (154) 
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The end condition, Eq. (24) with i = 1, is specified by 

A] = 1 ,  B 1 = 0 ,  C] = 0 ,  D~ = h 

For numerical purposes, xN must be set to an appropriate finite number. Also, to be 

noted, the end condition at x = xN is not of  the assumed form, Eq. (24) with i = N. This 

deviation requires a modification in SYSTEM, replacement of  Lines 6750 thru 6780 with 

D(3,N,4) = 1.D0 

and replacement of  Line 6810 with 

R(3,N) = 1.D0 

i.e., replacement of  Eq. (24) at i = N with 

I N = i 

(155) 

Equation (152) is linear, and from Eq. (92), 

a = 0 

/3 = - !  (156) 
k 

y = - 2  (157) 
k 

= 0 ( 1 5 8 )  

Since Eq. (152) is linear, iteration is unnecessary; however, the accuracy is improved 

by respacing. Solutions were computed for k = 0.001, 0.01, and 0.1. Accuracy improved 

for larger k values. This was expected since the equation becomes stiff for small k values 

(Ref. 7). The stiffness is further evidenced by the oscillation of  signs in the nmnerical 

solution for y"  for the smaller k and larger x values. 

5.4 EXAMPLE 4: CHEMICAL DISPERSION 

The fourth example, 

ky '"  = y" . 1.25y (159) 
l + O . l y  

x 1 = 0 Yi - k y {  = 1 

x N = 1 y ~  = 0 

with end conditions 
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comes f rom Ref. 7 and is a special case o f  a chemical  dispersion equat ion .  Checkpoin ts  

for  the numerical  solut ion ( taken f rom Ref. 7) are given below.  

y(x) 

x k = 1 k = 0 .1  k = 0 . 0 0 1  

0 0 . 6 2 0 0 4 2  0 . 9 0 5 4 0 7  0 . 9 9 9 0 6 8  

0 . 5  0 . 4 7 3 1 4 3  0 . 5 3 2 6 4 6  0 . 5 9 9 1 8 3  

1 . 0  0 . 4 1 8 4 1 5  0 . 3 3 9 9 6 5  0 . 3 0 7 4 7 6  

Using Eq. (24),  the end condi t ions  are specified by 

A 1 = 1 ,  B 1 = - k ,  C 1 = 0 ,  D] = 1 

A N = 0 ,  B N = I ,  C N = 0 ,  D N = 0 

Equat ions  (136)  thru (139)  yield 

a ( x )  = 0.125 Y 
k l + O . l y  (160)  

/3(x) = ! 1.25 
k (1 + O.l,y) 2 (161)  

y(x) = ] (162)  

, (×)  = o ( 1 6 3 )  

No difficult ies were encoun te red  in obtaining the checkpo in t  values. A plot  o f  the 

solut ions is shown in Fig. 5. 

5.5 EXAMPLE 5: AN INHERENTLY UNSTABLE PROBLEM 

The  f i f th  example ,  

with end condi t ions  

y " =  x2y + 1 (164)  
l + x  

(x 1 , yl ) = (1 ,  1) 

(x N ,  yt~,) = ( ~ ,  0) 

comes f rom Ref. 7, where it is called "an inheren t ly  unstable  p r o b l e m . "  
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Figure 5. Solutions to the chemical dispersion equation. 

41 



A E D C-TR -78-59 

By Eq. (24) the end conditions are specified by 

A l = 1 ,  B 1 = 0 ,  C 1 = 0 ,  D 1 = 1 

A N = 1 ,  B N = 0 ,  C N = 0 ,  D N = 0 

Equation (164) is linear, and from Eq. (92), 

a (x) = l 
l + x  

f3(x) = ~2 

and 

y =  0 

(165) 

(166) 

(167) 

= o ( 1 6 8 )  

On the first page of  printout for this example (Appendix E), the column labeled YA 

is a tabular solution presented in Ref. 7. The column labeled YB is the computed 

solution, and the column labeled DIFF is the difference between the two. The accuracy 

is as good as the accuracy claimed for the table in Ref. 7. A plot of  the solution is 

shown in Fig. 6. 

5.6 EXAMPLE 6 

The sixth example comes from Ref. 8: 

y ' "  = k 2 y  + (k  2 + 4rr 2) c o s  2 r t x  - 2rr 2 

with end conditions 

(x l ,  yl) = (0, 0) 

(XN, yN ) = (1, 0) 

(169) 

e k(x--1)  + e_-kx  
y = - cos 2 ~rx (170) 

1 + e  - k  

D 1 = 0 

The analytic solution is 

By E q . ( 2 4 ) t h e  end conditions are specified by 

A] = 1 ,  B 1 = 0 ,  C 1 = 0 ,  

A N = 1 ,  B N = 0 ,  C N = 0 ,  D N = 0 
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Equation (169) is linear, and by Eq. (92), 

, a ( x )  = (k 2 + 4rr 2) c o s  2 trx - 2rr 2 (171) 

fl = k 2 (172) 

y = 0 (173) 

= 0 ( 1 7 4 )  

A plot of  solutions to Eq. (169) is shown in Fig. 7. 

5.7 EXAMPLE 7: y" = ev 

The seventh example comes from Ref. 8. 

y " =  eY (175) 

with end conditions 

The analytic solution is 

where h-is the root  of  

(x l ,  Y0 = (0,  0) 

(XN, yN ) = (1, 0) 

,r   )lt 

I A = c ° s 2 ( ~  ~2~- ) (177) 

the numerical value of  which can be found in the first page of printout for this example 

(Appendix E). 

Using Eq. (24), the end conditions are specified by 

A 1 = 1 , B 1 = 0 ,  C 1 = 0 ,  D 1 = 0 

A N = 1 ,  

Equations ( 1 3 6 ) t h r u  (139) yield 

B N = 0 ,  C N = 0 ,  D N = 0 

a(x) = (1 - y) eY (178) 
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/3(x) = eY (179) 

y = 0 (180) 

= 0 (181) 

Of note for this problem was how quickly and accurately the iteration converged to 

the solution. A plot of the solution is given in Fig. 8. 
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APPENDIX A 
LISTING OF THE COMPUTER PROGRAM 

L I S T I N G  OF REFE::i'ENCE PROGRAM 

C . . .  5EVC0628 V32A--PIA FOR JOHN Ce ADAMS 
C e . .  SOLUTION OF 2-POINT BOUNDARY VALUE PROBLEMS BY 
C e , ,  N ~ I I T E N  BY DON TODD APRIL  T 1970  
Coee 
C.ee THE MAIN P~OGRAM ALLOCATES MEMORY 
C , . .  ALL REDIMENSIONING CAN BE DONE HERE 
Ceeo 

10 

I ~ P L I C I T  R E A L * B  ( A - H , , O - - Z )  
COMMON / A R R A Y S /  A ( 2 5 0 . 4 5 )  
COMMON / F I X E D /  NOIM 
ND I M-=250 

S P L I N E  COLLOCATION 
0 0 0 0 0 0 1 0  
0 0 0 0 0 0 2 0  
0 0 0 0 0 0 3 0  
0 0 0 0 O 0 4 0  
0 0 0 0 0 0 5 0  
0 0 0 0 0 0 6 0  
0 0 0 0 0 0 7 0  
O00000BO 
0 0 0 0 0 0 9 0  
0 0 0 0 0 1 0 3  
0 0 0 0 0 1 1 0  

CALL PROCED (A(ltl)tAIlt2l,A(l~3),A(lo4loA(|oS),A( l e 6 ) , A ( I o 7 ) o A ( | o O 0 0 0 0 1 2 0  
1 8 ) o A I I t g ) , A ( I ~ I O I , A (  l t l O ) t A ( l , l l ] o A ( | t t 2 ) e A ( l e 1 3 ) |  0 3 0 0 0 1 3 0  

WRIT~  ( 6 , 1 0 1  0 0 0 0 0 1 4 0  
STOP 0 0 0 0 0 1 5 0  
FORMAT ( w O S T O P e )  00000150 

END 00000173 

49 



AE D C - T R - 7 8 - 5 9  

L I S T I N G  OF REFER~NC~ PNOGRAN 

C * * .  
C ° . .  

C o . .  
C°°o  
C . ° .  
C . ° .  
C . ° .  
C . ° °  
C . . .  
C . . .  

10 

20  

30 

50  
6 0  
70 
8 0  

S U R P O U T I N E  PPDCED (XtYtF,SoG~ALFAt~ETAtGAMAtEPSAtD~XAoYA,FAoGA) 0 0 0 0 0 1 8 0  
I M P L I C I T  q E A L ¢ 5  ( A - - H o U - - Z )  0 0 0 0 0 1 9 ~  
DIMENSION X ( I ) , Y ( I ) ~ F ( I ) ~ S ( 1 1 ~ G ( I )  = A L F A ( I )  ~ B ~ T A ( 1 )  wGAMA( 11 ~ E P S A ( I ) O 0 0 0 0 2 0 0  

1 . 1 1 1 | . X A ( 1 ) . Y A ( 1 ) . F A ( 1 ) . G A ( 1 )  
COMMO~ / F I X E D /  N O I M . J C A S C o J T o N T  
PROCEDURE FOR THC 
S O L U T I O N  0 c 2 - P O I N T  BOUNDARY VALUE PFOBLEM5 
W R I T T E N  ~Y DON TODD A P R I L  7 | 9 7 8  

DY SPLINE COLLOCATION 

F IS T PffZ FIRST DERIVATIVE 
S IS THE SECOND DERIVATIV~ 
G IS THE INTEGRAL 
O IS TH~ COEFFICIENT ARRAY FOR THE SYSTEM 
X A . Y A p F A t  6 GA ARE THE NEWLY COMPUTED S O L U T I O N .  NGTE THEY OCCUPY 
THE SAME MEMORY AS D (SEE CALL PROCEO IN THE MAIN PGM) 
CALL  PAGES 
D3 5 0  J C A S E = t ,  1 0 0 0 0 0  
CALL DATA ( N w X . Y o F , S t G , ~ 5 0 t ~ , 6 0 )  
M= 3~ N 
J R I = I I ~ M + I  
DO I 0  J T = I . N T  
CALL QLDE (I~,X,Y.FtS.G.ALFAtBETA.GAMA~EF~SA) 
CALL SYSTEM ( N . X t A L F A .  B E T A t G A M A o E H S A , D . D ( J R I I I  
C A L L  8ANDEO ( l % . I 2 . M . o .  OoF~201 
CALL RESULT ( N ~ O ( J R I  } ~ X t Y A t F A o S o G A I  
CALL UPDATF  ( N . Y , F . G p Y A , F A ~ G A , f ~ 3 0 |  
CALL  RESPAC I N , X t Y o F t ~ o G . X A o Y A ~ F A t G A )  
CF-NT INUE 
Wq~ IT E ( 6 . 7 0 )  
GO T 0 30 
WRITE ( 6  ,,, ~ 0 ) 
GO TO 50 
C'INT INUE 
CALL OLDE (NIX~YoFJS.GtALFA.~ETA.GAMA~EPSA) 
CALL CHEK)E (N,X.=,Yn, F o S , G . A L F A , D E T A . G A M A = . E P S A )  
CALL CHEKB~4 (N.X~,Y,pF.SoG) 
CALL ,~R|TES ( N , X * Y . F , S t G )  
CALL :DRINTS ( N . X . Y , F , S , G )  
CONT INUE 
R=IURN 
FORMAT ('O,'AAXI~,IU,~4 NUMBER UF ITERATIONS a ) 
FORMAT ( 'OBANDED FAILED ° ) 
END 

0 0 0 0 0 2 1 0  
0 0 0 0 0 2 2 0  
0 0 0 0 0 2 3 0  
0 3 0 0 0 2 A 0  
0 0 0 0 0 2 5 0  
0 0 0 0 0 2 6 0  
0 0 0 0 0 2 7 0  
0 0 0 0 0 2 8 0  
0 0 0 C 0 2 9 3  
0 0 0 0 0 3 0 3  
00000310 

0 0 0 0 0 3 2 0  
0 0 0 0 0 3 3 0  
0 0 0 0 0 3 4 0  
0 3 0 0 0 3 5 3  
0 0 0 0 0 3 6 0  
0 0 0 0 0 3 7 0  
0 0 0 0 0 3 8 0  
0 0 0 0 0 3 9 3  
0 0 0 0 0 4 0 0  
0 0 0 0 0 4 1 0  

0 0 0 0 0 ~ 2 3  
0 0 0 0 O 4 3 0  
0 0 0 0 0 4 4 0  
0 0 0 0 0 4 5 0  
O 0 0 0 0 A 6 0  
0 3 0 0 0 4 7 3  
0 0 0 0 0 4 8 0  
0 0 0 0 0 4 9 0  
0 0 0 0 0 5 0 0  
0 0 0 0 0 5 1 0  
0 0 0 0 0 5 2 0  
0 0 0 0 0 5 3 0  
0 0 0 0 0 5 4 0  
0 0 0 0 0 5 5 0  
0 0 0 0 0 5 6 0  
0 0 0 ~ 0 5 7 0  
0 0 0 0 0 5 8 0  
0 0 0 0 0 5 9 0  
0 3 0 0 0 6 0 0  
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LISTING DF REFEqENCE PROGRAM 

C .o ,  
C , . .  
C . , .  
C o , .  
C , , o  
C , , °  
C . ° ,  
Coo. 

C o , °  

10 

20 
30 
C o . .  
1 0 0  

110 

SUBROUTINE BANDED ( N B , N I M I J P t A t S )  
I M P L I C I T  REAL~8 I A - H t O - Z )  
D I M E N S I O N  A ( M e N )  
BANDED SYSTEM SOLVER BY GAUSSIAN E L I M I N A T I O N  
W;~ITTEN BY DON TODD APRIL  5 1978  

NB I S  THE NUMBER OF DIAGONALS (BAND N I D T H )  
N IS  NUMBER OF EQUATIONS 
M IS NB • NUN~ER OF R IGHT HAND S I 3 1 S  ( R H S ° S )  
A I S  C O E F F I C I E N T  ARRAY AUGMENTED BY RHSeS 
S3LUTEONS REP_ACE RHSeS C O E F F I C I E N T S  ARE DESTROYED 
N B I = N B ~ I  
NP I=M~ 1 
MW I = M -  1 
NU=NB-  JP 
N L = J P - - I  
IF  ( M . E Q . 1 )  GO TO 3 0 0  
IF  ( N U e E O e O )  GO TO 300  
I = ( N L . E Q . 0 )  GO TO 100 
I = ( N L e G T = N U )  GO TO 2 0 0  
E L I M I N A T E  LOtER TR IANGLE 
O0 30 J = I t M M I  
P = A ( J t J P )  
| =  I P , E Q . 0 . O 0 )  GO TO ~ 0 0  
Q = I = O O / P  
J l = J ÷ l  
J 2 = M I N O ( J + N L o ~ )  
J 3 = N I N O ( J + N U I M )  
00 30 K = J l t J 2  
L I = J P - K + J  
F = A ( K t L I )  
IF  ( F . E O e O . D O )  GO TO 30  
F = F = Q  
L 2 = J P  
O0 10 L = J l t J 3  
L I = L I + I  
L 2 = L 2 + I  
A ( K , L I  ) = A ( K I L | ) - F ~ A ( J . L 2 )  
DO 20 L = N B | t N  
A ( K J L ) = A ( K ~ L ) - F t A ( J t L |  
CONTINUE 
BACK S U B S T I T U T E  
CONTINUE 
DO 140 L = N B l o N  
J = M P I  
J l = J  
J = J - |  
P ~ - A ( J t  J P )  
IF  ( P . E Q e O . D O )  GO TO 4 0 0  
Q = A ( J = L )  

0 0 0 0 0 6 1 0  
0 0 0 0 0 6 2 0  
0 0 0 0 0 6 3 0  
0 0 0 0 0 6 4 0  
0 0 0 0 0 6 5 0  
0 0 0 0 0 6 6 0  
0 0 0 0 0 6 7 0  
0 0 0 0 0 6 8 0  
0 0 0 0 0 6 9 0  
0 0 0 0 0 7 0 0  
0 3 0 0 0 7 1 3  
0 0 0 3 0 7 2 3  
0 0 0 0 0 7 3 0  
0 0 0 0 0 7 4 0  
0 0 0 0 0 7 5 3  
0 0 0 0 0 7 6 0  
0 0 0 0 0 7 7 0  
0 0 0 0 0 7 8 0  
0 0 0 0 0 7 9 0  
0 0 0 0 0 8 0 0  
0 0 0 0 0 8 1 0  
0 0 0 0 0 8 2 0  
0 0 0 0 0 8 3 0  
0 0 0 0 0 8 4 0  
0 0 0 0 0 8 5 0  
0 0 0 0 0 8 5 0  
0 0 0 0 0 8 7 0  
0 0 0 0 0 8 8 0  
0 0 0 0 0 8 9 0  
0 0 0 0 0 9 0 0  
0 0 0 0 0 9 1 3  
0 0 0 0 0 9 2 0  
0 0 0 0 0 9 3 0  
0 0 0 0 3 9 4 3  
0 0 0 0 0 9 5 0  
0 0 0 0 0 9 6 0  
0 0 0 0 0 9 7 0  
0 0 0 0 0 9 8 0  
0 0 0 0 0 9 9 0  
0 0 0 0 1 0 0 0  
0 0 0 0 1 0 1 0  
0 0 0 0 1 0 2 0  
0 0 0 0 1 0 3 0  
0 0 0 0 1 0 4 3  
0 0 0 0 1 0 5 0  
0 0 0 0 1 0 6 0  
0 0 0 0 1 0 7 0  
0 0 0 0 1 0 8 0  
0 0 0 0 1 0 9 0  
0 0 0 0 1 1 0 3  
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L I S r l N G  OF REFERENCE PROGRAM 

J 2 = M I N 0 ( J + N U , M )  
I--" ( J 2 . L T , J I )  GO TO 130 
L 2 = J P  
00 I 7 3  K = J I , J 2  
L2 =L 2÷ 1 

1-I'0 O = O - A ( J , L 2 ) ~ A ( K , L )  
130 A ( J t L ) = Q / P  

[=  ( J * G T * I )  GO TO 110 
140 C3NT INUE 

RETURN 
C * * *  ELIMINATE UPPER TRIANGLE 
200  J=M 
210  P = A ( J .  J P l  

I = ( P . E Q . 0 . L ) O )  GO TU ~OC 
0 =  I • O0/P 
J l = J - I  
J 2 = M A X 0 (  J - N U , I  ) 
J 3 = M A X 0 (  J - N L • I  ) 
K = J I  

2 2 0  L I = J P + J - - K  
F = A ( K . L I  ) 
IF  I F . E O . 0 . D 0 )  GO TO 250  
F = F = Q  
DO 230 L = N B I  •N 

230  A ( K , L )  = A ( K , L  ) - F ~ A (  J o L )  
L2=JF ) 
L = J 1  

2 4 0  L I = L I - I  
L 2 = L  2 -  1 
A ( K t L I  | = A I K j L I  } - F = A ( J o L 2 )  
IF ( L . E Q . J 3 |  GO TO 2 5 0  
L = L -  1 
G O ' T O  240 

2 5 0  IF { K , E O . J 2 )  GO TO 2 6 0  
K=K- - I  
GO TO 220  

2 6 0  IF ( J . E Q . 2 )  GO TO 2 7 0  
J = J - I  
GO TO 210  

270  CONTINUE 
C * * ,  F:3R~ AR 0 S U B S T I T U T E  
300  CDNT INUE 

DO 330 L = N B I t N  
DO 330  J = l  tN  
P = A (  J ,  J P  ) 
IF  ( P .  E O . O . D O )  GO TO 40G 
Q = A (  J ,  L )  
J2=MAX 0( J - N L  • 1 I 
L 2 = J P  
K = J -  1 

0 0 0 0 1 1 1 0  
0 0 0 0 1 1 2 0  
0 0 0 0 1 1 3 0  
OO0O114O 
0 0 0 0 1 1 5 0  
0 0 0 0 1 1 6 0  
0 0 C 0 1 1 7 0  
0 3 0 0 1 1 8 0  
0 0 0 0 1 1 9 0  
0 3 0 0 1 2 0 0  
0 0 0 0 1 2 1 0  
0 0 0 0 1 2 2 0  
0 0 0 0 1 2 3 0  
0 0 0 0 1 2 4 0  
0 0 0 0 1 2 5 0  
0 0 0 0 1 2 6 0  
0 0 0 0 1 2 T 0  
0 0 0 0 1 2 8 0  
0 0 0 0 1 2 9 0  
0 0 C 0 1 3 0 3  
0 0 0 0 1 3 1 0  
0 0 0 0 1 3 2 0  
0 3 0 0 1 3 3 0  
0 0 0 0 1 3 4 0  
0 0 0 0 1 3 5 0  
0 0 0 0 1 3 6 0  
0 0 0 0 1 3 7 0  
0 0 0 0 1 3 8 0  
0 0 0 0 1 3 9 0  
0 0 0 0 1 4 0 0  
0 0 0 0 1 4 1 0  
0 0 0 0 1 4 2 0  
0 0 0 0 1 4 3 0  
0 0 0 0 1 ~ 4 0  
0 0 0 0 1 4 5 0  
0 0 0 0 1 4 6 3  
0 0 0 0 1 4 7 0  
0 0 0 0 1 4 8 0  
0 0 0 0 1 4 9 0  
0 0 0 0 1 5 0 0  
0 0 0 0 1 5 1 0  
0 3 0 0 1 5 2 0  
0 0 0 0 1 5 3 0  
0 0 0 0 1 5 4 0  
0 0 0 0 1 5 5 0  
0 0 0 0 1 5 6 0  
0 0 0 0 1 5 7 0  
0 0 0 0 1 5 8 0  
0 0 0 0 1 5 9 0  
0 0 0 0 1 6 0 0  
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L I S T I N G  Of- REFEqENCE PRL)GRAM 

"~10 [F ( K . L T . J 2 )  GO TO 
L 2 = L 2 -  1 
Q=Q-A (  J ,  L21 .~A( K =L )  
K=K- -  I 
GO TO 310  

3 2 0  A ( J = L | = O / P  
330  CONT INUE 

RETURN 
400  RETURN 1 

END 

320  0 0 0 0 1 6 1 0  
0 3 0 0 1 6 2 0  
0 0 0 0 1 6 3 0  
0 0 0 0 1 6 4 0  
0 0 0 0 1 6 5 0  
0 0 0 0 1 6 0 0  
0 0 0 0 1 6 7 0  
O 0 0 0 1 6 B O  
0 0 0 0 1 6 9 0  
0 0 0 0 1 7 0 0  
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L I S r l ~ I G  UF RCFE:~CNCE PROGRAM 

SLJBPOUTINE CHEKBM' ( N , X , Y t I = B S , G |  
I M P L I C I T  NE. A L # ~  ( A - - H , O - Z )  
DI MP_NS I(}N X{ I ) * Y ( t  l i F (  1 1 , S ( 1  ) , G (  11 
DI ~4FNS ION A( 4 ]  , E  (4  | ,= EA [ 4 }, , ,KA( 4 ) 

C . , .  USEI; PROVIDES T H I S  R O U T I N E  TO CHECK S O L U T | D N  
C.  ** IF  NO CHECKS ARE R E Q U I R E D  THEN RETURN 

DO I 0  J = l , 4  
E A ( J ) = 0 , D 0  

10 K A ( J I = 0  
O0 ~O K = I t N  
SX= I . 3  0 / D C O S  (X  ( K ) )  
A( I ) = D T A N ( X I K )  ) 
A( 2 ) =S X~l,~l,2 
A{ 3 )  =2,D04,A{ I f = A ( 2 1  
A( 4 ) =,DLC G| SX ) 
CALL ERROR ( A ( 1 ) t Y ( K ) , E ( 1 ) )  
CALL ERROR ( A ( 2 ) t F ( K | , E ( 2 ) )  
CALL FRROR ( A | 3 ) , S ( K ) , E ( 3 ) )  
CALL ERROR ( A ( 4 ) , G ( K ) , E ( 4 ) )  
00 20  J = 1 , 4  
IF ( E ( J I . L E . E A ( J  |1 GO TO 2 0  
E A ( J ) = E { J I  
K A { J ) = K  

20  C3NT INUE 
3,0 C3NTINUE 

W~'ITE ( 6 , ~ ' % )  K A , E A  
R--TURN 

40  F3RMAT ( * O C H E K B M * * 4 I S ,  I P 4 E I O . 2 |  
END 

AS D E S I R E D .  

0 0 0 0 1 7 1 0  
0 0 0 0 1 7 2 0  
0 0 0 0 1 7 3 0  
0 0 0 0 1 7 4 0  
0 0 0 0 1 7 5 0  
0 0 0 0 1 7 O 0  
0 0 0 0 1 7 7 0  
0 0 0 0 1 7 8 0  
0 0 0 0 1 7 9 0  
0 0 0 0 1 8 0 3  
0 0 0 0 1 8 1 0  
0 0 0 0 1 8 2 0  
0 3 0 0 1 8 3 C  
0 0 0 0 1 8 4 0  
0 0 0 0 1 8 5 0  
0 0 0 0 1 8 6 0  
0 0 0 0 1 8 7 0  
0 0 0 0 1 8 8 0  
0 0 0 0 1 8 9 3  
0 0 0 0 1 9 0 0  
0 0 0 0 1 9 1 0  
0 0 0 0 1 9 2 3  
0 0 0 0 1 9 3 0  
0 0 0 0 1 9 4 0  
0 0 0 0 1 9 5 0  
0 0 0 0 1 9 6 0  
0 0 0 0 1 9 7 0  
0 0 0 0 1 9 8 0  
0 0 0 0 1 9 9 0  
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L I S T I N G  OF REFCRENCE PROGRAM 

C e . e  
C e o o  

IO  

2 0  

S U B R O U T I N E  CHEKDE (NIXtYtFjSoGtALFAtRETAoGAMAoEPSA) 0 0 0 0 2 0 0 0  
| M P L I C I T  R E A L ~ 8  ( A - - H e O - Z )  0 0 0 0 2 0 1 0  
D I M E N S I O N  X(  t ) , Y ( l ) , F ( l ) o S (  I ) t G ( 1 )  ~ A L F A ( I )  , B E T A ( | ) o G A M A ( t |  ~ E P S A [ I ) O 0 0 0 2 0 2 0  
COMMON /ENDS/G],AI+BIICtIDI,ANtBNoCNION 0 0 0 0 2 0 3 0  
CHECK $ A T [ S F A C T I G N  OF D I F F E R E N T I A L  E Q U A T I O N  AND END C O N D I T I O N S  0 0 0 0 2 0 4 0  
WITH s ra U T I O N  0 0 0 0 2 0 5 0  
JM=O 0 0 0 0 2 0 6 0  
DM=OeDO 0 0 0 0 2 0 7 0  
DO 10 J = I ~ N  0 0 0 0 2 0 8 0  
T=ALFA(J)÷BETA(J)~Y(J)~GAMA(J)#F(J)+EpSA(J)*G(J) 0 0 0 0 2 0 9 0  
CALL  O I F R N C  ( S ( J ) t T t D )  0 0 0 0 2 1 0 0  
I F  ( D . L E . D N )  GO TO 10 0 0 0 0 2 1 1 0  
D~=O 0 0 0 0 2 1 2 0  
J M = J  0 0 0 0 2 1 3 0  
C O N T I N U E  0 0 0 0 2 1 4 0  
C A L L  ERROR [ G 1 , G ( I ) ~ O G )  0 0 0 0 2 | 5 0  
T = A I ~ Y ( I ) + B I * F ( I } ÷ C I * S ( I )  0 0 0 0 2 1 6 0  
CALL D I F R N C  ( D l e T t O A )  0 0 0 0 2 L 7 0  
T = A N * Y ( N ) ~ B N * F ( N ) + C N * S ( N )  0 0 0 0 2 1 8 0  
CALL  D [ F R N C  (DNDT�OB)  0 0 0 0 2 1 9 0  
W ~ I T E  ( 6 o 2 0 )  J N , D N , D G ,  D A o 0 8  0 0 0 0 2 2 0 0  
RETURN 0 0 0 0 2 2 1 0  
F O R M A r ( o O C H E K D E e , | S t  | P 4 E t O , 2 )  0 0 0 0 2 2 2 0  
END 0 0 0 0 2 2 3 0  

55 



A E D C - T R - 7 8 - 5 9  

L I S T I N G  OF REFERENCE PROGRA~I 

C o o °  

C ° o o  

C o ° ,  
C . . o  
C o . o  
Cooo 
C . o .  
C o ° o  
C . o o  

C ° ° o  . 

C o o ,  

C . , .  

SUBROUTINE DATA ( N t X t Y o F t S , G t S t ~ )  
IMPL [~  IT  REAL=8  ( A - - H , O - - Z )  
D I M E N S I O N  X ( I ) , Y I I ) t F ( I )  pS( I I j G I  1) 
COMMON / A L O H A /  L A Q ( 1 8 )  
COMMON / E N D S /  G I p A I o ~ I , C I J D l t A N t O N o C N , D N  
COMMON / F I X E D /  NOIM, JCASEtJT,NT,JDUT,LPRNT,LNORM 
COMMON /FLOAT/  TOL,NSC 
DATA I S  SUPPLIED TO PROGRAM 8Y USER V I A  T H I S  ROUTINE 
! = ( J C A S E . G T . 1 )  GO TO 590  
PROVIDE ID FOP PROOLFM 
CALL LABELS ( L A B  ,=PROOLEM FROM KANKE e)  
CALL LABELS ( L A B ( i q } ,  I o) 
N IS  NUMBER OF P O I N T S  
NT IS  MAXIMUM NUMBER OF I T E R A T I O N S  
WILL I R I T E  SOLUTION ON UNIT JOUT IF  JOUT ) 0 
WILL PRINT SOLUTION IF LPRNT ~S NaT ZERO 
LNORM CONTROLS ~ H I E H  NORM IS  USED IN CONVERGENCE TEST (SEE NORMi 
I T E R A T I O N  STOPS IF  R E L A T I V E  CHANGE OF SOLUTION I S  < TOL 
NSW S~ACING IS COMPUTED I F  CHANGE IN Y I S  > RSC 
N=51 
NT=30 
JOUT=O 
L P R N T = !  
LNOR M= 1 
TOL=S, D--4 
RS C= .0 IOO 
SPECIFY END CONDITIONS 
GI=OeDO 
A I = I  ,DO 
B I : 0  ,DO 
CI =0 .DO 
O 1 = 0 = D 0  
A N = I . D 0  
BN=0eD0  
C N = 0 e D 0  
DN=7eD0  
P R I N T  DATA 
CALL PAGER ( 100J 
WRITE ( 6 ~ 6 0 3 )  
WRITE | 6 , 6 0 1 )  NDIM,JCASEtNtNTtJOUT,LPRNTeLNORM 
WRITE ( 6 , 6 0 4 )  
W~ ITE  { 6 , 6 0 2 )  G I t T O L o R S C  
WRITE ( 6 , 6 0 5 )  
WRITE ( 6 , 6 0 2 |  A I , 8 1 = C I , D I  
WRITE ( 6 , 6 0 2 )  A N t O N , C N , D N  
PROVIDE S T A R T I N G  SOLUTION 
IF  ( N .  G T o N D I N )  GO TO 570  
X ( I I = 0 . D 0  
X ( N ) = D A T A N ( O N I  
CALL UNIFRM ( N I X )  

0 0 0 0 2 2 4 0  
0 0 0 0 2 2 5 0  
0 0 0 0 2 2 6 0  
0 0 0 0 2 2 7 0  
0 0 0 0 2 2 8 0  
0 0 0 0 2 2 9 0  
0 0 0 0 2 3 0 0  
0 0 0 0 2 3 1 0  
0 0 0 0 2 3 2 0  
0 3 0 0 2 3 3 0  
0 0 0 0 2 3 4 0  
0 0 0 0 2 3 5 0  
0 0 0 0 2 3 6 3  
0 0 0 0 2 3 7 0  
0 0 0 0 2 3 5 0  
0 0 0 0 2 3 9 0  
00002400 
0 0 0 0 2 4 1 0  
0 0 0 0 2 4 2 0  
0 0 0 0 2 4 3 O  
0 0 0 0 2 4 4 0  
0 0 0 0 2 4 5 0  
0 0 0 0 2 4 6 0  
0 0 0 0 2 4 7 0  
0 0 0 0 2 4 8 0  
0 0 0 0 2 4 9 0  

0 0 0 0 2 5 0 0  
0 0 0 0 2 5 1 0  
0 0 0 0 2 5 2 0  
0 0 0 0 2 5 3 0  
0 0 0 0 2 5 4 0  
0 0 0 0 2 5 5 0  
0 0 0 0 2 5 6 0  
0 0 0 0 2 5 7 0  
0 0 0 0 2 5 8 0  
0 0 0 0 2 5 9 0  
0 0 0 0 2 6 0 0  
0 0 0 0 2 6 1 0  
0 0 0 0 2 6 2 0  
0 0 0 0 2 6 3 0  
0 0 0 0 2 6 4 0  
0 0 0 0 2 6 5 0  
0 3 0 0 2 6 6 0  
0 0 0 0 2 6 7 0  
0 0 0 0 2 6 8 0  

0 0 0 0 2 6 9 0  
0 0 0 0 2 7 0 0  

0 0 0 0 2 7 1 0  
0 0 0 0 2 7 2 0  
0 0 0 0 2 7 3 0  
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CALL  GUESS ( N = X , Y o F o S o G t ~ 5 8 0 )  
WRITE ( 0 = 6 0 ~ )  
RETURN 

Ce=e TO AR3RT A CASE= RETURN 1o 
5 7 0  W R I 1 E  ( 6 , 6 0 7 )  
5 8 9  R~TURN 1 
Ceeo  WHEN A JO~ | S  F I N I S H E D  THEN RETURN 
5 9 0  RETURN 2 
601  FORMAT ( 1 2 1 1 C )  
6 0 2  FORMAT ( l P I O E I 2 , 4 |  
6 0 3  

0 0 0 0 2 7 4 0  
0 0 0 0 2 7 5 0  
0 0 0 0 2 7 b 0  
0 0 0 0 2 7 7 0  
C 0 0 0 2 7 8 0  
0 0 0 0 2 7 9 0  
0 0 0 0 2 8 0 0  
0 0 0 0 2 8 1 0  
0 0 0 0 2 8 2 0  
0 0 0 0 2 8 3 0  

F3RMAT (IHO'5Xs4HND|MtSXtSHJCASEIgXeIHNtSXo2HNTIbXe4HJOUTtSX=SHLPRO0002840 
t N T t 5 X o 5 H L N ~ R M )  0 0 0 0 2 8 5 0  

6 0 4  FORMAT (SHO | 1  o | O X = 3 H T O L t g X = 3 H R S C )  0 0 0 0 2 8 6 0  
6 0 5  F3RMAT (4HO A m I I X = I H d = I I X , I H C t l I X t i H D )  0 0 0 0 2 8 7 0  
6 C 6  FORMAT ( IH  ) 0 0 0 0 2 8 8 0  
6 0 7  F~RMAT (gHON > N D I M )  0 0 0 0 2 8 9 0  

END 0 0 0 0 2 9 0 0  
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C ° o ,  

SUBROUTINE DELTAS (SeL)L .D~) )  
I M P L I C I T  REAL~t8 ( A - H , O - Z )  
COMPUIE CAP O--LTA, OL* 8 SMALL 
0_ = 5 / (  S+ I , b 0  ) 
D S = ( S - I , O O I / I S + I . D 9 1  
RETURN 
END 

DELTAI DS, FROM S I G M A [ I - I ) ,  

0 0 0 0 2 9 1 0  
0 0 0 0 2 9 2 0  
0 0 0 0 2 9 3 0  
0 0 0 0 2 9 4 3  
0 0 0 0 2 9 5 0  
0 0 0 0 2 9 6 0  
0 0 0 0 2 9 7 0  

C , ° ,  

SUBROUTINE OIFRNC (AI 'oA2,D) 
IMPLICIT RFALS8 (~--H,O--Z) 
COMPUTE RELATIVE OIFFERENCE, D, BETWEEN AI ~ A2 
O=DAc3S (A I - A 2  | 
A = o 5 D O ~ O A B S I A I + A 2 )  
IF ( A o L r . O )  RETURN 
D:D/A 
RETURN 
END 

0 0 0 0 2 9 8 0  
0 0 0 0 2 9 9 0  
0 0 0 0 3 0 0 0  
0 0 0 0 3 3 1 3  
0 0 0 0 3 0 2 0  
0 0 0 0 3 0 3 0  
0 0 0 0 3 0 4 0  
0 0 0 0 3 0 5 0  
0 0 0 0 3 0 6 0  

C ° , °  

SUBROUTINE ERPOR ( A , B , E )  
IMPLICIT RPAL$8 (A--HtO-Z|  
COMPUTE RELATIVE ERROR, E, 
E=DABS(A-B) 
D=DASS(A) 
IF ( O , L F . F I  RETURN 
E=E/') 
RETURN 
END 

OF G FRUM ~XACT VALUEr A 

0 0 0 0 3 0 1 0  
0 0 0 0 3 0 8 3  
0 0 0 0 3 0 9 0  
0 0 0 0 3 1 0 0  
0 0 0 0 3 1 1 0  
0 0 0 0 3 1 2 0  
0 0 0 0 3 1 3 0  
0O00314O 
0 0 0 0 3 1 5 0  
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S U O R O U T I N E  GUESS ( N o X i Y t F o S t G t ~ J  
IMPLICIT R E A L = 8  { A - H , O - - Z |  
D I M E N S I O N  X ( I l t Y ( t ) o F ( l ) t S ( t ) t G ( | )  
D I M E N S I O N  X A ( 2 ) , Y A { 2 ) o F A ( 2 ) g S A ( 2 )  
COMMON / E N D S /  G I t A I = S I t C I t D I t A N o B N t C N o D N  

C , . .  GJES5 SOLUTION IN LACK OF A BETTER APPROXIMATION 
C . , .  WRITTEN BY DON TODD APRIL 13 1978 

H = X ( N I - - X ( I )  
H S = H ~ 2  
B A = B I / H  
B B = B N / H  
C A = C I / H S  
C B = C N / H S  
A|I=AI~*2+3,DO~(BA~2+CA~2)-2,OO~BA~(A|+CAJ 
ANN=AN~2+3eD0~(BBe~2+CB~#2I~2eD0~BB~(AN+CB) 
AIN=-AI~BB÷AN~BA--BA~CB+BB~CA~2,D0~(BA~BB+CA$CB) 
DET= AI  L# A N N - A I N ~ 2  
IF  ( D E T . E Q . O . D O |  GO TO 10 
E l = (  ANN~ D I - -A  I N ~  D N ) / D E T  
EN= ( A I  I t  D N - A I N ¢  0 1 ) / D E T  
X A ( 1  ) = X ( 1 )  
X A ( 2 ) = X ( N )  
0= BA~E I + B B ~ E N  
Y A I I ) : A J ~ E 1 - - Q  
Y A ( 2 ) : A N ~ E N + Q  
F T = ( Y A ( 2 ) - - Y A ( 1 ) ) I H  
Q = C A ~ E I + C B ~ E N  
F A I I ) = F T + ( B A ~ E | - Q ) / H  
F A ( 2 ) = F T + ( B B ~ E N + Q ) / H  
F T = ( F A ( 2 ) - F A ( 1 ) ) / H  
S A ( 1 ) = F T ÷ C A S E I / H S  
5 A ( 2 ) = F T ~ C B ~ E N / H S  
C A L L  Q U I N T S  ( 2 ~ X A ,  Y A s F A t S A t N o X I Y t F s S )  
CALL NTEGRL ( N o G I ~ X t Y I F e S o G )  
WRITE ( 6 , 2 0 )  
RETURN 

10 WRITE ( 0 * 3 0 )  
RETURN 1 

20  FORMAT ( e O S O L U T i O N  GUESSED o ) 
3 0  FORMAT ( * O C O N T R A D I C T O R Y  END C O N D I T I O N S  o)  

END 

0 0 0 0 3 1 6 0  
0 0 0 0 3 1 7 0  
0 0 0 0 3 1 8 0  
0 0 0 0 3 1 9 0  
0 0 0 0 3 2 0 0  
0 0 0 0 3 2 1 0  
0 0 0 0 3 2 2 0  
0 0 0 0 3 2 ~ 0  
0 0 0 0 3 2 4 0  
0 0 0 0 3 2 5 0  
0 0 0 0 3 2 6 0  
0 0 0 0 3 2 7 0  
0 0 0 0 3 2 8 0  
0 0 0 0 3 2 0 0  
0 0 0 0 3 3 0 0  
0 0 0 0 3 3 L 0  
0 0 0 0 3 3 2 0  
0 0 0 0 3 3 3 0  
0 0 0 0 3 3 4 0  
0 0 0 0 3 3 5 0  
0 0 0 0 3 3 6 0  
0 0 0 0 3 3 7 0  
0 0 0 0 3 3 8 0  
0 0 0 0 3 3 9 0  
0 0 0 0 3 4 0 0  
0 0 0 0 3 4 1 0  
0 0 0 0 3 4 2 0  
0 0 0 0 3 4 3 0  
0 0 0 0 3 4 4 0  
0 0 0 0 3 4 5 0  
0 0 0 0 3 4 6 0  
0 0 0 0 3 4 7 0  
0 0 0 0 3 4 8 0  
0 0 0 0 3 4 9 0  
0 0 0 0 3 5 0 0  
0 0 0 0 3 5 1 0  
0 0 0 0 3 5 2 0  
0 0 0 0 3 5 3 0  
0 0 0 0 3 5 4 0  
0 0 0 0 3 5 5 0  
0 0 0 0 3 5 5 0  
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SUBROUTINE NOPM ( N m Y I . Y 2 * C t K )  
[~4PL IC|T  REALt8 (A--H~,O--Z) 
DI/4ENSION Y i ( I ) t Y 2 ( I  ) 
COMMON / F I X E D /  NOIM,JCASE,JT,NT,JOUTtLPRNT,LNORM 

C..*. C3MPUIE "DISTANCE" BETdEE",I ARRAYS Yl 6 Y2 
K=0 
C=O.DO 
IF I L N O f ~ M e N E e l  ) GO TO 30 

C,,,,,,e COMPUTE A GLOE>AL NORM 
D = Y I ( I  ) 
R=D 
D3 I~ J = I . N  
D = O M I N I ( O ~ Y I  ( J ) )  
R=OMAX I ( R t Y I ( J  ) )  

10 CONT INUE 
D=R-D 
IF (O,,LE,,O°DO) D=R 
IF  ( D . L E . 0 . D , ' ! ' )  O = l . D O  
DO 20  J = l o N  
R=DAS5 ( Y 2 (  J )--Y ! ( J )  ) 
IF ( R . L E o C )  GO TO 20 
C=R 
K=J  

20 CQNT INUE 
C = C / O  
RETURN 

30 IF  ( L N O R M e N E . 2 |  GO TO 50 
Cee. COMPUTE A LOCAL NORM 

00 4 0  J = I , N  
CALL D | F R N C  ( Y I ( J ) I Y 2 ( J ) , Z ) )  
IF  ( D , , L E e C I  GO TO ¢O 
C= O 
K= J 

40 CONTINUE 
50 RETURN 

END 

0 0 0 0 3 5 7 0  
0 0 0 0 3 5 8 0  
0 0 0 0 3 5 9 0  
0 0 0 0 3 6 0 0  
0 0 0 0 3 6 1 0  
0 0 0 0 3 6 2 0  
0 0 0 0 3 6 3 0  
0 3 3 0 3 6 4 0  
0 0 0 0 3 6 5 0  
0 0 0 0 3 6 6 0  
0 0 0 0 3 6 7 0  
0 0 0 0 3 6 8 0  
0 0 0 0 3 6 9 0  
0 3 0 0 3 7 0 0  
0 0 0 0 3 7 1 0  
0 0 0 0 3 7 2 0  
0 0 0 0 3 7 3 0  
0 0 0 0 3 7 4 0  
0 0 0 0 3 7 5 0  
0 0 0 0 3 7 6 0  
0 0 0 0 3 7 7 0  
0 0 0 0 3 7 8 0  
0 0 0 0 3 7 9 0  
0 0 0 0 3 8 0 0  
0 0 0 0 3 8 1 0  
0 0 0 0 3 8 2 0  
0 0 0 0 3 8 3 3  
0 0 0 0 3 8 4 0  
0 0 0 0 3 8 5 0  
0 0 0 0 3 8 6 0  
0 0 0 0 3 8 7 0  
0 0 0 0 3 8 8 0  
0 0 3 0 3 8 9 0  
0 0 0 0 3 9 0 0  
0 0 0 0 3 9 1 0  
0 0 0 0 3 9 2 0  
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C ° . o  

10 

SUBROUTINE NTEGRL ( N ~ G I , X t Y I F o S o G |  
I M P L I C I T  REAL~8 (A- -HtO--Z)  
OIMENSION X ( I ) , Y I I ) * F ( I ) , S ( I I , G ( I |  
COMPUTE INTEGRAL OF QUINT iC SPLINE 
G ( I ) = G I  
00 I0 J 2 : 2 , N  
J l = J 2 - 1  
H = X ( J 2 ) - - X ( J I )  

G(J2J=G(JII~H~f,SOO~IY(JII÷Y(J2)I~H$le|DO+IFIJ1)_F(J2)) 
I ~ H # ( S ( J I ) + S ( J 2 ) ) / 1 2 0 o O ~ ) )  

CONTINUE 
RETUR~ 
END 

AE DC-TR-78-59 

0 0 0 0 3 9 3 0  
0 0 0 0 3 9 4 0  
0 0 0 0 3 9 5 0  
0 0 0 0 3 9 6 0  
0 0 0 0 3 9 7 0  
00003980 
0 0 0 0 3 9 9 0  
0 0 0 0 4 0 0 0  
0 0 0 0 4 0 1 0  
00004020  
0 0 0 0 4 0 3 0  
0 0 0 0 4 0 4 0  
00004053  

Ceee  

10 

30 

4O 

SUBROUTINE PRINTS ( N , X , Y , F o S o G |  
I M P L I C I T  REAL=8 ( A - - H t Q - Z )  
DIMENSION X ( | ) , Y ( I ) o F ( I ) o S ( I ) ~ G ( I |  
COMMON / A L P H A /  L A O ( 3 b )  
COMMON / F I X E D /  NDINoJCASEoJToN¥oJOUTeLPRNT 
IF ( L P R N T . E Q , O )  RETURN 
PRINT SOLUTION 
CALL PAGER ( 1 0 0 )  
~ I T E  ( 6 e 3 0 )  
H N = X ( 2 ) - - X ( I }  
N2=N--2 
DO 10 J = I , N 2  
H=HN 
H N = X ( J ÷ 2 } - X ( J ~ I )  
S[GMA=HN/H 
WRITE ( 6 t 4 0 )  
J = N - I  
H=HN 
W~ITE ( ~ , 4 0 )  
J=N 
WqlTE ( b , 4 0 J  
RETURN 
FDRMAT 

I I ~ S )  
F3RMAT 
END 

J o X ( J )  I Y ( J )  oF ( J )  o S ( J )  o G ( J )  oHo SIGMA 

J , X ( J ) I Y ( J I I = ( J | o S ( J )  I G ( J )  oH 

J , X ( J ) t Y ( J )  e F ( J ) e S ( J )  I G ( J )  

00004060 
00004070 
OO004080 

C0004090 
00004100 
0 0 0 0 4 1 1 0  
00004%20 
0 0 0 0 4 1 3 0  
0 0 0 0 4 1 4 0  
0 0 0 0 4 1 5 0  
O 0 0 0 4 1 b O  
0 0 0 0 4 1 7 0  
0 0 0 0 4 1 8 0  
0 0 0 0 4 1 9 0  
0 0 0 0 4 2 0 0  
0 0 0 0 4 2 1 0  
0 0 0 0 4 2 2 0  
0000423O 
0 0 0 0 4 2 4 0  
0 0 0 0 4 2 5 0  
00004260  
000O4270 

( I H O t I 3 X o  IHXo l I X o l H Y j  l|Xo2HYPolOXo3HyppogXo|Hio13XpiHHoiOXtO0004280 

00004290  
( 1 8 , 1 P S E 1 2 . 4 g E | 3 . 3 .  E I O . 2 )  0 0 0 0 4 3 0 0  

00C04310 

6! 



A E DC-TR -78-59 

L I S T I N G  OF REFERENCE PROGRAM 

C .o .  
C . ° .  

I0 

SUBFOUTINF OLDE (~.X.Y,F+S.G.ALFA.{JETA.GAMAtEPSA|~ 0 0 0 0 4 3 2 0  
IWPL. IC IT  REAL~8  { A--H.O--Z ) 0 0 0 0 4 ] 3 0  
DIMENSION X( I ) , Y ( I  ) , F ( I  } ,S (  I } ,G(  I }  ,ALFA( I }  ,BETA(I I ,GAMA(|} ,EPSA( I |00304340 
USER PROVIDES T H I S  POUTINE TO 
E V A L U A I E  C D E F F I C I E N T S  o r  O U A S I - L I N E A R I Z E D  EQUATION 
DO I O  J = I , N  
R = D S Q R T ( 4 . O 0 = F ( J )  ~'Y( J }~ t=4}  
A_FA ( J  I =  3 .  I~0~=Y ( J ) * F ( J )  $ (  Y( J ) *=  2 -  (,2 . D 0 t F ( J )  +Y(  J )ei~4 ) / R )  
B E T A ( J } = F ( J } @ (  ( 4 . D 0 = F {  J ) + 3 . D 0 = Y ( J } = = 4 ) / R - 3 . D 0 = Y ( 3 )  # e 2 )  
.;AMA(J }=Y( J ) * (  ( 6 . J 0 t F ( J ) ÷ Y (  J )*~4}/R--Y(J}i~iW2) 
E P S A ( J  ) = 0 . O 0  
CCJNT INUE 
RETURN 
END 

0 0 0 0 4 3 5 0  
0 0 0 0 4 3 6 0  
0 0 0 0 4 3 7 0  
0 0 0 0 ¢ 3 8 0  
0 0 0 0 4 3 9 0  
C 3 0 0 4 4 0 3  
0 0 0 0 4 4 1 0  

0 0 0 0 A 4 2 0  

0 0 0 0 4 4 3 0  
0 0 0 0 4 4 4 0  
0 0 0 0 4 4 5 0  

.- 
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SJBROUTINE QUINTS (NlgXloYIqF|pS|IN2,X2tY2eF2,S2| 
I M P L I C I T  REAL~B ( A - H I D - - Z )  
DIMENSION XI(II,YI(I)oFII|),SI(I)tX2(I)IY2II)oF2(IIoS2(I) 

C o o .  QUINT IC  SPLINF INTERPOLATION 
Ceoo I q I T T E N  BY DON TODD APRIL 11 1 q 7 8  

X R = - I . D S O  
J 2 = l  
DO 30 J = t j N 2  
IF ( X 2 ( J ) o L E . X R )  60 TO 20  

10  J l = J 2  
J 2 = J 2 ÷ 1  
XR=X I ( J2 } 
IF ( J 2 = E Q ° N I )  XR=IeDSO 
IF  ( X 2 ( J ) e G T ° X R )  GO TO 10 
H = X I ( J 2 ) - X I ( J I )  
Y A = Y I ( J I  ) ~ = 2 D O ~ H ~ F | ( J ! )  
Y B = Y I ( J I  ) + ° 4 D O ~ H S F I (  J I ) + e O 5 0 0 $ H I t 2 e S l ( J | |  
YC=y|(J2)-,ADO~H~FI(J2)+eO5OO~H~$2~SI(J2) 
Y D = Y | ( J 2 ) - , 2 D O S H ~ F I ( J 2 )  

20 T A = ( X 2 ( J ) - X | ( J | ) ) / H  
TC=IeDO--TA 
Y2(JI:(YI(J1)~TC~2+5eDO~YA~TA~TC~|OeDO~yB~TA~2)~TC~¢3 

1 ~(YI(J2)~TA~2~5,D~eYO~TA~TC~|OeDOSYC~TC~2)~TA~3 
Q A = ( T C - 4 o D O ~ T A I S T C $ $ 3  
Q D = ( 4 . D O ~ T C - T A } + T A # ~ 3  
Q B = ( 2 - D O ~ T C - 3 ° D O # T A ) ~ T C $ $ 2  
QC=(3eDO~TC-2eDO~TA)~TA#~2  
F2(JI=5,DO$(-YI(JI)~TC~4~QA~YA~2eOO~OB~yBeTA 

1 ~YI(J2|~TA~4~QO~YD+2eOg~QC~YC~TCI/N 
QA=(TCt¢2-6°DO~TA~TC~3eDO~TA~t2|~TC 
QO=(3°DO~TC#~2-6eDO~TA#TC~TA~t2)tTA 
S2(J)=2OeDO~(YI(J1)$TC~_'.'.'~QS~yA~QA~yB 

1 + Y I ( J 2 ) ~ T A ~ 3 ~ Q C ~ Y D ~ Q D ~ y C ) / H t 4 2  
30 CONTINUE 

RETURN 
END 

0 0 0 0 4 4 6 0  
0 0 0 0 4 4 7 0  
0 0 0 0 4 4 8 0  
0 0 0 0 4 4 9 0  
0 0 0 0 4 5 0 0  
0 0 0 0 4 5 1 0  
0 0 3 0 4 5 2 3  
0 0 0 0 4 5 3 0  
0 0 0 0 4 5 4 0  
C0004553 
0 0 0 0 4 5 6 0  
0 0 0 0 4 5 7 0  
0 0 0 0 4 5 8 0  
0 0 0 0 4 5 9 0  
0 0 0 0 4 6 0 0  
0 0 0 0 4 6 1 0  
0 0 0 0 4 6 2 0  
00004630  
0 0 0 0 4 6 4 0  
0 0 0 0 4 6 5 0  
0 0 0 0 4 6 6 0  
0 0 0 0 4 6 7 0  
00004683  
0 0 0 0 4 6 9 0  
0 0 0 0 4 7 0 0  
0 0 0 0 4 7 1 0  
0 0 0 0 4 7 2 0  
0 0 0 0 4 7 3 0  
0 0 0 0 4 7 4 0  
0 0 0 0 4 7 5 0  
0 0 0 0 4 7 6 0  
0 0 0 0 4 7 7 0  
0 0 0 0 4 7 8 0  
0 0 0 0 4 7 9 0  
0 0 0 0 4 8 0 0  
0 0 0 0 4 8 1 0  
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C e e .  

Cooo 
Ceeo  

10 

2 0  

3 0  

4 0  

5 0  

6 0  

SUH~0UTINE PESPAC (NtXjYtF.StGoXAmYA.I-AoSA) 
IMPLICIT REAL¢B (~--H,O--ZI 
DIMLNSION X(1) B Y i I ) * F ( I ) . S ( I I , G ( 1 )  t X A ( 1 ) . Y A ( I I . F A ( I I . S A ( I )  
COMMON /ENDS/ GI 
COMMON /FLOAT/ TOLtRSCtDY 
DY IS COMPUTED IN UPDAT[. RSC IS SET IN DATA. 
IF (OY.LE.RSC) RETURN 
C3MPUTE NEW SPACING FOR NEXT ITERATION 
WRITTEN BY OON TODD APRIL 13 Ig?8 
NI---N--I 
H=O.O0  
DO I0  J = I , N I  
Jl=JA-1 
H=H~DSQRT(  ( X ( J  1 ) - X ( J )  ) ~ ¢ 2 + (  Y ( J  i ) - y  ( J ) )  ~ 2 )  
OH=H/N 1 
H=DH 
O R = 0 . 0 0  
X A ( 1 ) = X ( I )  
J2=1  
DE 40  J = 2 Q N I  
IF ( D f - ~ . G E . H }  GO TO 3 0  
H= H--OR 
X R = X ( J 2 )  
J l = J 2  
J 2 = J 2 + l  
DX=X ( J  2 ) - - X (  J 1 ) 
O Y = Y { J 2 ) - Y ( J I )  
DR=DSQRT ( DX~:~24"0Y~'~2 ) 
CT =0 X/OR 
GO T O 20 
X A I J  )= XR 4"H~CT 
XR=X A'( J ) 
DR=DR-H  
H=DH 
CO NT INUE 
X A C N ) = X ( N )  
CALL Q U I N T S  
DO 50 J = 2 t N !  
X ( J ) = X A ( J )  
Y ( J ) = Y A | J )  
F ( J ) = F A (  J }  
S ( J ) = S A {  J )  
CALL NTEGRL ( N , G I e X t Y t F e S I G )  
WRITE ( 6 , ~ 0 )  
RETURN 
FORMAT 
END 

( N ~ , X t Y , F o S , N , X A . Y A e F A o  SA) 

( t  NEW SPACING CDNPUTEO e ) 

0 0 0 0 4 8 2 0  
0 0 0 0 4 8 3 0  
0 0 0 0 4 8 4 0  
0 0 0 0 4 8 5 0  
0 0 0 0 4 8 6 0  
0 0 0 0 4 8 7 0  
0 0 0 0 4 8 8 0  
0 0 0 0 4 8 9 0  
0 0 0 0 4 9 0 0  
0 0 0 0 4 9 1 0  
0 0 0 0 4 9 2 0  
0 0 0 0 4 9 3 3  
0 0 0 0 4 9 4 0  
0 0 0 0 4 9 5 0  
0 0 0 0 4 9 6 0  
0 0 0 0 4 9 7 0  
0 0 0 0 4 9 8 0  
0 0 0 0 4 9 9 0  
0 0 0 0 5 0 0 0  
0 0 0 0 5 0 1 0  
0 0 0 0 5 0 2 0  
0 0 0 0 5 0 3 0  
0 0 0 0 5 0 4 0  
0 0 0 0 5 0 5 0  
0 0 0 0 5 0 8 3  
0 0 0 0 5 0 7 0  
0 0 0 0 5 0 8 0  
0 0 0 0 5 0 9 0  
0 0 0 0 5 1 0 0  
0 0 0 0 5 1 1 0  
0 0 0 0 5 1 2 0  
0 0 0 0 5 1 3 0  
0 0 0 0 5 1 4 0  
0 0 0 0 5 1 5 0  
0 0 0 0 5 1 6 0  
0 0 0 0 5 1 7 0  
0 0 0 0 5 1 8 0  
0 0 0 0 5 1 9 0  
0 0 0 0 5 2 0 0  
0 0 0 0 5 2 1 0  
0 0 0 0 5 2 2 0  
0 0 0 0 5 2 3 0  
0 0 0 0 5 2 4 0  
0 0 0 0 5 2 5 0  
0 0 0 0 5 2 6 0  
0 0 0 0 5 2 7 0  
0 0 0 0 5 2 8 0  
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S U B R O U T I N E  PESULT  ( N , R , X , Y j F t S I G )  
I M P L I C I T  R E A L ~ 8  ( A - H e D - Z )  
D I M E N S I O N  R ( 3 o N ) e X ( l  | o Y ( l ) t F ( i ) e S {  l ) e G ( l )  

CeDe COMPUTE Yo Fe ~ S FROM RESULT¢  Re OF BANDED 
H I = X ( 2 ) - X ( 1 )  
T I = ( R ( 3 e 2 } - R ( 3 D ! ) ) / H I - H I ~ (  2 , D 0 = R ( 2 e | ) ~ R (  2 = 2 ) ) / 6 . 0 0  
Y ( I ) = R ( 3 , t )  
F ( 1 } = T 1  
S ( l ) = R ( 2 e l )  
G ( 1 ) = R ( 1 , 1 )  
N I = N - - I  
DO 10 ! = 2 ) N 1  
E A = I + I  
I D = l - t  
H I I = H I  
H I : X ( I A ) - - X ( 1 )  
S | I = H I / H [ I  
CALL  D E L T A S  ( S i t , O L i O S )  
T I = . 5 D O ~ ( - R ( 3 o I D ) / H I  I+(I.O0/HII--IeDO/H|)~N(3e|)~RI3olA)/H|) 

I~(HII~R(2tlD)+2.DO~(NII--H[)~R(2,|)--HleR(2e|A))/L2eO0 
~=SII=R(2eID)-(SII÷IoDC)~R(2el)+R(2olA) 
Y | I ) = R ( 3 , I )  
F(  E ) = T I + D S ~ H I I ~ Q / 3 ~ e D 0  
S ( | ) = R ( 2 , 1 ) ~ D L = Q / 6 , D 0  
G ( I ) = R ( 1 , 1 )  

tO C ] N T I N U E  
H I I = H I  
T I = I R ( 3 ,  N)-R(3eN-I))/HII~HII~(2eDO~R(2,N)÷R(2eN-I))/6.DO 
Y ( N | = R ( 3 , N )  
F ( N ) = T I  
S ( N J = R { 2 e N )  
G ( N ) = R ( I e N )  
RETURN 
END 

0 0 0 0 5 2 9 0  
0 0 0 0 5 3 0 0  
0 0 0 0 5 3 1 0  
0 0 0 0 5 3 2 0  
0 0 0 0 5 3 3 0  
0 0 0 0 5 3 ~ 0  
0 0 0 0 5 3 5 0  
0 0 0 0 5 3 6 0  
0 0 0 0 5 3 7 0  
0 0 0 0 5 3 8 0  
00005390 

0 0 0 0 5 4 0 0  
0 0 0 0 5 4 1 0  
0 0 0 0 5 4 2 0  
0 0 0 0 5 4 3 0  
0 0 0 0 5 4 ~ 0  
0 0 0 0 5 4 5 0  
0 0 0 0 5 4 6 0  
0 0 0 0 5 4 7 0  
0 0 0 0 5 4 8 0  
0 0 0 0 5 4 9 0  
0 0 0 0 5 5 0 0  
0 0 0 0 5 5 1 0  
0 0 0 0 5 5 2 3  
0 0 0 0 5 5 3 0  
0 0 0 0 5 5 4 0  
00005550 

0 0 0 0 5 5 6 0  
0 0 0 0 5 5 7 0  
0 0 0 0 5 5 8 0  
0 0 0 0 5 5 9 0  
0 0 0 0 5 6 0 0  
0 0 0 0 5 6 1 0  
0 0 0 0 5 6 2 0  
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C°o° 

I0 
C°oo 

C°., 

S U L 1 R O U T I N E  S Y S T E M  ( N . X , A L F A . H E T A . G A N A ; E P S A . D . R I  
I M P L I C I T  F ~ E A L t 8  ( A - - H t O - - Z )  
D I  NENS [ON X ( N )  o A L F A (  N I  t L H E T A ( N )  ~ G A ~ A ( N ) ' t E P S A ( N )  t D (  3 . N t  
COMMON F E N D S /  GI,AI,i31,CI,DI,AN,BN,CN,ON 

C O M P U T E  C O E F F I C I E N T S  AND NMS OF S Y S T E M  
DO I 0  K = i ,  12  
00 10  I = I , N  
DU I0  J = 1 , 3  
O ( J o  l . K ) = ~ . D q  
E Q U A T I  0 N S  FOR 1 = !  
H I = X ( 2 ) - X ( 1 )  
D(  I, 1 , ~ . ) = - 1  , D 0  
0(2,1, 5 I = E P S A ( I )  
0 ( 2 , 1 ,  6 ) = - I . 6 ) 0 - G A M A (  1 ) ~ H [ / 3 , 6 1 0  
D ( 2 ,  1 ,  7 ) = r J E T A (  I ) - - G A M A ( I ) / H [  
D (2 ,  1, 9)=--GAMA(I I t H I / b , D O  
D ( 2 , 1 ,  I O I = b A . ~ - A (  I ) / H I  
D ( 3 ,  I~ 5 1 = C  1 - 5 1 ~ t H I / ' Z , D 0  
D(3t I, b)=A l - - [41 /H l  
6 1 ( 3 ,  1 ,  6 ) = - 8 1 t H I / O . D 0  
D { 3 ,  1 ,  9 ) = O l / H I  
R ( I , 1 I = - G 1  
R ( 2 t  1 I  = - - A L F A {  1 ) 
R(3, 1 ) = 0 1  
E Q U A T I O N S  FOR 1 = 2  
H I  I = H I  
H I  =X ( 3 ) - - X (  2 ) 
S I I = H I / H I I  
CALL DELTAS I S I i , Z ) L , D S I  

i t t 3 ~  ( 0 L - 2  • D 0 t  DS ) / 7 2 0 .  D0 
H A ( 2  I * t O S = H I I - - 6 ° D 0 m O L  I / 3 h . D 0  

3)=1.D0 

4 ) = - H i  Itt3/30,O0eA11 t S l l  
5) =9ot)0tH[ 1/20°D0 

6 l = - l . D 0  

7 ) = H 1  l $ t 3 ~ ( 2 , D 0 t S I  I - 3 e L ) 0 ) / 1 2 0 . O 0 - A I  i ~ ( S 1  l ÷ i , O 0 l  
/J ) = l t l  I = (  ! ° 0 0 / ~  [ 1 t1-1 I . D 0  ) / 2 : 3 e 0 0  

1 0 ) = H I  1 t t  2 ~ H I / 1 2 0 . O 0 ÷ A I  1 
6)( 1 , 2 ,  11 ) = - H I  1 / (  2 0 ° O 0 t S i  1 |  
D ( 2 . 2 , 3 ) = G A M A ( 2 ) S H I  I / ! 2 . D O ÷ S I  I t O C  
0 ( Z . 2 ,  4 I = - - G A M A ( 2 ) / ( Z . D 0 t H I  1)  o 
0 ( 2 , 2 ,  5 I = E P S A ( 2 )  
D ( < ) .  2 . 6 I = - - I . D 0 + G A M A ( 2 ) W ~ ( H I  l - H I  ) / 6 . O 0 - - Q C t ( S !  l ÷ l  . D 0 1  
0 ( 2 , 2 ,  7 I  =I3:-T A ( 21 ÷ ° 5 D 0 t G A N A (  21~1, I I . D 0 / H I I - I , O 0 / H [ )  
ID( 2 ,  2 ,  9 }  = - -GAMA(  2 ) ( ' H I  / 1  2 • L)0 ÷QC 
L } ( 2 , 2 ,  10  t =GAMA { 2 ) / (  2 . 0 0 d = H  [ ) 
D( 3,2, 2 ) = - - H I  1 / 6 ° 0 C  
D(3,2, 3 ) = I . D 0 / H I  1 
6)I3,2, 5 I = - - ( H I I + H I  I / 3 , D 0  
0 ( 3 , 2 ,  6)=- { I ,D0/HI I÷ 1,DC/H [ ) 

A I  i = H I  
QC = ( GA 
D ( 1 . 2 ,  
6)( 1 . 2 ,  
D(  1 . 2 .  
6)( 1 , 2 .  

"D( 1 , 2 .  
D(I,2, 

D( 1 , 2 ,  

| 2 I , R ( 3 , N )  

0 0 0 0 5 6 3 0  
0 0 0 0 5 6 4 0  
0 0 0 0 5 0 5 0  
0 0 0 0 5 6 6 0  
0 0 0 0 5 6 7 0  
0 0 0 0 5 0 8 0  
0 0 0 0 5 6 9 0  
0 0 0 0 5 7 0 0  
0 3 0 0 5 7 1 0  
0 0 0 0 5 7 2 0  
0 0 0 0 5 7 3 0  
0 3 0 0 5 7 4 3  
0 0 0 0 5 7 5 0  
0 0 0 0 5 7 6 0  
0 0 0 0 5 7 7 0  
0 0 0 0 5 7 8 0  
0 0 0 0 5 7 9 0  
0 0 0 0 5 8 0 3  
0 0 0 0 5 8 1 0  
0 0 0 0 5 8 2 0  
0 0 0 0 5 8 3 0  
0 0 0 0 5 8 4 0  
0 0 0 0 5 8 5 0  
0 0 0 0 5 8 6 0  
0 0 0 0 5 8 7 0  
0 0 0 0 5 8 8 0  
0 0 0 0 5 8 9 0  
0 0 0 0 5 9 0 0  
00005910 

0 0 0 0 5 9 2 0  
03005930 

00005940 

00005950 
0 0 0 0 5 9 5 3  
0 0 0 0 5 9 7 0  
00005980 

00005990 

0 0 0 0 5 0 0 0  
0 0 0 0 6 0 1 0  
C 0 0 0 b 0 2 0  
0 0 0 0 6 0 3 0  
0 0 0 0 6 0 4 0  
00005050 

0 0 0 0 6 0 5 0  
0 0 0 0 6 0 7 0  
0 0 0 0 6 3 8 3  
0 0 0 0 6 0 9 0  
0 0 0 0 6 1 0 0  
0 0 0 0 6 1 1 0  
0 C 0 0 5 1 2 0  
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C * ° *  

100  
C o , *  

D ( 3 , 2 1  8 ) = - H I / ( > . D O  
D ( 3 , 2 , 9 ) = 1 . 0 0 / H I  
R( 1 , 2 ) = 0 . D 0  
R ( 2 ,  2 ) = - A L F A ( 2 )  
R ( 3 , 2 ) = 0 . 0 0  
E Q U A T I O N S  FOR 2 < I < N 
N I = N - I  
00  100  I = 3 , N I  
A2 I = H I  ~ 3~ { L~L*2 .  D O ~ D S / S I  l J / 7 2 0  , D O  
H I 2 = H I  1 
H I  I = H I  
H I = X  ( I  ÷1 ) - X ( I )  
S 12"=SI  1 
S I I = H I / H I I  
CALL  D E L T A S  ( 5 1 1 e O L t O S )  
A 1 1 : H 1 1  $~3~ ' (  D L - 2 . D O ¢ D 5 ) / 7 2  OeOO 
QC=(GAMA(I)~DS~HII-6.OO~DL)/36.00 
O ( l t l ,  1 ) =H 12 ~kH 11 ~ 2 / 1 2 0 .  D0~A2111S | 2  
0 (  1 ,  1 t  2 1 = - - 5 1 2 ~ H I  1 / 2 0 e D O  
0 ( 1 *  I t  3 ) = 1 . D 0  
D( 1,. 11 4 ) = H I  1 ~ 3 ~  ( I . D O / S I  2 -  ! .DO | / 6 0 . D O ÷ A |  I ~ S i  1- -A2 I S ( S [  2 ~ 1 .  DO) 
D ( 1 , [ ,  5 ) = H I  1 ~t ( S [  2~  1 0 . 0 0 ) / 2 0 . 0 0  
0 ( 1 ,  I ,  6 ) = -  1 . 0 0  
D ( I , I ,  7 ) : H I  1 ~ 3 ~  ( S I  1 - - 1 . 0 0 ) / 6 0 . 0 0 - - A !  | 4 (  S I  I <Vl .DO ) ~ A 2 I  
0 ( 1 , 1 ,  8 I = H I I # ( I * D O / S I I ~ I O .  O 0 } / 2 0 * O 0  
D( 1 ,  1,  I 0 ) = H I  l t t 2 4 ~ H l / 1 2 0 . O 0 ~ A I I  
D ( I ,  i ,  I I ) = - H I I / ( 2 0 * D O S S I I )  
D ( 2 ,  1 , 3 I = G A M A (  [ ) ~ H l I / I 2 ~ , D O 4 " S | | O Q C  
0 ( 2 ,  I ,  A ) = - G A N A (  I ) / (  2 . D O / H I  1)  
D ( 2 t  I *  5 ) = E P S A ( I )  
D ( 2 , I • 6 ) = - I * D O ~ G A M A (  | ) ~ { H I  I - H I ) / 6 * O 0 - ' O C ~ ( S | I ~ I . D O )  
0 ( 2 , 1 ,  7 )  =f~ETA( I ) ~ ,  5 0 0 0 G A N A  ( I ) ~ (  | , D O / H I  | -  | . D O / H i  ) 
D ( 2 ,  1 , 9 ) = - - G A M A (  [ ) ~ H | / 1 2 . D O + O C  
D ( 2 ,  1 ,  1 0 ) = G A N A (  I ) / (  2 . D O e H  | ) 
D ( 3 ,  I ,  2J - - - -H I  1 / 6 . D 0  
D ( 3 ,  I •  3 ) = I . D O / H I  1 
0 ( 3 • 1 ,  5 ) = - - ( H I  1 ~ H I ) / 3 . D O  
0 ( 3 ,  I ,  6 ) = -  ( 1 . D O / H I  1+ 1 o O 0 / H  | ) 
0 ( 3 1 1 =  8 ) = - - H 1 / 6 . 0 0  
D ( 3 , 1 ,  9 ) = 1  . D O / H I  
R( I , I ) = O . D O  
R ( 2 ,  | ) = - - A L F A ( I  ) 
R ( 3 .  ! ) = 0 . 0 0  
C O N T [ N U E  
E Q U A T I O N S  FOR I : N  
A2 [ = H [  ~ 3'1= ( O L ~ 2 * D O $ O S / S  l I ) / 7 2 0  eO0 
H I  2 = H I  1 
HI  1 = H I  
S 1 2 = 5 1 1  
0 (  I • N ,  1 ) = H  I21~H| 1 ~#  2 / 1 2 0 e  D O ~ A 2 1 0 S |  2 

0 0 0 0 6 1 3 0  
0 0 0 0 6 1 4 0  
0 0 0 0 6 1 5 0  
0 0 0 0 6 1 6 0  
0 0 0 0 6 1 7 0  
0 0 0 0 6 1 8 0  
0 0 0 0 6 1 9 0  
0 0 0 0 6 2 0 0  
0 0 0 0 6 2 1 0  
0 0 0 0 6 2 2 0  
0 0 0 0 6 2 3 0  
0 0 0 0 6 2 4 0  
0 0 0 0 6 2 5 0  
0 0 0 0 6 2 6 0  
0 0 0 0 6 2 7 0  
0 0 0 0 6 2 8 0  
0 0 0 0 6 2 9 0  
0 0 0 0 6 3 0 0  
0 0 0 0 6 3 1 0  
0 0 0 0 ~ 3 2 0  
0 0 0 0 6 3 3 0  
0 0 0 0 6 3 4 0  
0 0 0 0 6 3 5 0  
0 0 0 0 6 3 6 0  
0 0 0 0 6 3 7 0  
0 0 0 0 6 3 8 0  
0 0 0 0 6 3 9 0  
0 0 0 0 6 4 0 0  
0 0 0 0 6 4 1 0  
0 0 0 0 6 4 2 0  
0 0 0 0 6 4 3 0  
0 0 0 0 6 4 4 0  
0 0 0 0 6 4 5 0  
0 0 0 0 6 4 6 0  
0 0 0 0 6 4 7 0  
0 0 0 0 6 4 8 0  
0 0 0 0 6 4 9 0  
0 0 0 0 6 5 0 0  
0 0 0 0 6 5 1 0  
0 0 0 0 6 5 2 0  
0 0 0 0 6 5 3 0  
0 0 0 0 6 5 4 0  
0 0 0 0 6 5 5 0  
0 0 0 0 6 5 6 0  
0 0 0 0 6 5 7 0  
0 0 0 0 6 5 8 O  
0 0 0 0 6 5 9 0  
0 0 0 0 6 6 0 0  
0 0 0 0 6 6 1 0  
0 0 0 0 6 6 2 0  
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2 ) = - S I 2 ~ H ! ! / 2 0 , 0 0  
3 ) = 1 . D 0  
4)=HII~3e(2.Dn/SI2-3,DOI/120.DO-A2I=(SI2+IeDO) 
5 ) = H I I ~ | S I 2 ~ I I . D O ) / 2 0 . D O  
= - I . D O  
7 ) = - - H I I = # 3 / 3 0 , D 0 ~ A 2 1  
8 ) = g e O 0 ~ H I I / 2 0 e D 0  
3 } = G A M A ( N ) ~ H  1 1 / 6 o D 0  
4)=--GAMA(N)/HI I 
S)=EPSA(N) 
6 )= - I ,DO~GAMA(NI~HI I /3 .DO 
7 ) = ~ E T A ( N I ~ G A M A ( N I / H I I  
2 ) = B N ~ H I I / 6 e D O  
3 ) = - B N / H I 1  
5 ) = C N ÷ B N = ~ [ I / 3 . D 0  
6 I = A N + B N / H I I  

D( 1 , N ,  
r)( 1 ,= N,,, 
D( 1 ~, Nt 
O i l , N ,  
0,{ l w N ,  6 |  
D( I , N ,  
D( I o N ,  
O( 2,N, 
D(2,N, 

D( 2,N, 

D(2,N, 

3( 2,N, 

D( 3 , N ,  
D( 3 ,  N, 
O( 3 i N =  
D ( 3 , N t  
R( I , N | = 0 . D 0  
R ( 2 o  N | = - - A L F A I N )  
R ( 3 , N ) = O N  
RETURN 
END 

0 0 0 0 6 6 3 0  
0 0 0 0 6 6 4 0  
0 0 0 0 6 6 5 0  
0 0 0 0 6 6 6 0  
0 0 0 0 6 6 7 0  
0 0 0 0 6 6 8 0  
0 0 0 0 6 6 9 0  
0 0 0 0 6 7 0 0  
0 0 3 0 6 7 1 0  
0 0 0 0 6 7 2 0  
0 0 0 0 6 T 3 0  
0 0 0 0 6 7 ~ 0  
0 0 0 0 6 7 5 0  
0 0 0 0 6 7 6 0  
0 0 0 0 6 7 7 3  
0 0 0 0 0 7 8 0  
0 0 0 0 6 7 9 0  
0 0 0 0 6 8 0 0  
0 0 0 0 6 8 1 0  
0 0 0 0 6 8 2 0  
0 0 0 0 6 8 3 0  

~J 
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C°oo  

10 

20 

SUBROUTINE UNIFRM I N , X )  
I ~ I P L I C I T  ~ E A L e 8  ( A - - H , O - Z )  
DIMENSION X ( 1 )  
G IVEN N,  X I t ) ~  £. X ( N I  COMPUTE UNIFORM SPACING 
N I = N - I  
D X = ( X ( N I - - X (  t I ) / N 1  
DD 10 J = 2 o N L  
X ( J ) = X ( I ) ~ - ( J - - I  )~DX 
WRITE ( b , 2 0 )  
RETURN 
FORMAT ( o0UNIFORM SPACING COMPUTED o)  
END 

0 0 0 0 6 8 ~ 0  
0 0 0 0 6 8 5 0  
0 0 0 0 6 8 6 0  
0 0 0 0 6 8 7 0  
0 0 0 0 6 8 8 0  
0 0 0 0 6 8 9 0  
0 0 0 0 6 9 0 0  
0 0 0 0 6 9 1 3  

" 0 0 0 0 6 9 2 0  
0 0 0 0 6 9 3 0  
0 0 0 0 6 9 4 3  
0 0 0 0 6 9 5 3  

Ceoo 

Coeo 

50 
Coee  

bO 
Ceoo  

7 0  
6001  
6 0 0 2  

SUBROUTINE UPI)ATE ( N , Y I t F 1 , G | m Y 2 o F 2 o G 2 t $ )  
I M P L I t ' I T  R E A L * 8  ( A - - H , O - - Z )  
D I M E N S I O N  Y I  ( I ) , F I  I I ) , G I ( I  ) t  Y2(  1 ) ,  F 2 ( I  | oG2(  I ) 
DIMENS |ON K A ( 3 )  
COMMON / F I X E D /  N D I M o J C A S E ~ J T  
COMMON / F L O A T /  T O L t R S C t E ( 3 )  
COMPUTE CHANGE IN  SOLUTION 
CALL NORM ( N t Y I I Y 2 1 C ( I } o K A ( l ) )  
CALL .NORM ( N , F I , F 2 t F I 2 ) t K A ( 2 ) )  
CALL NORM ( N o G I , G 2 , E ( 3 ) t K A ( 3 } )  
WRITE ( 6 9 6 0 0 1 )  J T o K A t I "  
UPDATE SOLUTION 
DO 50 K : I B N  
Y1 ( K I = Y ? ( K )  
F I  ( K ) = F 2 ( K )  
GI (K  | = G 2 ( K )  
CHECK CONV ERC.~ENCE 
DO 6 0  J = l , 3  
I ¢ I E ( J ) e G T e T U L )  GO TO 70 
CDNTINUE 
I= CONVERGED THEN RETURN 1 
WRITE ( 6 , 6 0 0 2 )  
RETURN 1 
RE.TURN 
F3RMAT (~ U P D A T E m , 4 I I 0 t  I P 3 E | 0 o 2 )  
FORMAT ( t0CnNVERGED SOLUTION I ) 
END 

0 0 0 0 6 9 6 0  
0 0 0 0 6 9 7 0  
0 0 0 0 6 9 8 0  
0 C 0 0 6 9 9 0  
0 0 0 0 7 0 0 0  
0 0 0 0 7 0 1 0  
0 0 0 0 7 0 2 0  
0 0 0 0 7 0 3 0  
3 0 0 0 7 0 4 0  
0 0 0 0 7 0 5 3  
0 0 0 0 7 0 6 0  
0 0 0 0 7 0 7 0  
0 0 3 0 7 0 8 3  
0 0 0 0 7 0 g 0  
OOOO71OO 
0 0 0 O 7 1 1 0  
0 0 0 0 7 1 2 0  
0 0 0 0 7 1 3 0  
0 0 0 0 7 1 4 0  
0 0 0 O 7 1 5 0  
0 0 0 0 7 1 6 0  
0 0 0 0 7 1 7 0  
0 0 0 0 7 1 8 0  
0 0 0 0 7 1 9 0  
0 0 0 0 7 2 0 0  
0 3 0 0 7 2 1 0  
0 0 0 0 7 2 2 3  
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C . . .  

50 

SUBROUTINE WRITES (N.XoY.F,sStG) 
IMPLICIT PFALW. 8 (A--H.O--Z) 
UIMPNSItJN XIN) . Y ( N ) . F ( N I , S ( N ) . G I N )  
COMMON /ALPHA/" LAB(36) 
COMMON /F IXED/  NOIMmJCASE,JI.NTtJOUT 
IF (JOUT.LE.O) RETURN 
WRITE SOLUTION ON UNIT J(IUT 
WRITE (JOUT) LAD.N 
WRITE (JUUTJ X,Y+F.S,G 
WRITE (6,5 ~) JOUT 
RETURN 
F31~MAT ( w 0 S O L U T i t 3 N  WRITTEN ON U N I T J . 1 3 )  
END 

0 0 0 0 7 2 3 0  
0 0 0 0 7 2 4 0  
0 0 0 0 7 2 5 0  
0 0 0 0 7 2 6 0  
0 0 0 0 7 2 7 0  
0 0 0 0 7 2 8 0  
0 0 0 0 7 2 9 0  
0 0 0 0 7 3 0 0  
0 0 0 0 7 3 1 0  
0 0 0 0 7 3 2 0  
0 0 0 0 7 3 3 0  
0 0 0 0 7 3 ~ 0  
0 0 0 0 7 3 5 3  

Ceee  

C e l e  

C l i o  

10 
2 0  

SUEJROUTINE PAGER I N )  
COMMON / A L P H A /  LAB(1B),IDI(9),ID2(9).=JLINE.NL[NE,JPAGE 
L I N E  COUNTE~ ROUTINE 
JL I N-~= JL INE+N 
I=  ( J L I N E e L E . N L I N E )  RETURN 
JL | N F = N  
J : )A~ E= JPAGE + 1 
CALL T IMCHK I T )  
M = T / 6 0 o  
S = T - 6 0 ~ M  
T = M + S / 1 0 0 .  
WRITE ( 6 , 1 0 )  ( O I , I D 2 , J P A G E  
WRITE ( 6 , 2 0 )  LAE) ,T  
RETURN 
ENTRY PAGES 
I N I T I A L I Z E  L I N E  C('IUNTER 
CALL T [MCHK I T )  
CALL LABELS (LAB.36H 
CALL LABELS (LAE~(IOi,LAO) 
FOLLOWING CARD 3 U P P L I E S  USER I a  
CALL LABELS ( [ D I , 3 6 H D C  TO[ ' ) )  CaPS 
CALL GETNOW (I021 
JPAGE=q 
NL I NE= 50 
J L I N E = N L I N F + I  
RETURN 
FORMAT ( I H l I I B A 4 ~ , 3 8 X + 4 H P A G E , I 6 1  
FORMAT ( IH , 1 8 A 4 , 3 8 X , ~ 4 1 - T I M E , F 6 o 2 1  
END 

0 0 0 0 7 3 6 0  
0 0 0 0 7 3 7 0  
0 0 0 0 7 3 8 0  
C 3 0 0 7 3 9 0  
0 0 0 0 7 4 0 0  
0 0 0 0 7 4 1 0  
0 0 0 0 7 4 2 3  
0 0 0 0 7 4 3 0  
0 0 0 0 7 4 4 0  
0 3 0 0 7 4 5 3  
0 0 0 0 7 4 6 0  
0 0 0 0 7 4 7 0  
0 0 0 0 7 4 8 3  
0 0 0 0 7 4 9 0  
0 0 0 0 7 5 0 0  
0 0 0 0 7 5 1 0  
0 0 0 0 7 5 2 0  
0 0 0 0 7 5 3 0  
0 0 0 0 7 5 4 0  
0 0 0 0 7 5 5 0  
0 0 0 0 7 5 6 0  
0 0 0 0 7 5 7 0  
0 0 0 0 7 5 8 0  
0 0 0 0 7 5 9 0  
0 0 0 0 7 6 0 0  
0 0 0 0 7 6 1 0  
0 0 0 0 7 6 2 0  
0 0 0 0 7 6 3 0  
0 0 0 0 7 6 4 0  
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L I S r I N G  OF REFERENCE PROGRAM 

SUBROUTINE LABELS ( L I N )  
D I M E N S I O N  L ( I ) ,  N ( | )  

Cee= TNANSFER L I T E R A L  I N T O  AN ARRAY 
DO tO J = I t 9  

10 L ( J ) = N ( J )  
RETURN 
END 

A E DC-T  R-78-59  

0 0 0 0 7 6 5 0  
0 0 0 0 7 6 6 0  
0 0 0 0 7 6 7 0  
0 0 0 0 7 6 8 0  
0 0 0 0 7 6 9 0  
0 0 0 0 7 7 0 0  
0 0 0 0 7 7 1 0  

C . ° °  
SUBROUTINE T INCHK ( T )  

SYSTEM DEPENDENT ROUTINE TO R R O V ] ) E  USED CPU T I M E  IN  SECONDS 
T = O .  
RETURN 
END 

0 0 0 0 7 7 2 0  
0 0 0 0 7 7 3 0  
0 0 0 0 7 7 4 0  
0 0 0 0 7 7 5 0  
0 0 0 0 7 7 6 0  

C . , ,  

SUBROUTINE GETNOW ( N )  
D I M E N S I O N  N( 1) 
SYSTEM DEPENDENT ROUTINE TO PROVIDE SHOT I D  IN  FOLLOWING FORN 
CALL LABELS ( N , t A R O O B 6 7 1  1 0 : 2 9  WED NAY l O !  1978  I )  
RETURN 
END 

0 0 0 0 7 7 7 0  
0 0 0 0 7 7 8 0  
0 0 0 0 7 7 9 0  
0 0 0 0 7 8 0 0  
0 0 0 0 7 8 1 0  
0 0 0 0 7 8 2 0  

7] 
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APPENDIX B 

INIT IAL SOLUTION 

To begin i terat ion (Sect ion 3.2) an initial " in-hand" solut ion is needed,  and at t imes 

it cannot  be just i f ied as anything more  than a guess. Even a guess should be  made as 

consis tent  as possible, however.  In particular,  it should satisfy the end condi t ions,  Eq. 

(24). Since the spline is a quint ic  in each interval, [xi, x i+ l ] ,  it seems reasonable that  a 

quint ic  over the whole  interval, [x l ,  XN ], could possibly be a good guess. Equat ion  (24)  

with i = 1 and i = N gives two  equat ions  in six unknowns .  If  fur ther  assumpt ions  are 

made to fully specify  the six unknowns ,  then the quint ic  would be de termined.  The 

fol lowing procedure  is p roposed  to specify  a qunit ic  with the  least variation in i tself  and 

its derivative. 

Define 

H = x N - x I ( B - l )  

fia = 1_ (YN - Yl ) (B-2) 
H 

r~1 = 1 (m N _ ml) 03-3) 
H 

E = y~ + y 2  + H 2 E ( m l _  fn) 2 + (m N _ fia)2 3 

H 4 - f l) 2 + - 2]  0 3 - 4 )  

It is p roposed  that  E be minimized subject  to the constraints  o f  Eq. (24) with i = 1 and i 

= N. Using the Lagrange m e t h o d  o f  multipliers to  minimize E, one defines 

F = E - 2~ 1 (Aly  1 + B 1 m I + CIM 1 _ D1 ) 

- 2~. N (ANY N + B N m N + CNM N - D N) (B-5) 

which in t roduces  two  extra unknowns ,  X1 and XN. Differentiat ing yields 

d.__E.F = 2 y  I + 2 H  ( m  I ~- m N - 2r'n) _ } A  1 AI  = 0 
0y 1 

8 F  - 2 H  + na N 2fa) a y  N = 2YN ( m l  -- - 2AN ~'N = 0 

Oml0F = 21-I 2(m 1 - ffa) + 2H 3(M 1 -,- M N - 2~1) - 2B1 A1 = 0  

03-6) 

(B-7) 

03-8) 

a F  = 2 H 2 ( m N  _ f n ) -  2H 3 ( M  I + MN _ 2 ~ | )  - 2B NAN = 0 
0m N ., 

03-9) 
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OF = 2H4(M 1 _ ~) _ 2C1)tl = 0 
aM1 (B-10) 

a.___F_.F = 2H 4(M N _ ~ )  _ 2 C N A  N = 0 
aM N - (B-1 l) 

d--X--0F = -2 (A/y l  + B lm 1 + C IM 1 - D 1) = 0 (B-12) 
1 

a)t--'~aF = _2(ANY N + BNm N + CNM N - D N) = 0 (B-13) 

The last two equations are the equations of constraint. Equations (B-6) thru (B-13), after 

substitution of Eqs. (B-2) and (B-3) for m and M, are eight linear equations in eight 
unknowns. One can simplify the system as follows. Adding Eqs. (B-8) and (B-9), one 
obtains 

H(m I + m N - 2 m ) =  I ( B / A  1 + BNAN) 
H (B-14) 

Substituting Eq. (B-14) into Eqs. (B-6) and (B-7) 

Yl = A1 A1 - 1 (B 1AI + BN AN ) 
H (B-15) 

YN = AN AN + _1 (B 1 hl + BN hN ) 
H (B-16) 

Substituting Eqs. (B-15) and (B-16)into Eq. (B-2), 

m = 1 (A N XN _ Al hl  ) + 2 (B 1 A1 + BNAN ) 
H H 2 

Adding Eqs. (B-10) and (B-I l), 

(B-17) 

__l (C I AI + CN AN ) H 2 (.M I + M N - 2~|) = H 2 (B-18) 

Substituting Eqs. (B-17) and (B-18) into Eqs. (B-8) and (B-9), 

m I = 1_ (A N A N - A I h I) -- ~ (B 1 A l + B N A N ) 
H 1.12 

I__ (C A 1 + C N kN ) + ! B l A I 
H3 1 ti 2 (B-19) 

m g =  l__ (A N AN _ A I A I  ) i. ~ (B I A I  + BNAN ) 
H " H2 

__I BN AN H3 (CI )~I  + CN AN) + H2 (B-20) 
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Substituting Eqs. (B-19) and (B-20) into Eq. (B-3), 

-k  1 (B N - B h 1) = 2H4 (C1 hl + CN AN) + H3 AN 1 (B-21) 

Substituting Eq. (B-21) into Eqs. (B-10) and (B-11), 

1 (B N AN _ B 1 hl) + 1 CI hl M1 _ H a2 (CI A1 + CNAN) + --H 3 --H 4 (B-22) 

__1 (B N AN _ BI A1 ) + 1 CN AN MN _ H 42 (C 1 hi + C N A N) + H 3 --H4 (B-23) 

If Eqs. (B-15), (B-16), (B-19), (B-20), (B-22), and (B-23) are substituted into Eqs. (B-12) 
and (B-13), then they take the form 

All  A 1 + AIN A N = D 1 

AN1 h I + ANN h N = D N 

(B-24) 

(B-25) 

where 

All = A 2 + 3B~ + 3C i - 2A1B 1 - 2B1C 1 

A1N = -A1B N ~- ANB 1 - B1C N + BNC 1 + 2BIB N + 2CIC N 

AN1 = A1N 

ANN = A 2 + 3B~ + 3C~ + 2ANB N + 2BNC N 

1 B i Bi = 

E i =  1 C. 

(B-26) 

(B-27) 

(B-28) 

(B -29) 

(B-30) 

(B-31 ) 

with i = 1 and i = N. Equations (B-24) and (B-25) can be solved for X1 and )~N. One can 

then obtain Yl, YN, ml ,  mN, MI, and MN from Eqs. (B-15), (B-16), (B-19), (B-20), 
(B-22), and (B-23). These values determine the quintic which can be written down 
directly by analogy with Eq. (86). This is the initial solution suggested, for lack of a 

better approximation. 
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APPENDIX C 
CHANGING SPACING 

Splines were originally invented for interpolation, and interpolation of  spline 

solutions is immediately available. This, plus the suitability of spline collocation to handle 

nonuniform spacing, makes it feasible to change the spacing between iterations to 
improve accuracy. 

Since smaller steps are needed where the function changes the fastest, the following 

procedure can be used. Consider straight line segments between points, (xi, y~) (that is, a 

broken-line solution). Compute the length of  the broken line and divide by (N-l) to 

determine a constant step size along its length. Taking constant steps along the 

broken-line solution, determine the new x~. Interpolation provides the new in-hand 
solution for the next iteration. 

Figure C-1 illustrates the respacing technique with N = 6. Beginning with equal 

spacing, the old solution is marked by the heavy dots. The new spacing is determined by 

taking equal steps along the broken line, marked by the symbol "/x". The new solution is 

obtained by interpolation at the new x, and is marked by the symbol "D". Note the 

shorter ht at the ends, where the function is changing the fastest, and the longer h, in the 
middle, where tile function is changing the slowest. 
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\ 

\ \  

\ 
,\ 
\ \  
\ \  

I \  

~'n~ '~"~"h 2 _  . h 3 ~ w  
d ~  h 4 ~I~ h5 ---~ 

x 

Figure C-1. Respacing technique. 
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APPENDIX D 
MODIFICATIONS TO RUN THE EXAMPLE PROBLEMS 

H O D [ F I C A T I O N S  TO RUN EXAMPLE 2 

--INS 1 7 4 0  
DIMENSION Y B | 2 B ) , F B {  2 8 } , $ B ( 2 8 )  
COMMON /ENDS/ GI 
CCMNON / F [ X E O /  N D I M ~ J C A S E  
COMMON / P A R M /  P A ( 7 ) o F A ( ? ) t X A ( 2 8 ) , Y A ( T o 2 / d )  

--REP 180~ ,1900  
M=I5 
DO 14 K : 1 6 , 2 8  
[F  ( Y A [ J C A S E , K ) ° E Q . I . . D P ~ |  GO TO 16  

14 M = M +  1 
M=28  

16 CALL Q U I N T S  ( N , X , V o F t S o M , , X A , Y B , F B ,  SB)  
C A L L  ERRO~ ( F A ( J C A S E ) , ' F ( I | t E A ( 2 ) )  
DO 30 K=I ,M 
CALL ERROR ( Y A ( J C A S E o K ) ~ Y ~ { K ) I E ( 1 ) )  
OD 2 0  J : l , l  

--REP 2 3 1 0 , 2 . 3 5 0  
COMMON / P A R ~ 4 /  P A ( 7 ) , F A ( 7 | , X A ( 2 8 )  , Y A ( 7 , 2 8 )  
O|  MENS l l : N  X N ( 7 )  
DATA X N / B , .  D0 t 7,. O0~. 6,. 5O0,~ O° O 0 m 5 °  5D0 m 4 ° 8 0 0 . , 3  . D O /  
IF ( J C A S E e G T . , 7 )  GO TO 590 
IF  ( J C A S E o G T ° I )  GO TO 3C 
CALL  L A B E L S  ( L A B o 3 6 H E X A M P L E  2 
CALL  L A B E L S  ( L A B ( I O )  t 3 6 H F A L K N E R - S K A N  E Q U A T I O N  
READ ( 5 t 5 C ~ 1 )  P L t P A  
READ ( 5 ,~5001 ) F L , F A  
DO 10 K = l t 2 8  

10 READ ( 5 ~ 5 C 0 3 )  X A ( K ) g I Y A ( J o K I o J = I ~ T J  
00  15 K = 1 6 ~ 2 8  
DO 15 J---S|7 
| F  ( Y A { J t K ) ° 5 O ° 0 ° O 0 )  Y A ( J ~ K J = | e I - ) 0  

15 CONTINUE 
CALL PAGER ( I 0 0 )  
WRITE ( 6 t 6 0 0 1 )  PLBPA 
I ~ ] T E  ( b t b O 0 1 )  ~LtFA 
~RITE ( 6 , 6 0 0 2 )  
DO 20  K = 1 , 2 ~  

20 W R I T E  ( 6 , 6 0 0 3 )  
30  CDNT INUE 
--REP 2 4 5 0 , 2 4 6 0  

JOUT=20 

L P R N T = 0  
- R E P  2 5 9 0  

D N = I  . O 0  
- I N S  2 6 1 0  

WRITE (6  t b 0 0 4 )  PA(  J C A S E }  
- R E P  2 7 2 0  

X ( N )  = X N ( J C A S E )  
- R E P  2 7 4 0  

A = 3 .  D0 

K , X A ( K | ~ ( Y A ( J t K ) , J = l o 7 )  

I 
2 
3 
4 
5 
b 
7 
8 
9 

I0  
11 
12 
13 
14 
15 
16 
17 
18 

20 
21 
22 
23 
24 
-25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
43 
41 
42 
43 
~4 
45  
46 
47 
48 
49 
53 
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MOOIFICA¥[ONS TO RUN EXAMPLE 2 

DO 5G J = l o N  
E X = O ~ F X P { - - A ~ X ( J  ) ) 
Y ( J ) = !  . D 0 - E X  
F ( J ) = A ~ E X  
S (  J ) - - - E X ~ A ~ 2  
G ( J ) = X ( J ) ÷ ( E X - I . 9 0  ) / A  

5 0  CONT INUE 
- - I N S  2 8 9 0  
5 0 0 1  FORMAT ( A 4 o S X ,  7 E 9 , 0 )  
5003 FORMAT ( ~ E 9 .  O) 
6001 FORMAT ( I H O t A 4 ~ S X ~ ? F ~ . . ~ . 5 )  
6 0 0 ;  ) FO~- MAT ( I H 0 ,  7X e 4 2 H X  Y ( X )  
6 0 0 3  FORMAT ( 1 3 . F 7 .  | ~  7 F 1 0 • 5 )  
6 0 0 4  F(]ICMAT ( e C K  = e t F t 0 . 5 )  
- - I N S  ~3~ ,0  

--1 NS 

- H E P  

C O R R E S P O N D I N G  TO A B O V E  K 

COMMON / F I X E D /  N O I M o J C A S E  
LOMNL~N / P A R M /  P A ( 7 | , F A ( 7 ) o X A ( 2 8 )  e Y A ( 7 t 2 8 }  
4 3 6 0  
P = P A ( J C A S E )  
4 3 8 0 o 4 4 2 0  
A L F  A { J ) = G (  J ) ~ F  ( J J - P )  t ( ~ • D O ÷ Y (  J )~ ik  2 )  
B E T A  ( J  } = 2 . D O ~ P ~ Y (  J ) 
G A M A ( J  ) = - G ( J }  
f.;) SA ( J ) = - F ( J )  

V A L U E S )  

51 

52 

53 

54 

55 

56 

57 

58 

59 

6:) 

61 

62 

63 

6~ 

65 

66 

67 

68 

69 

70 

7[ 

72 

73 

7~ 
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MODIFICATIONS TO RUN EXAMPLE 3 

- I N S  1 7 4 0  
COMMON / P A R , N /  P , Q  

-REF) 1 8 1 0 . 1 8 9 0  
Z=DEXP ( - Q * X  ( K ) )  
A( 1 ) = O ~ Z  
A ( 2 )  = - O ~ A ( 1 )  
A ( 3 )  = - - 0 * A ( 2 )  
A ( 4 ) = I . D O - Z  
E( I ) = D A ~ S ( A ( | ) - - Y ( K ) )  
E ( 2 ) = D A B S ( A ( 2 ) - F ( K  I ) 
E ( 3 ) = D A B S ( A ( 3 ) - S ( K ) )  
E( 4 ) = D A B S (  A{ 4 ) - - G ( K  ) ) 

- I N S  2 3 0 0  
COMMON / P A R M /  P~,Q 

- R E P  2 3 2 0  
IF (JCASE.EQ,,I) GO TO 2 0  
IF  ( J C A S E ° E Q . 2 )  GO TO 10 
I = ( J C A S E . G T . 3 )  GO TO 5 9 0  
P= • I DO 
GO TO 30 

! 0  P = . 0 1 0 0  
GO TO 30 

2 0  P = . O O I D O  
3C Q=(  t ° D O - - D S Q R T ( t  ° D O - 4 ° D O 4 z P ) ) / ( 2 o D O i i P |  
--REP 2 3 4 0 ~ 2 3 5 0  

CALL L A B E L S  ( L A B p 3 6 H E X A N P L E  3 
CALL L A B E L S  ( L A B ( I O ) o 3 6 H V I S C Q E L A S T I C  F L U | O  

--REP 2 5 5 0  
Ol =Q 

- i NS 2b  10 
WRITE ( 6 m 7 0 0 )  P t Q  

- R E P  2 7 2 0  
X(  N ) = | 2 ° D O / Q  

--REP 2 7 4 0  
DE} 4 0  J = I ~ N  
Y(  J ) = I  .DO 
F(  J ) = l  ,,DO 
S(  J } = l  °DO 

4 0  G ( J ) = |  . D O  
- - I N S  2 8 9 0  
7 0 0  FORMAT (4HOK = t X P E I 2 . 4 o S X .  BHLAMBDA = , l E | 2 o 4 )  
- I N S  4 3 4 0  

COMMON / P A R M /  PpQ 
--REP 43 8 0 .  e~410 

AL I 'A  ( J ) = O e D O  
B E T A ( J | = - - I  . D O / P  
GAMAIJ)=BETA(J) 

--REP 6 7 5 0  m 6 7 8 0  
C ) ( 3 m N e 4 ) = I  .DO 

- R E P  6 8 1 0  
R(  3 ,  N ) = t  ,.DO 

! 

2 
3 
4 
S 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
2O 
21 
22  
2 3  
2~ 
2 5  
2 b  
27  
28  
29  
33 
31 
32  
33  
34  
3 5  
36  
37  
38  
39  
40  
41 
42  
4 3  
4 4  
45  
4 6  
4 7  
~8  
49  
5O 
51 
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M O D I F I C A T I O N S  TO NUN EXAMPLE 4 

-REP 

-REP 

20 
- - INS 

--REP 

- R E P  

-REP 

- R E P  

- I N S  

-REP 

- I N S  
bOO4 
- I N S  

-REP 

1740  

DIME N S I G N  XA(3).YA(3+Z)+YR(3)eFB(3).SB(3)+EA(4)tKA(4) 
COMMON / F I X E D /  NDIM+JCASE 
DATA XA I0 .D0 , ,SD0 ,  I , D 0 /  

DATA YA/'6~OO~2DO..~73143)O,°41841500p.~OS407DO..532646DO~.33)965O 
IO.-999068DO..S59183DO.°30~476DO/ 

1 8 0 0 , 1 9 5 0  
CALL :)UINTS (NtX,YoFoSt3,XA,YI3tFOtS8)  
DO 20 d = l . 3  
CALL ERROR ( Y A ( J = J C A S E ) t Y B ( J ) e E A ( J ) )  
2 3 0 0  
COMMON / P A R M /  P 
D I M E N S I O N  P A ( 3 )  
DATA ; } A / I . O 0 + , ,  IDOe e O O I O O /  
2 3 2 0  
IF ( J C A S E ° G T , , 3 )  GO TO 590  
P = P A ( J C A S E  ) 
2 3 4 0 . 2 3 5 0  
CALL LABELS ( L A B o 3 6 H E X A M P L E  4 
CALL LABELS ( L A B ( I O ) t 3 6 H C P I E N I C A L  D I S P E R S I O N  
2 4 5 0 , 2 4 6 0  
JOUT--20 
L P ~ N T =  ! 
2 5 3 0 , 2 5 9 0  
BI  ----P 
C 1 =0 DO 0 
O I = l  °DO 
AN=O .O0 
B N = I  ,,DO 
CN=O .D 0 
DN=O .DO 
2 0 1 0  
WR|TE ( 6 . 6 0 0 4 )  P 
2 7 2 0  
X ( N ) = I  .DO 
2 8 9 0  
FORMAT ( ' O K  = '  t F l O , , S )  
4 3 4 0  
COMMON / P A R M /  P 
4 3 8 0 . 4 4 1 0  
B E T A ( J  ) = I . 2 S D 0 / ( P ~ ( !  . D 0 + + I D 0 , I ~ Y ( J ) ) $ ~ 2 I  
A . F A ( J  ) =  • 1 0 0 ~ B E T A ( J )  ~y  ( J  }~x~2 
GAMA ( J ) =  I • D 0 / P  

1 
2 
3 
4. 
5 
6 
7 
B 
9 

10 
11 
12 
13 
14 
1,5 
16 
17 
18 
19 
20 
21 
22 
23  
2 4  
25 
26 
27 
2 8  
29 
30 
31 
32 
3 3  
3 4  
35 
36 
37 
3S 
39 
40 
41 
4 2  
4 3  
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MODIF[CAT I [ IKS  TL3 ~UN E X ' ~ I L E  S 

--F~FO 17~3 
D I M Er,'S I C'}N XA ( 2 0 )  o YA { .~0 | , Y B ( 2 0 )  t O M ( 2 0 )  
DATa, × A / I . D 0 ,  1 , 2 ) 0 ,  I.A,30,1.,6130ol,eRf~•~.0D0•'J,?r)0,9.AD0,2°6DO,~_,~D0 

1 , 3 . 3 D ' ) ~  3°PF) TM , 3 .  ~D "4 -$,D '~, -.5,D ~ /  

DATA VA/I°D.'),.71.4")P~,,4571")O,._'uI46DO~,IBg?90,.It339DO~,O475DO~.OI3~+D 
lh,-.q~SDc),--.nt=,5'~O.-.Olg2DO,-ohlg2DO•-.O18IDO,-,O13] D O , - . O O 6 8 D O /  

-REP ' 770  t ' (-.3~0 

CALL QUINTS ( ' q , X , Y , F , S , 1 5 o X A , Y Z I , D M o O U )  

WR ITF" ( f ' , ~ 0 0  ) 
DO %0 J = ! , 1 5  
D=YA ( J  } - Y : 3  ( J ) 
WPI' I"E ( 6 , 4 1 ' ) )  J ~ X A . ( J I , Y A ( J | , Y B ( J ) , D  

50 C a N T  INUF_ 
RETURN 

41.O0 FOQMAT ('3CO~ApAr) IS0" I  OF S ~ L U I I C N  WI IH  
I X o I HX • (- X • ;~HYA, 8 X ,  ?I-IY r'} • dX,  -% HI.) IFF ) 

~I '~ FOR'AAT ( I I ' ~ , F I 0 ,  1 , 3 F I C , 4 )  
-REP 7 3 4 0 ,  o.35C~ 

CALL_ LABELS ( L A O , ~ H ~ X A N ' O L E  5 
CAt L La, B E L S  ( L A ~ (  i r I • 3 E H I N H E F ~ E N T L Y  LI~STAEILE 

- R E P  2 4 5 0 •  74~60 
J O U T =  20 
L P R N T =  I 

- -RF= 2 5 5 3  
Of= I ,DO \, 

-REr~ ? 5 9 0  \ -  
ON=3 . I )3 

--REP 2 7 1 0 , 2 7 7 _ 0  

X(  I )=  I o"}0 
X(N )=2O.D  -~ 

- -REP 4 3 8 0 ,  A410 

A L F A ( J ) = l o D 0 / ( 1 . D 0 + X ( J )  ) 
B F T A ( J ) = X (  J ) tW~2 
GAMIA ( J ) = 0 . 0 3  

TABLE I N  REF 7 ° / 1 H O 0 8 X , 1 H J o R  

PROBLEM 

! 

3 
4 

5 

6 
? 

3 

9 

II 

12 

13 

14 

15 

16 

17 
IB 

1.9 

2O 

21 

27 

22 

24 

25 

2~ 
27 

28 

29 

3O 

31 

3~ 

33 

34 
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MODIFIC~T ION c, TO RUN ~'XAMPLE e 

- INS 1 7 4 0  
COMMON 

- INS ~790 
/c.  ARM / P ,PS,P I  0 l P , C I , C 2  

EI=DEXP(-~ ; 
O=I ,3r~+E 1 
C0=- ( 1,D0-E ~ ) / ( P ~ D )  

-RED IR10t 1890 
E I=P I~X IK )  
CX=DCOS( El ) 
SX=DSIN(E1 ) 
C C = C X ~  
C S = C X ~ S X  
E I = D E X P ( P = ( X ( K ) - I , O ' ) ) )  
E 2 = D E X P ( - o ~ X ( K )  ) 
S I = ( E I ÷ F 2 ) / D  
S~= ( F.~--E9 ) I D  
A(  1 )=S 1-CC 
A( ? ) = P $ S  2 ÷ T P l C S  
A ( ~  )=oS~SI+2,~0~C2~CC-C2 
AI4|=S2/P--CS/TP-oSDOeX(K)+CO 
E( I )=DABS( A( I ) - Y ( K )  I 
E ( 9 ) = f ) A B S (  A ( ° ) - F ( K ) )  
E ( 3 ) = D A B S ( A ( 2 ) - S ( K )  | 
E( • )=DABS(A(~) -G(K)  ) 

- INS 2 3 0 0  
COMMON / P A R M /  P , ~ S , c P I t T P o C A . C 2  
DIMENSION PAl4 )  
DATA PA/IO,DO, 15,DO,20.DO,?-~¢.DO/ 

- R E P  2 3 2 0  
I F  { J C A S E . G T o l )  GO TO 10  
PI=A.OO$OATAN(1,00) 
T P= ,9.  I[')0~ P I 
C 2 = ' [ P ~ P  I 

10 I F  ( J C A S E ° G T . 4 )  GO TO 5 9 0  
P = P A ( J C A S E  ) 

p S = p ~ , 2  
C A = P S + 2 . D O ~ C  2 

- R E P  2 3 4 0 t 2 3 5 0  
CALL LABELS (LAB,36HEXANPLE 6 

CALL LABFI S (LAO( lO) ,36H 
-REP 2 4 5 0 .  2 4 6 0  

J O U T = 2 O  
LPRNT= I 

--REP 25g0 
DN=O . D 3  

- I N S  2 6 1 0  
WRITE ( 6 , 6 0 0 A )  P 

- R E P  2 7 2 0  
X I N ) = I . D O  

- INS 2R-qO 

I 

2 

3 

4 

6 

7 

8 

9 

I0 

II 

12 

13 

14 

15 

16 

17 

18 

19 

?0 

21 

22 

23 

24 

25 

26 

27 

28 

29 

-"0 

31 

32 

33 
3it 

35 

36 

~7 

38 

39 

AO 

41 

47 

43 

44 

45 

46 

47 

4,8 

tt9 

SO 
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MODIFICAT IONS TO RUN EXAM"'LE f_, 

&O0~ f=ORMAT ( 'OK  =t,{.-~ 0oq ) 

C.'Ol~Or'.l / P ' A R M I  PoPS~,PI tTPtC L oC2 
-RF.o 438h, A41a 

ALFA(JI=CI~r)CCS(~IXEX(J) |~'2-C? 
R E T A ( J ) = P S  
GA',4A ( J )= 0 .D t) 

51 
S"Z_ 

5T  
54 
5 5  
56 

.57 
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;4OOIFICATIONS T('t RUN EXA~'4PL~: 7 

- - I N S  1 r 4 0  
COMMON / P A R P 4 /  Q ,S .q  

- R E P  1 ~ 1 0 ,  1 R 5 0  
A G = S R = (  X ( K  )-- , 5 0 .  ~ )  
T A G =  r)T AN ( AG I 
S F.CS---T A G,I= t ? .I- | , D q  

A( 2 |=2,DO4=SPeTAG 
A ( ~  )=O,WSECS 
A(  ~ )= . " ; (K  ) 
A( I )=DI_OG( A( .-' ) I 

- - I N S  9 3 0 0  
C O M M ~ J  / O A I R M /  O ~ I O  

O = ,  5 DO 

OO 10 J = ! p l O 0 n  
P = O  
S R = O S Q R T ( . ~ D C e P )  
O = O C O S (  . 5; ' )0~,  5R ) ~, 4, ? 
I F  ( P , E Q , Q )  Gr3 TO ~'0 

l~  CONT [ N U E  
J = ' [ 0 q 0  

20 CONT INUE 
-RED ? ~4 r,,~ ? " 50 

CALL LABELS 
CALL LABELS 

-RED 2 4 5  n ,  ~ O 0  

JOUT=P3 
LPRNT= 1 

-REF' 2590  
ON=O ,O'~ 

- I N S  2 6 1 0  
W R I T E  ( O , , , F C 0 0 )  J , q o r ) , 0  

- -REP 7 7 2 0  
X ( N ) = I . D O  

- I N S  2 ( } 9 0  
6 0 0 0  
- R E P  

( L  AF~ ,= ..~ 6 H E  XA M O L E  7 

(LA f " t ( tO) .~ - . 'E : ,HY =e = F X P ( Y )  

F O R M A T  (~. l '~qJ =,,, 1 5 . S X . ~ H L A " ~ B D A  = . I P E 2 2 . I 3 0 1 O X p 2 Z 2 , ~ )  

E ~ E T A ( J ) = D E X ' ; " ( Y (  J ) ) 
A L F A ( J  ) = ( 1  . D 0 - Y ( J )  | = B E T A ( J )  
G A N A (  J ) = r ) e r ) o  

I 

3 

5 
6 
7 

8 
9 

I 0  

I I  
1 2  
1 3  

1 4  

1 5  
1 6  
1 7  

I g  
2 O  
2 1  
2 2  

2 3  
2A 

2 5  
2 6  
2 7  

2 8  

2 9  

3 0  

~ 2  
3 3  
3 ~  

3 5  
3 ~  
~ 7  

3 8  
3 9  
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APPENDIX E 
PRINTOUTS OF THE EXAMPLE PROBLEMS 

OC TODD CO~oS 
PROBLEM FROM KAMKE 

A R 0 0 8 6 7 1  | 0 : 2 9  WED MAY lOe 1978  

ND I M JCASE N NT JOUT LPRNT LN(]IRN 
2 5 0  | 51 3 0  0 | | 

11 ] TOL RSC 
O, 0 5 t  O 0 0 0 D - O 4  I , 0 0 0 0 0 - 0 2  

A B C 
I . O 0 0 0 D  O0 0 , 0  0 , 0  
I °0 0002) O0 0 ° 0  0 ° 0  

O 
O.O 
F.OOOOD OO 

UNIFORM SPACING COMPUTED 

S(]LUT [ GN GUE 5SED 

UPDATE 1 35  5 |  
NEW SPAC|NG COMPUTED 
UPDATE 2 36 51 
NEW SPACING COMPUTED 
UPDATE J 38  51 
NEm SPACING COMPUTED 
UPDATE 4 4 |  51 
U~DATE S 44 51 

51 3 , 5 6 1 ) - 0 1  2 , 3 1 D  15 4 o 2 5 0 - 0 |  

51 | o 8 5 D - - 0 1  ] ° 3 0 D  O0 2 . 9 2 D - 0 1  

51 3 o 4 | 0 - 0 2  2 . 7 8 D - 0 1  3 . 8 7 D - 0 2  

51 1 , 2 3 D - 0 3  1 . 4 9 D - 0 2  1 ° 2 8 0 - 0 3  
51 | . 2 5 D - 0 6  2 . 7 | D - 0 5  l e 7 9 D - O S  

CONVERGED SOLUT ION 

CHE<DE S l  G ° 7 6 D - - | O  OeO O,O 0 . 0  

CHE(BM 11 51 51 15 5 . D i D - - D 4  6 o 4 4 D - 0 4  1 . 2 8 D - 0 3  4 o 8 2 D - 0 4  
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OC T 0 3 0  C O P S  
PROBLEM FROM KAMKE 

X 
I 0 , 0  
2 1 . 3 3 o 0 0 - 0 1  
3 2 , 0 6 0 8 3 - O l  
4 3 . 0 6 3 3 D - 0 1  
5 4 . 0 3 2 3 0 - 0 1  
6 4.9566D-01 
7 5 , 8 2 6 5 D - 0  I 
8 O . b 3 3 9 0 - O  1 
9 7 . 3 7 3 8 0 - 0 1  

1 0  8 * 0 4 4 1 0 - 0 1  
11 8 , 6 4 6 3 0 - 0 |  
12 9 . 1 8 4 1 D - 0 1  
13 9 . 5 8 2 5 D - 0 1  
14 1,0088D O 0  

I S  1.0466D O 0  
1 6  | , 0 8 0 2 D  O 0  
17 1 * 1 1 0 3 0  O 0  
18 1 * 1 3 7 2 0  O 0  
19 1 . 1 6 1 4 0  O0 

20  1 * 1 8 3 2 0  O0 
21 1 , 2 0 3 0 0  O 0  
22 1 . 2 2 0 9 0  O 0  
23  1 * 2 3 7 3 0  O 0  
24  I * 2 5 2 3 3  O 0  
25  1 . 2 6 6 1 0  30 
26  1 . 2 7 8 7 0  O 0  
2 7  1 . 2 9 0 3 0  ~ 0  
28  1 . 3 0 1 1 3  30 
2 9  1 . 3 1 1 1 3  O 0  
3 0  1 * 3 2 0 4 D  O 0  
3 1  1 . 3 2 9 1 0  O 0  
32 1 . 3 3 7 2 D  O 0  
3 3  1 . 3 4 4 8 0  O 0  
34 1 * 3 5 1 9 D  O 0  
35  1 . 3 5 8 8 3  O0 
3b 1 , 3 6 4 9 D  0 0  
37  1 * 3 7 0 9 0  O0 
38 1 . 3 7 0 5 0  O0 
3 9  1 . 3 8 1 8 D  O 0  

4 0  1 . 3 8 6 9 3  O 0  
4 1  1 * 3 9 1 7 D  0 0  
42 1 . 3 9 6 2 3  O 0  
43 1 * 4 0 0 5 0  O0 
4 4  1 * 4 0 4 7 0  O 0  
45  1 . 4 0 6 6 3  O 0  
4 6  1 . 4 1 2 4 9  O 0  
47  1 . 4 1 5 9 0  O0 
48 1 , 4 1 9 4 0  O 0  
49 1 . 4 2 2 7 0  0 0  

50 1 , 4 2 5 8 0  O 0  
51 1 . 4 2 8 9 0  O0 

S t o p  

Y 
0 . 0  
1 . C 3 9 3 0 - 0 1  
2 . 0 8 ~ 6 0 - 0 1  
3 . 1 6 1 S D - 0 1  
4 , 2 6 4 1 0 - 0 1  
5 . ~ 0 4 4 0 - - 0 1  
0,58650--01 

7 , 8 1 1 7 0 - - 0 1  
9 . 0 7 8 6 0 - 0 1  
1 , 0 3 8 2 0  O0 
1 . 1 7 1 9 0  O0 
1 . 3 0 8 3 0  O0 
1 , 4 4 6 8 0  O 0  
1 * 5 8 7 1 0  O 0  
1 * 7 2 8 7 D  O 0  
1 , 8 7 1 4 D  O0 
2 * 0 1 ~ 8 0  O 0  
2 ° 1 5 8 9 0  O0 
2 , 3 0 3 5 0  O0 
2 . 4 ~ 8 5 0  O 0  
2 . 5 9 3 8 0  O 0  
2 * 7 3 9 5 0  O0 
2 . 8 8 5 5 D  O0 
3 . 0 3 1 7 0  O0 
3 * 1 7 8 1 0  O 0  
3 . 3 2 4  iD O 0  
3 . 4 7 q  OD O 0  
3 . 6 1 6 1 D  O0 
3 = 7 6 2 3 D  O 0  

3.9087D O 0  
4.05510 O 0  
4.POI( : ,O O0 
4 * 3 4 8 1 D  O 0  
4 . 4 9 4 8 0  O 0  

4 . ~ 4 1 3 D  O 0  
4 . 7 8 7 9 D  CO 
4 . 9 3 4 6 ~  O0 
5 , 0 8 1 2 0  O 0  
5 ° 2 2 7 9 0  O0 
5 , 3 7 4 6 0  O 0  
5 , 5 2 1 5 0  O 0  
5 . 6 6 8 5 0  C 3  
5,81560 O 0  

5 . 9 6 3 2 0  O0 
6 . 1 1 0 9 0  O0 

6 * 2 5 8 2 D  O0 
~ . 4 0 5 5 0  O 0  
6 . 5 5 3 2 0  O 0  
0 . 7 0 1 5 0  O 0  

6 . 8 5 0 3 0  O0 
7 , 0 0 0 0 0  OO 

A R 0 0 8 6 7 1  

YP 
9 * 9 9 5 7 D - 0 1  
1 , 0 1 0 4 3  O0 
1 . 0 4 3 2 ~  O0 
1 * 0 9 g 5 D  O0 
1 . 1 8 1 4 0  O0 
1 . 2 9 1 6 0  O 0  
1 * ~ J 3 4 0  O0 
1 . 6 0 9 9 3  0 0  

1 , 8 2 4 0 3  O0 
2 * 0 7 7 9 ~  O0 
2 . 3 7 3 5 )  O0 
2 * 7 1 2 0 3  O 0  
3 . 0 9 3 9 0  O0 
3 . 5 1 9 9 ~  O0 
3 , 9 8 9 8 3  O 0  
4 , 5 0 3 8 0  O0 
5 . 0 6 1 6 3  O 0  
5 . 6 0 3 5 3  O0 
6 * 3 0 9 0 0  O 0  
6 ° 9 9 8 6 3  O 0  

7 , 7 3 2 1 0  O0 
8 . 5 0 9 6 3  O 0  
9 . 3 3 1 2 D  O 0  
1 . 0 1 9 7 3  O l  
1 . 1 1 0 7 0  O I  
1 o 2 0 5 7 )  Ol 
1 . 3 0 4 9 0  OI 

* 4 0 8 5 D  OI 
.GIo4~ 0 1  

, 6 2 8 8 0  01 
, 7 4 5 5 0  OI 
, 8 6 6 5 3  01 
* 9 9 1 9 3  O l  

2 , 1 2 1 6 0  Ol  
2 * 2 5 5 f ~ )  01 
2 * 3 9 3 9 0  0 1  
2 . 5 3 6 & D  O l  
2 , 6 8 3 5 0  O l  
2 , 8 3 4 9 D  01 
2 . 9 9 0 & ~  O1 
3 , 1 5 0 & 0  01 
3 . 3 1 ~ 3 3  O1 
3 , 4 8 4 4 3  O1 

3 , 8 5 8 2 D  Oi 
3 . 8 3 6 7 3  01 

4 * 0 1 9 0 D  O l  
4 . 2 0 5 7 D  O l  
4 . 3 9 7 2 ~  O l  

4.59393 O l  
4 * 7 9 5 7 D  Ol 
5 , 0 0 3 2 0  O] 

1 0 : 2 9  

YPP 
0 . 0  
2 * 0 9 9 7 3 - 0 1  
4 = 3 5 8 9 D - 0 1  
6 ° 9 5 0 7 0 - 0 1  
| , C 0 7 3 3  O0 
1 o 3 9 5 8 3  00 
1 . 8 8 7 9 0  O0 
2 , 5 1 4 9 0  O 0  

3 . 3 1 1 5 0  O 0  
4 ° 3 1 4 6 3  O0 
5 . ~ 6 3 1 0  O 0  
7 * 0 9 8 9 3  O0 
8 , 9 5 4 2 0  O0 
1 . 1 1 7 5 0  O|  
1 * 3 7 9 8 0  O l  
1 , & 8 6 2 D  Ol  
2 * 0 4 0 4 0  01 
2 * 4 4 6 3 ~  01 
2 * 9 0 7 7 0  01 
3 * 4 2 8 7 )  Ol 
4 * 0 1 3 1 0  01 
4 . 6 8 4 7 0  01 
5 * 3 8 7 7 0  01 
6 * 1 8 6 0 0  01 
7 * 0 6 3 5 0  01 
8 . 0 2 0 0 D  01 
9,06090 O[ 
1 . 0 1 9 2 0  02  
1 * 1 4 1 7 0  0 2  
1 . 2 7 4 0 3  02  
1 , 4 1 6 4 0  0 2  
I * $ 6 9 4 0  0 2  

1 , 7 3 3 2 3  C2 
1 . 9 0 8 4 0  02 
2 . 0 9 5 1 3  02 
2 . 2 9 3 7 ~  02 
2 . 5 0 4 9 0  02 
2 * 7 2 8 8 D  02 
2 * 9 6 5 9 3  02 
3 * 2 1 6 6 0  02 
3 * 4 8 1 3 0  02 
3 * 7 6 0 9 0  02 
4 * 0 5 5 3 0  02 
4 * 3 8 5 6 3  02 
4 e 6 9 2 0 D  0 2  
5 * 0 3 3 4 3  02 
5 * 3 9 1 3 D  02 
5 , 7 6 6 7 0  02 
6 * 1 6 1 0 0  02 
6 , 5 7 4 5 0  02 
7 * 0 0 5 9 0  02  

WED NAY 1 0 .  1 9 7 8  

I 
O.O 
5 . 3 7 4 0 3 - 0 3  
2 . 1 3 7 7 0 - 0 2  
4 . 7 6 5 2 0 - 0 2  
8 . 3 5 & 3 3 - 0 2  
1 , 2 8 1 7 0 - 0 1  
1 . 8 0 2 3 3 - - 0 1  
2 , 3 8 2 6 3 - 0 1  
3 * 3 0 6 5 0 - - 0 1  
3 . 6 5 7 8 0 - - 0 1  
4 . 3 2 2 3 0 - - 0 1  
4 . 9 8 8 5 3 - 0 1  
5 . 6 4 6 8 3 - - 0 1  
6 . 2 9 1 2 3 - 0 1  
6 . 9 1 7 3 3 - 0 1  
7 . 5 2 2 6 0 - 0 1  
8 . 1 0 6 3 0 - 0 1  
8 . 6 6 7 4 3 - - 0 1  
9 . 2 0 6 7 0 - - 0 1  
9 . 7 2 4 9 3 - - 0 1  
1 * 0 2 2 3 3  O0 
1 . 0 7 0 2 0  O0 
1 . 1 1 6 2 3  O0 
1 * 1 & 0 6 0  O0 
1 . 2 0 3 3 0  O0 
1 o 2 4 4 3 3  O0 
1 o 2 8 3 8 3  O0 
1 , 3 2 1 9 0  O0 
1 ° 3 5 8 8 3  O0 
i * 3 9 4 6 0  0 0  
1 . 4 2 9 1 0  O0 
i . 4 6 2 6 0  O0 
1 * 4 9 5 1 D  O0 
1 * 5 2 6 6 0  O0 
1 . 5 5 7 2 0  O0 
1 * 5 8 7 0 0  00 
1 . 6 1 5 9 3  00 
1 . 6 4 4 0 3  O0 
1 . 6 7 1 5 3  90 
1 , & 9 8 2 0  00 
1 * 7 2 4 2 0  00 
1 . 7 4 9 7 3  30 
1 . 7 7 4 5 0  O0 
1 . 7 9 8 9 ~  O0 
1 . 8 2 2 7 0  00 
1 . 8 4 5 9 3  O0 
1 . 8 8 8 & 0  00 
1 . 8 9 0 8 3  ~0 
E * g I 2 7 D  00 
1 . 0 3 4 2 0  O0 
! ° 9 5 5 3 0  O0 

H 
1 * 0 3 & D - D 1  
1 * 0 2 5 0 - 0 1  
1 . 0 0 3 D - 0 1  
g * & 9 0 D - 0 2  
9 . 2 4 4 D - 0 2  
8 . & 9 S 0 - 0 2  
8 e O T 4 0 - 0 2  
7 * 4 0 0 0 - : 2  
& , 7 0 2 0 - 0 2  
6 ° 0 2 2 0 - 0 2  
5 . 3 7 8 D - 0 2  
4 , 7 8 4 0 ° ° 0 2  
4 ° 2 5 2 D - 0 2  
3 . 7 7 9 0 - 0 2  
3 . 3 6 6 0 - 0 2  
3 o 3 0 5 0 - - 0 2  
2 ° 6 9 2 0 - - 3 2  
2 o 4 1 0 0 - 0 2  
2 . 1 8 2 0 - 0 2  
1 . 9 7 6 D - 0 2  
1 . 7 9 6 D - 0 2  
1 . & 3 8 0 - 0 2  
1 . ~ 9 9 D - 3 2  
1 . 3 7 6 0 - 0 2  
1 * 2 6 2 0 - 0 2  
i ° 1 & 3 0 - 0 2  
1 * 0 7 8 3 - 0 2  
1 . 0 0 1 0 - 0 2  
9 . 3 1 4 0 - 0 3  
8 * & B 5 D - O 3  
8 * 1 1 6 0 - 3 3  
7 * & 0 0 D - 0 3  
7 * 1 3 2 D - - 0 3  
G * 7 0 1 0 - 0 3  
&eSOZD--03 
5 * 9 5 2 0 - 0 3  
S e 5 1 g D - 0 3  
5 * 3 1 8 D - 0 3  
5 . 0 4 1 3 - 0 3  
4 * 7 8 3 D - 0 3  
4 ° 5 5 0 D - 0 3  
4 * 3 2 9 0 - 3 3  
4 . 1 3 2 0 - 0 3  
3 * ~ 4 3 D - 3 3  
3 o 7 5 1 0 - 0 3  
3 * 5 8 4 0 - 0 3  
3 * 4 3 4 0 - 0 3  
3 . 3 0 0 0 - 3 3  
3 . 1 7 1 0 - 0 3  
3 ° 0 5 6 0 - - 0 3  

S 
9 . 8 9 3 - 0 1  
9 * 7 8 D - 0 1  
9 , 6 7 0 - 0 1  
9 . 5 4 0 - 0 1  
9 . 4 1 0 - 0 1  
0 , 2 8 0 - 0 1  
9 . 1 6 0 - 0 1  
9 , 0 6 ~ - 0 1  
8 . 9 8 0 - 0 1  
8 . 9 3 3 - 0 |  
8 . 8 9 3 - 6 !  
8 . 8 9 3 - 0 1  
8 . 5 9 3 - 0 1  
8 ° g l ) - O !  
8 * 9 3 0 - 0 1  
8 . 9 6 9 - 0 1  
8 . 9 g D - 0 1  
9 , 0 2 3 - 0 !  
9 ° 0 6 3 - 0 1  
9 * 0 9 3 - 0 1  
9 * | 2 3 - 0 1  
9 . 1 5 3 - 0 1  
9 * 1 8 0 - 0 1  
9 . 1 7 ) - 0 1  
9 * 2 2 0 - 0 1  
9 , 2 6 3 - 0 1  
g * 2 9 3 - 0 1  
g * 3 1 0 - 0 |  
9 * 3 2 3 - 0 t  
9 . 3 5 3 - 0 1  
9 * 3 6 D - 0 1  
9 * 3 9 0 - 0 1  
9 * 3 9 ~ - 0 1  
9 . 4 1 0 - 0 1  
9 . 4 4 ) - 0 1  
9 . 4 4 3 - 0 1  
9 * 4 6 0 - 0 1  
9 * 4 5 3 - 0 1  
9 . 4 9 ~ - 3 1  
9 . 5 1 0 - 0 1  
9 . 5 1 0 - - 0 1  
9 . 5 4 0 - 0 !  
9 * 5 4 0 - 0 1  
9 . 5 1 3 - 0 1  
9 . 5 6 D - 0 1  
9 , 5 8 3 - 0 1  
0 o 6 1 3 - 0 1  
9 . b l D - O I  
9 . 6 ~ D - 0 1  
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DC TO~D CDPS 
EXAHPLE 2 

K - 0 . 1 9 8 8 4  - - 0 * 1 8 0 0 0  0 * 0  

FO 0 . 0  0 , 1 , 2 8 6 4  

X Y ( X )  CORRESPQND|NG 
1 0 . 0  0 . 0  0 . 0  
2 0 , 1  0 . 0 0 0 9 9  0 , 0 1 3 7 6  
3 0 , 2  0 , 0 0 3 9 8  0 , 0 2 9 3 3  
4 0 , 3  0 , 0 0 8 9 5  0 . 0 4 6 6 8  
5 0 , 4  0 . 0 1 5 9 1  0 . 0 6 5 8 2  
6 0 . 5  0 . 0 2 4 8 5  0 * 0 8 6 7 3  
? 0 . 6  0 . 0 3 5 ? 8  0 , 1 0 9 3 7  
8 0 . 7  0 . 0 4 8 6 8  0 , 1 3 3 7 3  
9 0 * 8  0 , 0 6 3 5 5  0 * 1 5 9 7 5  

10 0 . 9  0 , 0 8 0 3 8  0 , 1 8 7 3 7  
11 1 . 0  0 . 0 9 9 1 3  0 . 2 1 ~ 5 1  
12 ! , 2  0 , | 4 2 3 2  0 . 2 7 8 9 9  
13 | , 4  0 . 1 9 2 7 4  0 . 3 4 6 2 2  
14 1 . 6  0 , 2 4 9 8 2  0 , 4 ; 6 9 1  
15 1 . 8  0 * 3 1 2 7 1  0 . 4 8 9 4 6  
16 2 , 0  0 , 3 8 0 2 6  0 . 5 6 2 0 5  
17 2 . 2  0 , 4 5 0 9 7  0 , 6 3 2 6 9  
18 2 . 4  0 . 5 2 3 0 8  0 , 6 9 9 4 2  
19 2 . 6  0 . 5 9 4 6 0  0 , 7 6 0 4 8  
20  2 * 8  0 . 6 6 3 4 8  0 . 8 1 4 4 9  
21 3 . 0  0 , 7 2 7 7 6  0 . 8 6 0 6 |  
22  3 . 2  0 , ? 8 5 ? 8  0 . 8 9 8 5 3  
23  3 . 4  0 , 8 3 6 3 5  0 . 9 2 8 5 4  
24  3 * 6  0 * 8 7 8 8 2  0 * 9 5 1 3 8  
25  3 . 8  0 . 9 1 3 1 5  0 . 9 6 8 0 5  
26  4 . 0  0 * 9 3 9 8 2  0 * 9 7 0 7 5  
2? 4 , 5  0 . 9 7 9 4 0  0 * 9 9 4 4 9  
28  5 * 0  0 , 9 9 4 3 9  0 * 9 9 9 9 7  

A R 0 0 0 3 4 6  | 3 : 3 8  ~ N  AUG 0 7 ,  1 9 7 8  
FALKNER-SKAN EQUAT|ON 

0 , 3 0 0 0 0  | * 0 0 0 0 0  2 . 0 0 0 0 0  1 0 , 0 0 0 0 0  

0 . 4 6 9 6 0  0 , 7 7 4 7 6  1 , 2 3 2 5 9  ! , 6 8 7 2 2  3 , 6 ? 5 2 3  

TO ABOVE K VALUES 
0 . 0  0 , 0  0 . 0  0 , 0  0 , 0  
0 . 0 4 6 9 6  0 , 0 7 5 9 7  0 , 1 1 8 2 6  0 , ! 5 8 7 6  0 , 3 1 8 4 3  
0 , 0 9 3 9 1  0 , 1 4 8 9 4  0 . 2 2 6 6 1  0 , 2 9 7 9 4  0 , 5 4 7 3 0  
0 . 1 4 0 8 1  0 . 2 1 8 8 6  0 , 3 2 5 2 4  0 . 4 1 S 5 4  0 , 7 0 4 9 6  
0 , 1 8 7 6 1  0 , 2 8 5 6 9  0 , 4 1 4 4 6  0 ° 5 2 1 9 0  0 , 8 1 0 4 3  
0 ° 2 3 4 2 3  0 * 3 4 9 3 8  0 . 4 9 4 6 5  0 . 8 0 9 6 4  0 . 8 7 9 5 4  
0 , 2 8 0 5 8  0 , 4 0 9 8 8  0 , 5 6 6 2 8  0 , 6 8 3 4 3  0 , 9 2 4 1 4  
0 , 3 2 6 5 3  0 , 4 6 7 1 3  0 . 6 2 9 8 6  0 , 7 4 4 9 6  0 , 9 5 2 5 9  
0 , 3 7 1 9 6  0 , $ 2 1 0 7  0 , 6 8 5 9 4  0 , 7 9 5 8 ?  0 . 0 7 0 5 7  
0 * 4 1 6 7 2  0 . 5 7 1 6 7  0 , 7 3 5 0 8  0 , 8 3 ? 6 ?  0 , 9 8 1 8 5  
0 , 4 6 0 6 3  0 , 6 1 8 9 0  0 , 7 7 ? 8 7  0 , 8 7 1 7 2  0 , 9 8 8 8 8  
0 , 5 4 5 2 5  0 , 7 0 3 2 2  0 . 8 4 6 6 7  0 , 9 2 1 4 2  0 . 9 9 5 9 1  
0,624~.119 0 * 7 7 4 2 5  0 , 8 9 6 8 1  0 , 9 5 3 0 8  0 , 9 9 8 5 6  
0 , 6 9 6 7 0  0 , 8 3 2 5 4  0 , 9 3 2 3 5  0 , 9 7 2 6 9  0 , 9 9 9 5 ?  
0 , 7 6 | 0 6  0 , 8 7 9 0 6  0 , 9 5 6 8 3  0 . 9 8 4 5 2  0 , 9 9 9 9 8  
0 , 8 1 6 6 9  0 , 9 i 5 0 9  0 , 9 7 3 2 2  0 , 9 9 1 4 6  0 , 9 9 9 9 9  
0 ° 8 6 3 3 0  0 , 9 4 2 1 1  0 , 9 8 3 8 5  0 , 9 9 5 4 2  | , 0 0 0 0 0  
0 , 9 0 | 0 7  0 , ~ 1 7 3  0 , 9 9 0 5 5  0 , 9 9 7 6 1  | * O 0 0 O O  
0 , 9 3 0 6 0  0 , 9 ? 5 4 8  0 , 9 9 4 6 3  0 , 9 9 8 7 9  l e O 0 0 0 0  
0 . 9 5 2 8 8  0 , 9 8 4 8 0  0 , 9 9 7 0 5  0 , 9 9 9 4 0  1 , 0 0 0 0 0  
0 , 9 6 9 0 5  0 . 9 9 0 8 8  0 , 9 9 8 4 2  0 . 9 9 9 7 2  | , 0 0 0 0 0  
0 . 9 8 0 3 7  0 , 9 9 4 7 1  0 , 9 9 9 1 9  0 , 9 9 9 8 7  1 . 0 0 0 0 0  
0 , 9 8 7 9 7  0 , 9 9 7 0 4  0 , 9 9 9 5 9  0 , 9 9 9 9 5  | , 0 0 0 0 0  
0 . 9 9 2 8 9  0 . 9 9 8 4 0  0 . 9 9 9 8 0  0 . 9 9 9 9 8  | , 0 0 0 0 0  
0 * 9 9 5 9 4  0 * 9 9 9 | 6  0 . 9 9 9 9 |  0 * 9 9 9 9 9  1 * 0 0 0 0 0  
0 , 9 9 ? 7 7  0 . 9 9 9 5 8  0 . 9 9 9 9 8  | * 0 0 0 0 0  1 . 0 0 0 0 0  
0 . 9 9 9 S 7  0 . 9 9 9 9 4  0 . 9 9 9 9 9  1 . 0 0 0 2 0  | * 0 0 0 0 0  
0 . 9 9 9 9 4  0 * 9 9 9 9 9  | * 0 0 0 0 0  1 , 0 0 0 0 0  ] * 0 0 0 0 0  

d)  - 
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A E  D C - T R - 7 8 - 5 9  

DC TODD CDDS 
EXAMPLE 2 

ARDO0346 1 3 : 3 8  NON AUG 0 7 ,  1 9 7 8  
FALKNER-SKAN EQUATION 

K = - 0 °  1 9 8 8 4  

NDIM JCASE N 
250 i 51 

NT JOUT LPRNT LNQRN 
30  20  0 1 

i I TOL RSC 
0 ° 0  5 °OOOOD--O4 I = 0 0 0 0 0 - 0 2  

A B C 
I • OOOOD 00 OoO 0 o 0  
I .OOOOD O0 O°O 0 ° 0  

D 
0 , 0  
1 . 0 0 0 0 0  O0 

UNIFORM SPACING COMPUTED 

UPDATE 1 5 | 
NEW SPACING COMPUTED 
UPDATE 2 11 5 
NEW SPACING C£)MPUTED 
UPDATE 3 14 20 
NEW SPACING COMPUTED 
UPDATE A 16 23 
NEW SPACING COMPUTED 
UPDATE 5 16 23  
NEW SPACING COMPUTED 
UPDATE 6 I 6  23  
NEW SPACING COMPUTED 
UPDATE 7 16 23 
UPDATE 8 16 23  
UPDATE 9 IG 23 
UPDATE 10 16 23 
UPDATE 11 16 23 

41 5 . 7 3 D - 0 1  8 . 8 1 D - 0 1  1 . 0 4 D - O I  

51 2 . 6 9 D - 0 1  4 . 4 1 0 - 0 1  7 ° G T D - 0 2  

51 1 ° 3 9 D - 0 1  2 . 2 3 D - 0 1  5 o 1 4 D - 0 2  

51 6 , 9 7 D - 0 2  1 . 1 5 D ' - O i  3 . 0 5 D - 0 2  

51 3 e 4 7 D - 0 2  5 . 5 2 0 - - 0 2  1 o 6 4 D - 0 2  

51 I e 7 4 D - 0 2  2 . 7 3 D - 0 2  8 e 3 8 0 - 0 3  

51 B.  6 6 D - 0 3  1 o 3 6 D - 0 2  4 . 2 1 0 - 0 3  
51 4 . 2 8 0 - - 0 3  6 . 7 5 D - 0 3  2 ° 0 9 0 - 0 3  
51 2 . 0 5 0 - 0 3  3 . 2 3 D - 0 3  IeOOD-'-O3 
51 8 . 7 1 D ' - 0 4  1 * 3 7 D - 0 3  4 ° 2 7 D - 0 4  
S l  2 ° 4 5 0 - 0 4  3 . 8 6 D - 0 4  l ° 2 0 O - O 4  

CONVERC~D SOLUT ION 

CHEKDE 16 1 . 4 9 D - - 0 6  O.O 0 . 0  OeO 

CHEKBM 2 0 0 O 7 e 6 9 D - - 0 2  7 e i 9 D ' - 0 4  0 ° 0  0 o 0  

S ~ L U T I O N  WRITTEN ON U N I T  20  
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A E D C - T R - 7 8 - 5 9  

DC TODD COPS 
EXAMPLE 2 

K = - 0 . 1 8 0 0 0  

NDIM JCASE N 
250  2 51  

I1  TOL RSC 
0 * 0  5 ° 0 0 0 0 D - 0 4  I .OOOOD- -02  

AROOO3A6 1 3 : 3 8  NON AUG 07e 1 9 7 8  
FALKNER--SKAN EQUATION 

NT JOUT LPRNT LNDRN 
30  20  0 1 

A B C O 
l °OOOOD O0 0 . 0  0 . 0  0 . 0  
1 . 0 0 0 0 ~  O0 0o0  0 . 0  I .OOOOD O0 

UNIFORM SPACING COMPUTED 

UPDATE 1 5 1 
NEW SPACING COMPUTED 
UPDATE 2 12 6 
NEW SPACING COMPUTED 
UPDATE 3 16 23  
NEW SPACING CONPUTED 
UPDATE A 18 Z6 
NEW SPACING CONPUTED 
UPDATE 5 19 27  
UPDATE b 19 28  

CONVERGED S O L U T I C N  

CHEKDE 51 1 . 3 7 D - - 0 9  0o0  0 * 0  

CHE~Bq 2 8  0 0 0 1 * 1 6 D - 0 3  

SOLUTION WRITTEN ON U N I T  2 0  

n6  5 ° 6 4 D - 0 1  8 ° 7 3 D - 0 1  

51 2 , 4 5 D - 0 1  4oOSD--O! 

5 1  9 . 8 2 D - 0 2  1 , 6 1 D - 0 1  

51 2 . 0 9 D - 0 2  3 ° 5 g D - 0 2  

51 1 o 0 2 D - 0 3  1 o 6 8 0 - 0 3  
S t  2 . 5 1 D - O b  3 ° 8 S D - O &  

l e l T D - 0 1  

8 . 1 0 0 - 0 2  

4 ° 1 9 D - 0 2  

| ° 0 5 D - 0 2  

5 o 5 5 D - 0 4  
| o 4 0 D - - O 6  

ODD 

5 . 4 0 D -  05 0 . 0  0o0  
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A E D C - T R - 7 8 - 5 9  

OC tODD C DP'S 
EXANPI-E 2 

K = 0 ° 0  

NDIM JCASE 
2 5 0  3 

I 1  TOL 
0 ° 0  5 . 0 0 0 0 D - 0 4  

A B 
I . 0 0 0 O D  00 0 * 0  
I * 0 0 0 0 D  O0 0*O 

UNIFORM SPACING COIKPUTED 

A R O 0 0 3 4 b  1 3 : 3 8  NON AUG 07e | 9 7 8  
FALKNER-SKAN EQUATION 

N NT JOUT LPRNT LNORN 
51 30  2 0  0 I 

RSC 
I . 0 0 0 0 D - 0 2  

C 
0 . 0  
3 ° 0  

UPDATE 1 5 1 
NEW SPACING COMPUTED 
UPDATE 2 12 5 
NEW SPACING COMPUTED 
UPDATE 3 17 23  
NEW SPACING COMPUTED 
UPDATE 4 20 26 

CDNVERC, ED SOLUTION 

CHEKDE 5 |  2 . 2 1 0 - 0 6  0 ° 0  

CHE¢SM 3 0 0 0 

O.O 

4 . 3 7 D - 0 5  

SOLUTION WRITTEN ON UNXT 20  

O 
0 ° 0  
i ° 0 0 0 0 D  00 

47  A = 8 1 0 - O I  8 o O A D - O I  

51 1 . 2 4 0 - - 0 1  2 ° 0 8 0 - 0 1  

5 1  1 o 2 6 D - 0 2  1 . 8 8 D - 0 2  

51 1 . 3 2 D - 0 4  1 . 9 8 0 - 0 q  

l ° 0 2 0 - 0 1  

A ° I 4 0 - 0 2  

5 , 1 1 0 - 0 3  

5 , 9 6 0 - 0 5  

0 . 0  

3 . 1 2 D - 0 5  O.O 0 o 0  
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DC TODD CDPS 
EXAMPLE 2 

K = 0 , 3 0 0 0 0  

N D | N  JCASE N 
2 5 0  4 51 

I I  TOL gSC 
0 , 0  5 . 0 0 0 0 D - 0 4  I . 0 0 0 0 0 - - 0 2  

t 

A 8 C 
1 , 0 0 0 0 0  00  0 . 0  0 . 0  
1 * 0 0 0 0 D  O0 0 . 0  0=0  

UN|FORN SPACXNG COMPUTED 

UPDATE | 5 | 
N E I  SPACING COMPUTED 
UPDATE 2 | 2  3 
NEW SPACING COMPUTED 
UPDATE 3 16 8 
UPDATE 4 20 27  

CONVERGED SOLUTION 

ARDO0346 L 3 = 3 8  NON AUG OTe 1 9 7 8  
FALKNER--SKAN EQUAT|ON 

NT JDUT LPRNT LNDRN 
30  20  0 1 

0 
0 , 0  
1 , 0 0 0 0 0  00  

48 3 e 9 1 0 - 0 1  7o17D- -01  S e 3 0 D - 0 2  

51 5 . 9 9 0 - 0 2  8 o 6 2 0 - 0 2  1 e ~ 9 D - 0 2  

51 2 o 0 3 D - 0 3  | e 9 2 D - 0 3  8 e O 5 D - 0 4  
51 2 e 4 3 D - - 0 6  2 o 2 T D ' 0 6  ! . 0 T D - 0 6  

CHEKDE 50 6 e 0 7 0 - - 0 9  0 o 0  0 . 0  OeO 

CHEKBM 2 0 0 0 6 e 2 6 D ' - 0 5  3 o 8 8 D - - 0 6  0 e 0  

SOLUTION WRITTEN ON U N | T  2 0  

OoO 

A E D C - T R - 7 8 - 5 9  
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A E D C - T R - 7 8 - 5 9  

DC TODD CD3S 
EXAMPLE 2 

K = 1 . 0 0 0 0 0  

NDIN  
250  

11 
0o0  

A 
1 ° 0 0 0 0 ~  00  
l ° O 0 0 0 O  O0 

JCASE N 
5 51 

TOL RSC 
5 o 0 0 0 0 D - - 0 4  | ° O 0 0 0 D - 0 2  

AROO0346 1 3 : 3 8  FAON AUG 0 7 ,  1978  
FALKNER-SKAN EQUATION 

NT JOUT LPRNT LNORM 
30 20  0 I 

B C D 
0 . 0  0 o 0  0o0 
0 ° 0  0 ° 0  I o O 0 0 0 D  O0 

UNIFORM SPAC|NG COMPUTED 

UPDATE 1 5 I 
NEW SPACING COMPUTED 
UPDATE 2 I !  1 
NEW SPACING COMPUTED 
UPDAT£ 3 | 4  1 

CONVERGE~O SOLUTION 

0 ° 0  

4 , 6 2 0 - 0 5  

CHEKOE 51 3 ° 1 2 D - 0 6  0 * 0  

CHE<BM 2 0 0 0 

SOLUTION WRITTEN ON U N I T  20  

44  2 . 6 9 0 - 0 1  5 o 7 5 0 - 0 1  

51 2 ° 1 6 D - 0 2  3 . 2 8 D - 0 2  

51 i o 9 2 D - - 0 4  ! ° 8 6 D - 0 4  

5 . 4 6 0 - 0 2  

6 . 5 5 D - 0 3  

T e O 3 D - 0 5  

0 . 0  

1 • O g D - 0 5  OoO 0 ° 0  
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A E D C - T R - 7 8 - 5 9  

DC TO3D CDPS 
EXAM~_E 2 

K = 2 . 0 0 0 0 0  

AROOO3A6 | 3 : 3 8  NON AUG 0 7 .  1 9 7 8  
FALKNER--SKAN EQUATION 

NDIM JCASE N NT JOUT LPRNT LNDRN 
250  6 51 30  20  0 1 

I I  TDL RSC 
0 . 0  5 . 0 0 0 0 D - - 0 4  1 * 0 0 0 0 D - 0 2  

A B C D 
1 , 0 0 0 0 0  00  0 , 0  0 o 0  0o0 
l * 0 0 0 0 D  00 0 . 0  0 . 0  I ° 0 0 0 0 D  00 

UNIFORH SPACING CQNPUTED 

UPDATE I 5 1 3 9  
N E I  SPACING CONPUTE3 
UPDATE 2 10 2 51 
UDDATF 3 13 I 51 

CONVERGED SOLUTION 

CHEKDE S I  3 * 4 2 D - 0 8  0=0  0=0 0 . 0  

C H E K B ~  2 0 0 0 2 ° 4 2 0 - 0 5  I * 8 3 D - 0 5  

SOLUTE ON WRITTEN ON U N I T  20  

i 

| * 7 | D - 0 |  4 . 3 0 D - 0 1  

7 , 9 5 D - 0 3  1 * 2 5 D - - 0 2  
2 * 2 | D - 0 5  2 * 3 9 D - 0 5  

0 . 0  0 * 0  

3 . 4 b D - D 2  

2 . 2 2 D - 0 3  
7 . 3 3 D - ' - 0 6  
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A E D C - T R - 7 8 - 5 9  

DC TODD COPS 
EXANPLE 2 

K = i 0 .  0 0 0 3 0  

NO|N  JCASE N 
2 5 0  7 51 

El TOL RSC 
0 * 0  5 . 0 0 0 0 D - 0 4  1 . 0 0 0 0 0 - - 0 2  

A 8 C 
L ° O 0 0 0 0  O0 0 . 0  0 . 0  
I . O 0 0 0 D  O0 0 . 0  0 ° 0  

UN|FORR SPACING CONPUTED 

UPDATE I 7 1 
NEW SPAC]NG COMPUTEO 
UPDATE 2 14 3 
UPDATE 3 | S  1 

CONVERGED SOLUT |GN 

AROOO34b 1 3 = 3 8  NON AUG O?e 1 9 7 8  
FALKNER--SKAN EQUATION 

NT JOUT LPRNT LNORN 
3 0  2 0  0 1 

D 
0 . 0  
I *O000D O0 

CHEKDE 51 1 * 9 4 D - 0 8  O*O 0 . 0  0 * 0  

51 i * I B D - O I  2 . 3 1 D - 0 1  3 * 6 1 D - 0 2  

51 5 ° 0 0 D - - 0 3  5 ° 2 4 0 - 0 3  ! o 3 9 0 - - 0 3  
51 8 ° 8 9 0 - - 0 6  7 . 8 b D - 0 6  2 . 4 6 0 - 0 6  

CHEJ(BN 15 0 0 0 1 °6  I D - - 0 4  2°  5 3 0 - - 0 5  0 * 0  

SOLUTION WRITTEN ON U N I T  20  

STOP 

0 ° 0  
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A E D C - T R - 7 8 - 5 9  

DC rOOD CD~S 
E X A N ~ E  3 

K = 1 . 0 0 0 0 0 - - 0 3  LAMSDA = l o O 0 1 0 D  O0 

NDIM JCASE N 
250 1 S1 

I I  TDL RSC 
0o0 S o 0 0 0 0 b - 0 4  1 o 0 0 0 0 D - - 0 2  

A 8 C 
leOOOOD O0 0 ° 0  0 . 0  
1 ,00OOD O0 0 ° 0  OeO 

UNIFORM SPACING COMPUTED 

UPDATE [ S l  1 
NEW SPACING CONPUTED 
UPDATE 2 5 I  3B 
UPDATE 3 0 0 

CONVERGED SOLUTION 

CHEKDE 18 1 . 8 1 D - 1 2  0 . 0  

CHEKB~ 5 !  

A R 0 0 0 3 4 6  1 3 : & 2  NON AUG 07~ ) 9 7 8  
V I S C O E L A S T | C  F L U I D  

NT JOUT LPRNT LNORM 
30 0 1 1 

D 
I , O 0 1 0 D  O0 
7 . 3 0 0 0 0  00 

! I . O O D  O0 2eOOD O0 |eOOD O0 

38  5 ,  lAD- -04  3 . 0 3 0 - - 0 3  | . 9 2 D - 0 5  
0 0 . 0  0 . 0  0 , 0  

0 . 0  7 . 0 0 0  O0 

50 5 |  50  J . 2 9 D - 0 3  | .  0 3 D - 0 3  2 . 5 8 D - - 0 I  | . 8 0 D - 0 5  
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A E D C - T R  - 7 8 - 5 9  

OC TODD COoS 
EX AMFq_ E 3 

X Y 
I 0 , 0  I . 0 0 1 0 D  O0 
2 I , 8 2 4 2 D - C  1 8 . 3 3 9 8 0 - - 0 1  
3 3 * ? 0 9 1 D - 0 1  6 , 8 6 3 9 0 - - 0  I 
4 5 * 8 3 7 1 D - 0  I 5 . 5 8 1 0 0 - - 0 1  
5 8 . 0 1 3 8 3 - 0 1  4 . ,~8760-O I 
6 I . 0 2 7 0 3  O0 3 . 5 7 9 1 0 - - 0 1  
7 I . 2 6 0 0 0  O0 2 . 8 3 5 2 0 - - 0 1  
8 1 . 4 9 6 7 9  O0 2 * 2 3 8 2 0 - 0 1  
9 1 , 7 3 . 5 2 0  O0 1 , 7 6 0 0 0 - - 0 1  

10 I . 9 7 7 5 D  O0 1 . 3 8 3 5 0 - - 0 1  
I1  2 , 2 1 9 9 0  O0 1 , 0 8 4 1 0 - 0 1  
12 2 . 4 6 3 0 D  O0 8 * 5 1 3 4 0 - - 0 2  
13 2 * 7 0 6 6 0  O0 6 , 0 5 6 0 D - 0 2  
14 2 * 9 5 0 4 0  O0 5 . 2 3 0 9 0 - 0 2  
15 3 ° 1 9 4 4 0  O0 4,079(>0--02 
16 3 , 4  3850  O0 3 . 2 1 4 1 0 - - 0 2  
17 3 , 6 8 2  70 ~0 2 , 4 g 6 8 D -  02 
18 3,: .)269~) O0 I * 9 7 7 1 0 - - 0 2  
19 4 . 1 7 1 2 0  O0 1 . 5 2 4 9 0 - - 0 2  
20  4 . 4 1 5 ~ . D  O0 1 , 2 1 9 2 D - - 0 2  
21 4 , 6 5 9 7 D  30 9 . 2 7 8 6 0 - 0 3  
22  4 , 9 0 4 0 0  O0 7 , 5 5 4 4 0 - 0 3  
23  5 .  ! 482D O0 5 . 6 0 6  ID - -03  
24 5 * 3 9 2 5 D  O0 4 , 7 2 2 1 0 - - ~ 3  
25  5 *6368 [ ' )  O0 3 * 3 4 1 5 D - 0 3  
2~5 5 , 8 8 1 1 0  O0 2 * 9 9 8 8 D - 0 3  
27 6 . 1 2 5 3 0  O0 I , 9 3 8 3 0 - - 0 3  
26  6 . 3 6 9 6 0  O0 I . 9 5 7 7 D - - 0 3  
29  E , 6 1 3 9 0  O0 1 . 0 6 1 2 ~ - - 0 3  
30 6 , 8 5 8 2 D  O0 I . 3371D- - f~3  
31 7 ,  1 0 2 5 0  O0 5 . 0 4 1 0 0 - - 0 4  
32  7 * 3 4 6 7 0  O0 9 , 7 7 2 S 0 - 0 4  
33  7 , 5 9 1 0 0  O0 1 * 4 0 3 7 0 - 0 4  
34  7 . 8 3 5 3 0  O0 7 .  8 0 2 8 0 - - 0 4  
3 5  8 * 0 7 9 6 0  O0 - - I . 0 8 1 2 1 3 - 0 4  
3b  8 * 3 2 3 8 0  O0 6 . 8 6 8  ID - -04  
37  8 * 5 6 8 1 3  O0 - 2 . 8 9 7 9 0 - 0 4 .  
38 8 , 8 1 2 4 0  O0 6 . 6 0 9  ID - -04  
39 9 . 0 5 6 7 9 ,  O0 - - 4 . 3 4 9 0 D - 0 4  
40  g ° 3 0 1 0 0  00  6 . 8 1 1 9 0 - - 0 4  
4 I 9 , 5 4 5 2 0  O0 - 5 * 6 2 6 8 D - 0 4  
4 2  9 , 7 8 9 5 0  O0 7 . 3 5 2 5 D - - 0 4  
43  1 . 0 0 3 4 D  0 I - 6 . 8 5 6 8 D - 0 4  
44 I , 0 2 7 8 0  Ol  8*  1 6 2 8 0 - - 0 4  
45  1 * 0 5 2 2 0  OI - 8 * i 2 4 8 0 - 0 4  
4 6  1 * 0 7 6 7 0  OI 9 . 2 1 0 9 0 - - 0 4  
47  1 . 1 0 1 1 0  OI - 9 . ~ 9 3 6 0 - 0 4  
48  1 , 1 2 5 5 D  01 I * 0 4 8 8 D -  C3 
4 9  1 . 1 4 9 9 0  Ol - - 1 . I 0 1 3 D - 0 3  
50 1.  17440 Ol 1 . 2 0 0 1 0 - 0 3  
51 1 . 1 9 8 8 0  OI - 1 . 2 7 " 9 3 0 - 0 3  

A R 0 0 0 3 4 6  1 3 : 4 2  
VISCOELASTIC F L U I D  

YP YPP 
- - 1 , 0 0 2 0 0  O0 1 , 0 0 8 2 3  O0 
- - 8 , 3 4 8 1 0 - 0 1  8 . 3 0 4 4 3 - - 0 1  
- - 6 . 8 7 0 9 D - 0 1  6 , 9 3 6 6 0 - 0 1  
- 5 . 5 8 6 5 0 - 0 1  5 .5314~ - -01  
- 4 , 4 9 2 2 3 - 0 1  4 . 5 6 4 3 0 - 0 1  
- 3 . 5 8 2 6 0 - 0 1  3 * 5 1 4 5 D - 0 |  
- 2 , 8 3 8 1 0 - - 0 1  2 , 9 1 9 2 0 - - 0 1  
- 2 , 2 4 0 3 ~ - 0 1  2 * 1 5 8 9 0 - 0 1  
- 1 , 7 0 1 8 0 - - 0 1  1 . 8 5 3 9 D - 0 1  
- I . 3 9 4 8 D - 0 1  1 , 2 8 9 4 0 - 0 1  
- I . 0 8 5 3 D - 0 1  1 , 1 9 0 5 0 - - 0 1  
- - 8 * 5 2 0 8 0 - 0 2  7 * 4 1 2 7 0 - 0 2  
- b * 6 6 3 9 0 - 0 2  7 , 8 6 9 9 0 - - 0 2  
- - 5 * 2 3 4 8 0 - 0 2  3 * 9 5 3 8 D - 0 2  
- 4 * 0 8 5 1 0 - 0 2  5 . 4 6 9 8 0 - 0 2  
- 3 * 2 1 5 8 0 - 0 2  1 , 7 3 8 3 0 - 0 2  
- - 2 . 5 0 0 9 ~ - - 0 2  4 * 0 9 2 4 0 - 0 2  
- - 1 , 9 7 7 4 0 - 0 2  2 * 7 4 9 8 0 - - 0 3  
- 1 . 5 2 8 3 D - 0 2  3 , 3 5 8 5 0 - 0 2  
- 1 , 2 1 8 5 0 - - 0 2  - 7 , 4 1 9 0 0 - 0 3  
- - 9 * 3 0 8 9 0 - 0 3  3 * 0 3 6 3 D - 0 2  
- 7 , 5 3 9 4 0 - 0 3  - 1 * 5 0 2 9 0 - 0 2  
- - 5 * 6 3 6 0 0 - 0 3  2 * 9 8 6 1 0 - 0 2  
- 4 * 7 0 0 8 0 - - 0 3  - 2 , 1 2 7 5 0 - 0 2  
- 3 , 3 7 2 8 0 - 0 3  3 * 1 2 4 8 0 - 0 2  
- - 2 * 9 7 1 9 0 - 0 3  - 2 * 6 9 2 5 0 - - 0 2  
- - 1 , 9 7 2 4 0 - - 0 3  3 , 4 0 5 0 0 - - 0 2  
- - i * 9 2 5 2 0 - 0 3  - 3 , 2 4 8 3 0 - 0 2  
- - 1 . 0 9 9 2 0 - 0 3  3 . 8 0 1 5 0 - 0 2  
- 1 . 2 9 8 P . ~ - 0 3  - 3 , 8 3 0 0 D - - 0 2  
- - 5 . 4 7 1 3 0 - 0 4  4 * 3 0 3 0 0 - 0 2  
- - 9 . 3 2 b 1 0 - 0 4  - 4 , 4 6 4 0 0 - 0 2  
- 1 . 8 9 4 5 0 - 0 4  4 * 9 0 8 0 0 - 0 2  
- - 7 , 2 8 5 6 0 - - 0 4  - 5 , 1 7 1 8 D - 0 2  

5 * 1 9 1 2 0 - - 0 5  5 , 6 2 1 2 0 - 0 2  
- 6 * 2 7 0 7 0 - 0 4  - 5 * 9 7 3 1 0 - - 0 2  

2 * 2 5 2 7 0 - 0 4  b * 4 5 2 5 0 - 0 2  
- - 5 . 9 2 0 4 3 - - 0 4  - 6 , 8 8 7 0 0 - 0 2  

3 , b 0 7 5 3 - 0 4  7 . 4 1 5 6 0 - 0 2  
- 6 * 0 1 8 5 D - - 0 4  - 7 . 9 3 3 8 0 - 0 2  

4 * 7 7 4 0 0 - 0 4  8 * 5 2 7 9 0 - - 0 2  
- - 6 ° 4 3 8 9 0 - - 0 4  - - 9 . 1 3 5 3 0 - - 0 2  

5 . 8 7 5 7 D - 0 4  9 * 8 1 0 4 0 - 0 2  
- 7 . 1 1 1 2 0 - 0 4  - 1 . 0 5 1 6 D - 0 1  

6 , 9 9 6 0 0 - 0 4  ! . 1 2 8 8 0 - 0 1  
- 8 * 0 0 0 5 3 - 0 4  - 1 . 2 1 0 4 0 - 0 1  

8 . 1 9 4 7 0 - 0 4  1 . 2 9 8 9 0 - 0 1  
- 9 . 0 9 4 S D - 0 4  - I . 3 9 3 1 0 - 0 1  

9 * 5 1 8 6 0 - - 0 4  1 . 4 9 4 7 0 - 0 1  
- 1 . 0 3 9 7 0 - 0 3  - - 1 . 6 0 3 8 0 - 0 1  

1 . 0 2 1 7 0 - 0 3  2 . 5 7 5 3 0 - - 0 1  

~ON AUG 071 1978  

! 
0 , 0  
1 , 6 6 9 0 0 - 0 1  
3 , 1 4 2 8 0 - 0 1  
4 * 4 2 5 1 D - 0 1  
5 * 5 1 6 6 0 - 0 1  
6 , 4 2 5 1 0 - 0 1  
7 * 1 6 7 2 0 - 0 1  
7 . 7 6 4 8 0 - 0 1  
8 . 2 4 1 3 0 - - 0 1  
8 , 6 1 8 7 3 - 0 1  
8 * 9 1 6 3 D - 0 1  
9 * 1 5 0 4 D - 0 1  
9 , 3 3 4 3 3 - - 0 1  
9 . 4 7 8 5 0 - 0 1  
9 * 5 9 1 5 D - 0 |  
9 , 6 8 0 1 D - 0 1  
9 ,7495D- -01  
9 * 8 0 3 8 3 - 0 1  
9 , 8 4 6 4 0 - - 0 1  
9 . 8 ? 9 T 3 - - 0 1  
9 , 9 0 5 8 0 - 0 1  
9 , 9 2 6 3 0 - 0 1  
9 , 9 4 2 3 0 - - 0 1  
9*95480 - -01  
9 * 9 6 4 6 0 - 0 1  
9 . 9 7 2 3 ) - 0 1  
9 . 9 7 8 3 0 - 0 1  
9 * 9 8 3 1 0 - 0 1  
9 . 9 8 6 7 D - - 0 1  
9 * 9 8 9 7 0 - 0 1  
9 . 9 9 1 9 0 - 0 1  
9 * 9 9 3 7 D - - 0 1  
9 , 9 9 5 0 0 - 0 1  
9 . 9 9 6 2 0 - 0 1  
9 ° 9 9 7 0 D - - 0 1  
9 . 9 9 7 7 0 - - 0 1  
9 . 9 9 8 1 3 - 0 1  
9 . 9 9 8 6 0 - - 0 1  
9 . 9 9 8 9 D - 0 1  
9 . 9 9 9 2 3 - 0 1  
9 , 9 9 9 3 0 - 0 1  
9 * 9 9 9 6 D - 0 1  
9 , 9 9 9 6 0 - 0 1  
9 . 9 9 9 8 3 - - 0 1  
9 . 9 9 9 7 0 - - 0 1  
9 . 9 9 9 9 0 - 0 1  
9 . 9 9 9 8 0 - 0 1  
1 . 0 0 0 0 D  O0 
9 . 9 9 9 9 0 - 0 1  
1 . 0 0 0 0 0  O0 
1 . 0 0 0 0 0  O0 

H 
1 , 5 2 4 0 - 0 1  
1 , 9 4 5 0 - - 0 1  
2 * 0 6 8 D - 0 1  
2 * 1 7 7 D - - 0 1  
2 , 2 6 2 0 - 0 1  
2 , 3 2 4 0 - 0 1  
2 , 3 6 7 0 - - 0 1  
2 , 3 9 5 0 - - 0 1  
2 . 4 1 3 0 - - 0 1  
2 , 4 2 4 0 - - 0 1  
2 * 4 3 1 D - 0 !  
2 * 4 3 6 D - 0 1  
2 , 4 3 8 0 - - 0 1  
2 * 4 4 0 0 - 0 1  
2 , 4 4 1 0 - - 0 1  
2 , 4 4 2 0 - 0 1  
2 * 4 4 2 0 - - 0 1  
2 * 4 4 2 0 - 0 1  
2 , 4 4 3 0 - - 0 1  
2 , ~ 4 3 D - 0 1  
2 * 4 4 3 D - 0 1  
2 , 4 4 3 0 - 0 1  
2 * 4 4 3 0 - 0 1  
2 * 4 4 3 0 - 0 1  
2 . 4 4 3 D - 0 1  
2 . 4 4 3 D - 0 !  
2 * 4 4 3 D - 0 1  
2 , 4 4 3 0 - 0 1  
2 , 4 4 3 0 - 0 1  
2 * 4 4 3 0 - 0 1  
2 * 4 4 3 0 - 0 1  
2 , 4 4 3 0 - 0 1  
2 , 4 4 3 0 - 0 1  
2 , 4 4 3 0 - 0 1  
2 , 4 4 3 0 - 0 1  
2 . 4 4 3 0 - 0 1  
2 * 4 4 3 D - 0 |  
2 , 4 4 3 D - 0 L  
2 . 4 4 3 0 - 0 1  
2 * 4 4 3 0 - 0 1  
2 , 4 4 3 0 - 0 1  
2 , 4 4 3 0 - 0 1  
2 . 4 4 3 0 - - 0 1  
2 . 4 4 3 0 - 0 1  
2 , 4 4 3 0 - 0 1  
2 * 4 4 3 D - 0 1  
2 . 4 4 3 0 - 0 1  
2 . 4 4 3 0 - 0 1  
2 * 4 4 3 0 - 0 1  
2 . 4 4 3 0 - 0 1  

S 
1 . 0 7 3  O0 
1 . 0 6 0  O0 
1 , 0 5 3  O0 
i . 0 4 0  O0 
1 , 3 3 3  O0 
1 . 0 2 0  00 
1 , 0 1 ~  O0 
1 . 0 1 0  00 
1 , 0 0 0  00 
1 , 0 0 3  O0 
1 , 0 0 3  00 
1 , 0 0 0  O0 
1 , 0 0 3  O0 
1 . 0 0 3  O0 

I *OOD O0 
1 , 0 0 3  00 
1 . 3 0 0  00 
1 . 0 0 3  O0 
1 . 0 0 3  O0 
1 . 0 0 0  O0 
1 , 0 0 ~  O0 
1 * 0 0 0  O0 
1 , 0 0 3  O0 
1 , 0 0 3  O0 
! * 0 0 0  O0 
1 . 0 0 3  O0 
1 , 0 0 0  O0 
I . O O D  O0 
i , 0 0 3  O0 
I o 0 0 ~  00  
1 . 0 0 0  O0 
1 , 0 0 3  O0 
i . 0 0 0  O0 
i . O O D  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  00 
1 . 0 0 3  O0 
1 , 3 0 0  O0 
1 , 0 0 3  00 
1 . 0 0 0  00 
1 . 0 0 0  O0 
1 . 0 0 0  00 
l , O O D  O0 
1 . 0 0 3  O0 
1 , 0 0 0  O0 
1 . 0 0 3  O0 
1 . 0 0 0  O0 
1 , 0 0 0  00  
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A E  D C - T R - 7 8 - 5 9  

DC TODD CDPS 
EXAMPLE 3 

K : ] . O 0 0 0 D - - 0 2  

A R 0 0 0 3 4 6  ] 3 : 4 2  NON AUG 07o 1978  
V | S C O E L A S T | C  F L U I D  

LAMBDA = 1 . 0 1 0 2 0  O0 

N D I N  JCASE N NT JOUT LPRNT LNORM 
250  2 51  30  0 1 1 

i |  TQL RSC 
O.O 5 . 0 0 0 0 D - 0 4  1 . 0 0 0 0 0 - 0 2  

A B C 
1 . 0 0 0 0 3  00  0 , 0  0 , 0  
I . 0 0 0 0 D  00 0 . 0  ~e0  

UN|FQRH 5 P A C | N G  COMPUTED 

UPDATE I 5 |  
NEW SPACING COHPUTED 
UPDATE 2 8 

CONVERGED SOLUTION 

CHEKDE 2 6  8 . 0 6 0 - - 1 3  OeO 

O'IEKBH 2 I 1 

D 
1 o O I 0 2 D  O0 
7 . 0 0 0 0 0  O0 

1 I . O O D  O0 2 . 0 2 D  O0 l . O O O  O0 

3 4 e 2 T D - 0 5  2 o 8 2 D - 0 4  2 , 0 9 0 - 0 6  

0 . 0  ?oOOD O0 

T 3 . 7 5 D - 0 5  5 . 6 3 0 - 0 5  5 e 6 3 D - 0 3  I * 0 7 D - O 5  
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A E  D C - T R - 7 8 - 5 9  

DC TODD COPS 
EXANP1..E 3 

A R 0 0 0 3 4 6  1 3 : 4 2  
V I S C O E L A S T I C  F L U [ D  

NON AUG 0 7 ,  1978  

x y YP YPP | i H 
[ 0 . 0  1 . 0 1 0 2 D  O0 - 1 . 0 2 0 6 D  O0 1 . 0 3 6 6 D  O0 0 . 0  1 . 7 9 4 D - - 0 1  
2 | . 7 9 3 9 D - 0 1  8 . 4 2 8 0 D - - 0 1  - - 8 . 5 1 3 5 ~ - 0 [  8 . 5 5 3 1 D - 0 [  [ . 6 5 7 5 D - 0 |  1 . 9 1 4 D - 0 [  
3 3 . 7 0 7 7 D - 0 1  6 . 9 4 6 0 D - - 0 1  - - 7 . 0 1 7 , ~ D - - 0 [  7 . [ 3 7 0 0 - 0 1  3 . 1 2 4 1 0 - 0 |  2 . 0 3 8 D - 0 1  
4 5 . 7 4 5 2 D - - O [  5 . 6 5 4 3 0 - - 0 1  - - 5 . 7 [ 1 6 D - 0 1  5 . 7 2 6 4 0 - - 0 1  4 . 4 0 3 2 D - 0 |  2 . 1 4 8 D - 0 |  
5 7 . 8 9 3 0 D - - 0 [  4 . 5 5 0 9 D - - 0 1  - 4 . 5 9 7 8 0 - - 0 1  4 . 6 8 8 9 D - 0 [  5 . 4 9 4 9 D - - 0 [  2 . 2 3 5 D - - 0 1  
6 1 , 0 1 2 8 D  O 0  3 . 6 3 1 5 0 - - 0 1  - - 3 . 6 6 8 2 ~ - - 0 [  3 . 6 6 4 1 D - 0 [  6 . 4 0 5 6 D - 0 |  2 . 2 9 9 0 - 0 |  
7 1 . 2 4 2 8 0  O0 2 . 8 7 8 3 D - - 0 [  - 2 . 9 0 8 | D - - 0 |  2 . 9 7 9 0 0 - 0 1  1 . 1 5 0 5 D - - 0 l  2 . 3 4 3 D - 0 1  
8 [ . 4 7 7 1 D  O0 2 . 2 7 2 ] D - - 0 |  - 2 . 2 9 4 9 0 - 0 1  2 . 2 7 8 7 0 - 0 !  7 . ? 5 1 2 D - 0 |  2 . 3 7 2 0 - 0 1  
9 [ . 7 1 4 3 0  O0 1 . 7 8 7 4 D - - 0 1  - [ . f l O 6 O D - O [  | . 8 6 3 3 D - 0 [  B . 2 3 0 5 D - - O [  2 . 3 9 1 0 - 0 [  

10 1 . 9 5 3 A D  O0 1 . 4 0 4 3 D - 0 1  - [ . 4 1 8 3 & - - 0 [  [ . 3 9 5 3 D - 0 [  8 . 6 1 0 2 0 - 0 1  2 . 4 0 3 0 - - 0 |  
11 2 . i 9 3 7 3  DO 1 . 1 0 1 2 1 ) - 0 1  - - [ . [ 1 2 8 D - 0 1  | . [ 6 0 8 D - 0 1  8 . 9 0 9 7 D - 0 1  2 = 4 2 0 0 - 0 [  
12 2 . 4 3 4  ~D O0 8 . 6 3 7 0 D - - 0 2  - 8 . 7 2 ; 6 D - - 0 2  8 . 4 5 6 1 0 - 0 2  9 . [ 4 5 4 D - 0 [  2 . 4 1 5 0 - 0 [  
13 ~ . 5 7 6 2 D  O0 6 . 7 6 2 8 D - 0 2  - 6 . 0 J 5 3 D - 0 2  7 . 2 5 0 3 D - 0 2  9 . 3 3 0 4 ~ - 0 |  2 . 4 | 0 0 - 0 |  
14 2 . 9 1 7 9 D  O0 5 . 3 0 | 9 D - 0 2  - 5 . 3 5 2 6 ~ - - 0 2  5 . 0 ? 2 ? 0 - 0 2  9 . 4 7 5 5 D - 0 ]  2 . 4 | 9 0 - - 3 |  
[ 5  3 . 1 5 ~ 0 ~  0 0  4 . 1 4 0 0 D - - 0 2  - 4 . 1 9 3 6 D - - 0 2  4 . 0 6 1 0 D - 0 ~  9 . 5 8 9 2 D - - 0 i  2 . 4 2 0 0 - 0 [  
16 3 . 4 0 1 9 D  O0 3 . 2 5 2 4 0 - 0 2  - 3 . 2 8 2 4 D - 0 2  3 . 0 0 0 3 0 - - 0 2  9 . 6 7 8 3 D - - 0 |  2 . 4 2 1 0 - 0 1  
17 3 . 6 4 4 0 ~  O0 2 . 5 4 2 7 D - - 0 2  - 2 . 5 7 1 7 D - - 0 2  2 * 9 0 4 7 0 - 0 2  9 . 7 4 0 [ D - - 0 !  2 . 4 2 1 0 - - 0 [  
18 3 . 8 8 6 1 D  O0 1 . 9 9 4 9 D - 0 2  - 2 . 0 | 2 2 D - - 0 2  1 . 7 3 5 1 D - 0 2  9 * 8 0 2 8 D - 0 1  2 * 4 2 2 0 - 0 [  
19 4 * 1 2 0 3 0  O0 [ . 5 5 0 1 0 - 0 2  - 1 . 5 7 7 0 D - - 0 2  1 . 8 0 2 2 0 - 0 2  9 * 0 4 5 6 0 - - 0 |  2 * 4 2 2 0 - - 0 [  
20 4 . 3 7 0 5 0  00  i * 2 2 J 7 D - - 0 2  - | . D J 3 4 D - 0 2  9 . 6 5 2 6 0 - 0 3  9 . 8 7 9 | D - 0 1  2 . 4 2 2 D - 0 |  
21 4 . ~ 1 2 7 D  O0 9 * 5 4 5 0 D - 0 3  - 9 , 6 6 9 9 D - - 0 3  1 . 2 4 9 5 0 - 0 2  9 . 9 0 5 4 D - 0 l  2 * 4 2 2 0 - - 0 [  
22 4 . 0 5 4 9 D  O0 7 . 5 0 8 5 D - 0 3  - 7 . 5 5 0 4 D - 0 3  4 . 9 8 0 8 D - 0 3  9 . 9 2 5 9 D - 0 [  2 . 4 2 2 D - 0 [  
23 5 . 0 9 7 1 0  O0 5 * 8 4 4 7 0 - 0 3  - 5 . 9 3 0 3 D - 0 3  8 . 5 6 1 5 D - 0 3  9 . 9 4 2 0 D - 0 1  2 . 4 2 2 D - 2 [  
24  5 . 3 3 9 3 D  00  4 . 6 0 9 3 0 - 0 3  - 4 . 6 3 1 1 D - 0 3  2 * 1 8 2 7 D - 0 3  9 . 9 5 4 6 D - - 0 [  2 . 4 2 2 D - 0 1  
25  5 . 5 8 J 5 D  O0 3 . 5 7 6 7 D - 0 3  - 3 . 6 3 7 7 0 - 0 3  6 * 0 9 8 6 D - 0 3  9 . 9 6 4 5 D - 0 [  2 . 4 2 2 D - 0 |  
26 5 . 8 2 3 7 D  O0 2 * S J I 6 D - 0 3  - 2 . 5 3 6 8 D - 0 3  5 * 1 2 5 1 3 - 0 4  9 . 9 7 2 2 D - - 0 |  2 . 4 2 2 D - : !  
27  6 * 0 6 5 9 D  DO 2 . 1 0 6 ~ J - 0 3  - 2 . 2 3 2 [ D - 0 3  4 . 5 4 0 [ 0 - 0 3  9 * 9 ? 8 2 0 - 0 [  2 . 4 2 2 0 - 0 1  
20  6 . 3 0 8 1 D  DO ! . 7 4 4 5 D - 0 3  - 1 . 7 3 6 9 0 - - 0 3  - 4 . 6 4 2 1 D - D 4  9 . 9 8 3 0 0 ° 0 [  2 * 4 2 2 0 - 0 1  
2 9  b * 5 5 0 3 D  O0 1 . 3 3 5 0 D - - 0 3  - - i * 3 7 0 3 D - 0 3  3 * s J g O D - 0 3  9 . 9 0 6 1 D - - 0 [  2 . 4 2 2 D - 0 1  
30 6 ° ? 9 2 5 0  GO 1 ° 0 7 3 0 0 - - 0 3  - - | * 0 6 2 8 D - - 0 3  - | . O | 0 5 D - D 3  9 . 9 0 9 6 D - 0 |  2 * 4 2 2 D - 0 ;  
31 7 . 0 3 4 7 D  O0 8 . L 3 [ D D - 0 4  - 8 . 4 1 9 5 D - 0 4  2 * 8 8 2 1 D - 0 3  9 . 9 9 1 9 D - 0 1  2 . 4 2 2 D - - 0 1  
32  7 . 2 ? 6 0 0  O0 6 * 6 2 8 2 0 - - 0 4  - - 6 . 4 9 6 6 D - 0 4  - | . 3 1 6 4 D - - 0 3  9 . 9 9 3 6 D - 0 |  2 * 4 2 2 D - 0 [  
33  7 . 5 1 9 1 0  O0 4 . 9 3 5 3 0 - 0 4  - 5 . 1 7 9 2 D - 0 4  2 * 4 3 8 7 D - 0 3  9 * 9 9 5 0 0 - 0 1  2 . 4 2 2 D - 0 |  
34  7 . 7 6 1 3 0  00  4 . 1 1 1 0 D - - 0 4  - - 3 . 9 6 5 1 D - 0 4  - 1 * 4 5 9 4 D - 0 3  9 . 9 9 6 [ D - 0 [  2 . 4 2 2 D - 0 |  
35  B .OO35D O0 2 . 9 7 9 0 0 - - 0 4  - - 3 . [ 9 1 9 D - - 0 4  2 * 1 2 8 6 0 - - 0 3  9 . 9 9 7 0 0 - - 0 1  2 . 4 2 2 D - 0 1  
36  8 . 2 4 5 7 D  00  2 * 5 6 5 2 0 - 0 4  - - 2 . 4 1 4 2 D - - C 4  - [ * 5 0 9 9 D - 0 3  9 * 9 9 7 6 0 - - 0 1  2 . 4 2 2 D - 0 |  
3T  8 . 4 8 7 9 D  O0 [ . 7 0 2 4 D - - 0 4  - - 1 * 9 7 2 6 0 - - 0 4  2 * 9 0 2 2 D - 0 3  9 . 9 9 8 2 D - 0 1  2 . 4 2 2 D - 0 |  
3 0  8 . 7 3 0 [ D  O0 1 . 6 [ 5 0 D - - 0 4  - | . 4 6 4 5 D - 0 4  - 1 * 5 0 5 6 D - 0 3  9 . 9 9 6 6 0 - 0 1  2 * 4 2 2 D - - 0 1  
39 8 . 9 7 2 3 D  O0 1 . 0 5 1 4 0 - - 0 4  - 1 * 2 2 4 3 D - 0 4  | . 7 2 9 4 D - 0 3  9 * 9 9 0 9 D - 0 1  2 . 4 2 2 D - 0 1  
40  9 . 2 1 4 5 3  O0 1 ° 0 3 0 1 D - 0 ~  - 8 . 0 3 1 4 3 - 0 5  - [ . 4 6 9 9 D - 0 3  9 . 9 9 9 2 D - 0 |  2 * 4 2 2 D - 0 |  
41 9 . 4 5 6 7 D  O0 6 . 0 5 5 8 D - - 0 5  - - 7 . 6 4 7 0 0 - 0 5  1 . 5 9 1 2 D - 0 3  9 * 9 9 9 4 D - - 0 1  2 . 4 2 2 D - 0 1  
42  9 . 6 9 8 9 D  00 6 . 6 9 2 8 D - 0 5  - 5 . 2 7 6 [ 0 - 0 5  - 1 * 4 1 6 8 D - - 0 3  9 . 9 9 9 5 ~ - - 0 1  2 * 4 2 2 D - 0 [  
43  9 . 9 4 1 1 0  O0 3 . 3 4 5 3 0 - - 0 5  - 4 . 8 2 1 5 3 - - 0 5  [ * 4 7 6 2 D - - 0 3  9 . 9 9 9 6 0 - 0 1  2 * 4 2 2 D - 0 1  
44  l * O 1 8 3 D  01 4 . 4 5 9 2 D - - 0 5  - 3 . 1 0 4 4 3 - 0 5  - 1 . 3 5 4 0 D - 0 3  9 * 9 9 9 7 D - 0 1  2 . 4 2 2 D - 0 |  
4 0  1 . 0 4 2 6 D  O[  1 . 7 0 4 ) ' 0 - 0 5  - - 3 . 0 8 1 8 3 - C 5  ! . 3 7 7 1 D - 0 3  9 . 9 9 9 8 D ' - 0 1  2 . 4 2 2 0 - 0 l  
46  1 . 0 6 6 8 0  01 3 * 0 6 9 6 0 - - 0 5  - I . 7 5 0 6 0 - - 0 5  - - 1 . 2 8 9 0 D - - 0 3  9 . 9 9 9 9 D - - 0 1  2 . 4 2 2 D - 0 1  
4 ?  1 . 0 9 1 0 D  O[  7 . 1 8 7 ~ - 0 6  - 2 * 0 0 8 1 D - 0 5  | . 2 0 9 4 D - 0 3  9 . 9 9 9 9 D - - 0 1  2 . 4 2 2 D - - 0 1  
4 8  1 . 1 4 5 2 ~  O[ 2 . 1 9 8 5 0 - 0 5  - 9 . 7 6 0 8 D - 0 6  - 1 . 2 2 2 ~ 0 - 0 3  9 . 9 9 9 9 D - 0 l  2 . 4 2 2 D - 0 l  
49  [ . 1 3 9 4 0  01 1 . 3 2 9 6 D - - 0 6  - [ . 3 4 3 1 0 - 0 5  1 . 2 1 0 2 D - - 0 3  I . O 0 0 0 D  OO 2 . 4 2 2 D - - 0 [  
5 0  [ . l ~ 3 7 D  01 1 . 6 4 0 7 D - 0 5  - 4 . 0 6 5 3 D - 0 6  - - 1 . 1 6 0 1 0 - - 0 3  I * O O 0 0 D  O0 2 . 4 2 2 D ' - 0 1  
51 1 . 1 0 7 9 ~  Ol  - - 2 . 4 6 9 0 D - - 0 6  - - 1 . 4 1 5 8 0 - 0 5  1 . 6 6 2 7 D - 0 3  I * O 0 0 0 D  OO 

S 
1 . 0 7 3  O0 
I .  0 6 0  O0 
[ . 0 5 0  O0 
1 . 0 4 3  O0 
[ . 0 3 3  O0 
1 . 0 2 9  O0 
1 . 0 1 D  O0 
| * O | D  O0 
I . O O D  O0 
I . O O D  O0 
1 . 0 0 ~  O0 
I . O O D  O0 
I . O O D  O0 
l . O O D  O0 
[ . O O D  O0 
| . O O D  O0 
1 . 0 0 3  O0 
[ . O O D  O0 
[ °OOD O0 
I . O O D  O0 
[ . O O D  O0 
[ . 0 0 ~  O0 
1 , 0 0 0  O0 
[ . O O D  O0 
1 . 0 0 0  O0 
[ . O D D  O0 
[ *OOD O0 
[ . O D D  O0 
1 . 0 0 D  O0 
1 . 0 0 0  O0 
[ . O O D  O0 
[ *OOD O0 
[ *OOD O0 
l . O O D  00 
] . 0 0 3  O0 
[ . O O D  O0 
[ * O O D  O0 
] *OOD O0 
1 . 0 0 0  O0 
[ . O O D  O0 
l . O O O  O0 
[ . 0 0 0  00 
| . 0 0 0  O0 
l . O O D  O0 
I . O O D  O0 
1 . 0 0 0  O0 
1 . 0 0 3  O0 
1 . 0 0 3  O0 
[ . 0 0 ~  O0 
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A E D C - T R - 7 8 - 5 9  

OC tODD CDPS 
EXAMPL F 3 

A R 0 0 0 3 4 6  1 3 = 4 2  NON AUG O T ,  1 9 7 8  
V I S C O E L A S T I C  F L U I D  

K = 1 . 0 0 0 0 ~ - - 0 1  LAHSDA = I , , 1 2 7 0 D  O0 

N O | R  JCASE N NT JOUT LPRNT LNORN 
250  3 51 3 0  O ! 1 

I I  TOL RSC 
0 * 0  5 . 0 0 0 0 D - 0 4  I * O 0 0 C O - - O 2  

A B C 
1 . 0 0 0 0 ~  O0 0 * 0  0 . 0  
1 * 0 0 0 0 ~  O0 0 * 0  0 . 0  

O 
| . | 2 7 0 0  O0 
7 . O 0 0 0 D  O0 

UNIFORM SPACING C Q ~ U T E D  

UPDATE 1 5 [  1 
NEW SPACING COMPUTED 
UPDATE 2 2 1 
UPDATE 3 0 0 

1 L.OOD O0 2 * 2 7 D  O0 I . O O D  O0 

5 2 . 0 2 1 ) - 0 5  5 * 8 0 D - 0 4  4 ° 9 T D - 0 6  
0 0 . 0  0 . 0  0 . 0  

CONV FRGE D SOLUT ION 

CHEK DE 2 6  I . 2 5 D - - 1 4  0 * 0  0 . 0  TeO00 O0 

CHF.~ BN 3 | I T 2 . 6 6 0 - - 0 5  I *  6 7 D - 0 4  1 . 6 T O - - 0 3  1 * 5 5 D - D 5  
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A E D C - T R - 7 8 - 5 9  

DC TODD C DPS 
EXAMPLE 3 

A R 0 0 0 3 4 6  1 3 : 4 2  
V I S C O E L & S T I C  F L U I D  

STOP 

X Y YP y p p  
1 0 . 0  1 . 1 2 7 0 0  O0 - 1 . 2 7 0 0 0  O0 1 * 4 2 9 8 0  O0 
2 1 , 4 5 2 7 0 - 0 1  9 . 5 6 8 4 0 - 0 1  - 1 , 0 7 8 2 J )  O0 1 * 2 1 3 9 0  00  
3 3 , 0 0 4 4 0 - 0 1  8 , 0 3 3 2 0 - - 0 1  - 9 , 0 5 3 7 0 - 0 1  1 , 0 2 0 5 0  O0 
4 4 * 6 7 9 5 0 - 0 1  6 . 6 5 1 2 1 ) - - 0 1  - - 7 * 4 9 6 2 ~ - 0 1  8 * 4 4 9 4 D - 0 1  
5 b * 4 8 1 5 D - 0 1  5 * 4 2 8 7 0 - 0 1  - 6 , 1 1 8 5 0 - 0 1  ~ , 8 9 7 5 0 - 0 1  
6 8 , 4 0 1 6 0 - - 0 1  4 , 3 7 2 3 0 - 0 1  - 4 , 9 2 7 8 0 - 0 1  5 , 5 5 5 0 0 - 0 1  
7 1 * 0 4 0 7 0  0 0  3 * 4 8 7 7 0 - - 0 1  - - 3 * 9 3 0 8 0 - - 0 1  4 o 4 3 1 0 0 - 0 1  
8 1 , 2 4 7 4 0  0 0  2 * 7 6 3 0 0 - 0 1  - - 3 , ! 1 4 0 0 - 0 1  3 , 5 1 0 1 0 - 0 1  
9 1 , 4 5 8 5 D  O0 2 , 1 7 8 1 0 - - 0 1  - - 2 , 4 5 4 8 0 - - 0 1  2 , 7 6 6 9 0 - 0 1  

10 1 , 6 7 2 4 0  O0 1 , 7 1 1 3 0 - - 0 1  - - 1 0 9 2 8 7 0 - - 0 1  2 * 1 7 3 9 0 - 0 1  
11 1 . 6 8 8 4 0  0 0  1 . 3 4 1 7 0 - - 0 1  - 1 * 5 1 2 1 0 - 0 1  1 , 7 0 4 3 0 - 0 1  
12 2 * 1 0 5 5 0  00  1 , 0 5 0 4 0 - - 0 1  - 1 * 1 8 3 9 3 - - 0 1  1 * 3 3 4 3 0 - 0 1  
13 2 , 3 2 3 4 0  0 0  8 * 2 1 7 1 0 - 0 2  - 9 * 2 6 0 9 0 - 0 2  1 , 0 4 3 8 ) - 0 1  
1 4  2 , 5 4 1 7 0  O0 6042444 ) - -02  - - 7 * 2 4 0 5 0 - - 0 2  8 * 1 6 0 7 0 - 0 2  
15 2 , 7 6 0 4 D  O0 5 , 0 2 1 2 . D - - 0 2 - - 5 , 6 5 9 1 0 - - 0 2  b * 3 7 8 3 0 - - 0 2  
16 2 , 9 7 9 2 0  00 3 , 9 2 3 7 0 - 0 2  - 4 , 4 2 2 2 0 - 0 2  4 , 9 8 4 2 0 - 0 2  
1 7  3 , 1 9 8 2 0  0 0  3 , 0 ~ 5 7 0 - - 0 2  - 3 o 4 5 5 2 0 - - 0 2  3 , 8 9 4 3 D - 0 2  
18 3 , 4 1 7 2 D  O0 2 , 3 9 5 2 1 ) - - 0 2  - - 2 , 6 9 9 4 D - 0 2  3 * 0 4 2 5 0 - 0 2  
19 3 * 6 3 6 2 0  O0 1 , ~ 7 1 2 0 - - 0 2  - 2 * 1 0 8 9 D - 0 2  2 * 3 7 6 9 0 - 0 2  
2 0  3 * 8 5 5 3 D  0 0  1 , 4 6 1 8 0 - - 0 2  - - 1 , 6 4 7 5 0 - 0 2  1 0 8 5 6 9 D - - 0 2  
21  4 , 0 7 4 4 0  O0 1 , 1 4 2 0 0 - - 0 2 - - I , 2 8 7 0 0 - - 0 2  1 , 4 5 0 6 0 - - 0 2  
22  4 , 2 9 3 5 0  O0 8 . 9 2 1 1 0 - 0 3  - - i , 0 0 5 4 D - - 0 2  1 , 1 3 3 2 0 - 0 2  
23  4 , 5 1 2 6 0  O0 6 * 9 6 9 1 0 - 0 3  - 7 , 8 5 4 3 0 - 0 3  8 * 8 5 2 5 0 - 0 3  
2 4  4 , 7 3 1 7 1 )  O0 5 , 4 4 4 2 0 - - 0 3  - 6 , 1 3 5 7 1 ) - - 0 3  6 , 9 1 5 4 0 - 0 3  
25  4 * 9 5 0 8 D  O0 4 , 2 5 2 9 0 - 0 3  - 4 * 7 9 3 1 0 - 0 3  5 , 4 0 2 2 0 - 0 3  
26  5 * 1 6 9 9 0  O0 3 , 3 2 2 3 0 - 0 3  - 3 * 7 4 4 3 D - 0 3  4 * 2 2 0 2 D - 0 3  
2 7  S , 3 8 9 0 D  0 0  2 . 5 9 5 3 4 ) - - 0 3  - - 2 * 9 2 5 0 0 - - 0 3  3 * 2 9 8 7 0 - - 0 3  
2 8  5 , 6 0 8 1 0  00  2 , 0 2 ~ 4 0 - - 0 3  - - 2 * 2 8 5 0 0 - - 0 3  2 * 5 7 5 3 0 - 0 3  
2 9  5 0 8 2 7 2 D  O0 1058384) - -03  - 1 * 7 8 5 0 0 - 0 3  2 * 0 1 1 8 0 - 0 3  
30 6 , 0 4 6 3 0  0 0  1 , 2 3 7 2 0 - - 0 3  - 1 , 3 9 4 4 0 - - 0 3  1 * 5 7 1 6 D - 0 3  
31 6 , 2 6 5 4 0  O0 9 * 6 6 5 1 0 - - 0 4  - 1 , 0 8 9 3 0 - 0 3  1 * 2 2 7 7 0 - 0 3  
32  6 , 4 8 4 S D  O0 7055021 ) - -04  - - 8 * 5 0 9 2 D - - 0 4  9 * 5 9 0 6 0 - 0 4  
33  6 * 7 0 3 6 0  00  5 * 8 9 8 1 0 - - 0 4  - - 6 * 6 4 7 3 0 - - 0 4  7 * 4 9 2 0 D - 0 4  
3 4  6 * 9 2 2 7 0  O0 4 , 6 0 ? 5 0 - 0 4  - 5 * 1 9 2 7 0 - 0 4  5 * 8 5 2 7 D - 0 4  
3 5  7 0 1 4 1 8 D  00  3 0 5 9 9 3 0 - - 0 4  - - 4 0 0 $ 6 5 0 - 0 4  4 * 5 7 2 0 0 - - 0 4  
36  7 , 3 6 1 0 0  O0 2 , 8 1 1 7 0 - - 0 4  - 3 , 1 6 8 9 0 - 0 4  3 , 5 7 1 6 0 0 0 4  
37  7 , 5 8 0 1 0  O0 2 , 1 9 8 5 0 - - 0 4  - - 2 , 4 7 5 5 0 - 0 4  2 , 7 9 0 0 0 - 0 4  
3 8  7 , 7 9 9 2 0  O0 1 , 7 1 5 8 0 - 0 4  - - 1 , 9 3 3 8 0 - 0 4  2 0 1 7 9 5 D - 0 4  
39 8 0 0 1 8 3 D  O0 1 , 3 4 0 4 0 - - 0 4  0 1 , S 1 0 6 0 - - 0 4  1 , 7 0 2 6 0 - 0 4  
4 0  8 , 2 3 7 4 0  O0 1 , 0 4 7 1 0 - - 0 4  - I , 1 8 0 1 D - 0 4  1 0 3 3 0 1 0 - - 0 4  
41 8 , 4 5 6 5 D  O0 8 , 1 7 9 6 D - 0 5  - 9 , 2 1 8 6 0 - - 0 5  1 , 0 3 9 0 D - 0 4  
42  6 , 6 7 5 6 0  O0 6 , 3 8 9 8 0 - - 0 5  - - 7 , 2 0 1 5 0 - 0 5  8 , 1 ¢ 6 6 0 - 0 8  
43  8 , 8 9 4 7 ~  O0 4 , 9 9 1 6 0 - - 0 5  - 5 , 6 2 5 7 0 - 0 5  6 0 3 4 0 6 0 - 0 5  
44 9 . 1 1 3 8 D  OO 3 , 8 9 9 4 0 - - 0 5  - 4 , 3 9 4 7 0 - - 0 5  4 , 9 5 3 2 0 - 0 5  
45  9 , 3 3 2 9 0  O0 3 , 0 4 6 1 D - 0 5  - - 3 , 4 3 3 0 0 - - 0 5  3 , 8 6 9 3 0 - - 0 5  
4 6  9 . 5 5 2 0 0  O0 2 * 3 7 9 6 0 - 0 5  - - 2 0 6 8 | 8 0 - - 0 S  3 0 0 2 2 6 0 - 0 S  
47  9 * 7 7 1 | D  O0 I , 8 5 8 9 0 - 0 5  - - 2 * 0 9 5 0 D - - 0 5  2 * 3 6 ~ 2 0 0 0 5  
48  9 * 9 9 0 3 D  O0 ! , 4 5 2 1 0 - - 0 5  - - I , 6 3 6 6 0 - - 0 5  1 , 8 4 4 6 0 - 0 5  
4 9  1 * 0 2 0 9 D  O l  ! , 1 3 4 4 0 - - 0 5  - - 1 , 2 7 8 5 0 - - 0 8  1 * 4 4 0 9 0 - 0 5  
50  1 , 0 4 2 8 1 )  O l  8 , 8 6 1 ~ ) - - 0 6  - 9 , 9 8 7 3 D - 0 6  1 , 1 2 5 7 ) - 0 5  
51 I . 0 6 4 8 0  01 6 . 9 2 2 6 0 - 0 6  - - 7 . 7 9 9 6 D - - 0 6  8 0 7 7 0 3 0 - - 0 6  

MON AUG 0 7 *  1978  

[ 
0 , 0  
I o 5 1 0 2 0 - 0 1  
2 , 8 7 2 4 D - 0 1  
4 , 0 9 8 6 0 - 0 1  
5 , 1 8 3 3 0 - 0 1  
6 , 1 2 0 6 0 - 0 1  
6 * 9 0 5 5 0 - - 0 1  
7 . 5 4 8 6 0 - 0 1  
8 * 0 6 7 5 0 - 0 1  
8 . 4 8 1 7 0 - 0 1  
8 , 6 0 9 8 0 - 0 1  
9 * 0 8 8 0 0 - 0 1  
9 * 2 7 1 0 D - 0 1  
9 * 4 3 0 0 D - 0 1  
9 * 5 5 4 5 0 - 0 1  
9 * 6 5 1 9 0 - - 0 1  
9 * 7 2 8 0 0 - - 0 t  
9 . 7 8 7 5 0 - - 0 1  
9 * 8 3 4 0 D - 0 1  
9 . 8 7 0 4 D - 0 1  
9 * 8 9 8 7 0 - 0 1  
9 . 9 2 0 9 0 - 0 1  
9 * 9 3 8 2 0 " - 0 1  
9 * 9 5 1 8 0 - 0 1  
9 . 9 6 2 3 0 - 0 1  
9 * 9 7 0 6 D - 0 1  
9 * 9 7 7 0 0 - 0 1  
9 . 9 8 2 | 0 - 0 |  
9 . 9 8 6 0 0 - 0 1  
9 . 9 6 9 1 0 " - 0 1  
9 . 9 9 1 5 0 - 0 1  
9 . 9 9 3 4 0 - 0 1  
9 * 9 9 4 8 D - 0 1  
9 * 9 9 6 0 0 - 0 1  
9 * 9 9 6 9 0 - 0 1  
9 * 9 9 7 6 0 - 0 1  
9 * 9 9 8 1 0 - - 0 |  
9 . 9 9 8 5 0 - - 0 1  
9 * 9 9 8 9 D - - 0 1  
9 * 9 9 9 1 D - 0 1  
9 . 9 9 9 3 D - - 0 1  
9 . 9 9 9 5 0 - - 0 1  
9 * 9 9 9 6 0 - - 0 1  
9 , 9 9 9 7 0 - 0 1  
9 * 9 9 9 8 0 - - 0 1  
9 * 9 9 9 9 D - 0 1  
9 * 9 9 9 9 D - - 0 1  
9 * 9 9 9 ~ D - 0 1  
g*OOOOD O0 
I *OOOOD O0 
l *0OOOD 00 

H 
1 , 4 5 3 0 - 0 1  
1 0 5 5 2 0 - - 0 1  
1 , 6 7 5 D - 0 |  
i , 8 0 2 D - - 0 1  
1 , 9 2 0 0 - 0 1  
2 , 0 0 6 D - 0 1  
2 . 0 6 7 0 " - 0 1  
2 * l l O D - O I  
2 , 1 4 0 0 - 0 1  
2 , 1 5 9 1 ) - 0 i  
2 . 1 7 1 D - 0 1  
2 . 1 7 9 1 ) - - 0 1  
2 , 1 8 4 0 - - 0 1  
2 0 1 8 7 D - 0 1  
2 , | 8 8 0 - 0 1  
2 , 1 8 9 0 - 0 1  
2 . 1 9 0 0 - - 0 1  
2 , 1 9 0 0 ° 0 1  
2 . 1 9 1 0 - 0 1  
2 , 1 9 1 D 0 0 1  
2 , 1 9 1 0 - 0 1  
2 . 1 9 1 0 0 0 1  
2 0 1 9 1 D - ' - 0 1  
2 . 1 9 1 0 - 0 1  
2 . 1 9 1 0 " - 0 1  
2 . 1 9 1 1 ) - - 0 1  
2o1911) - -01  
2 , 1 9 1 0 0 0 1  
2 o | 9 1 0 - 0 1  
2 o 1 9 1 / ) - - 0 1  
2 * 1 9 | D - 0 1  
2 * 1 9 1 D - 0 1  
2 . 1 9 1 0 - 0 1  
2 . 1 9 1 0 - 0 1  
2 , 1 9 1 D - - 0 1  
2 . 1 9 1 0 - 0 1  
2 * 1 9 | D - 0 1  
2 0 1 9 | D " - 0 1  
2 * 1 9 1 0 ' - 0 1  
2 . 1 9 1 D - 0 1  
2 . 1 0 1 0 - - 0 1  
2 . i g l D ' - O l  
2 * 1 9 1 0 0 0 1  
2 , 1 9 1 D - - 0 1  
2 . 1 9 1 0 - * 0 1  
2 . 1 9 1 0 ' - - 0 1  
2 . | 9 1 0 - - 0 1  
2 . 1 9 1 0 " - 0 1  
2 0 1 9 1 0 0 0 1  
2 , 1 9 1 0 - - 0 |  

S 
1 . 0 7 3  O0 
1 . 0 8 D  O0 
1 . 0 8 D  O0 
I . O ? D  O0 
1 . 0 4 0  O0 
1 . 0 3 0  O0 
1 . 0 2 D  O0 
I * O I D  O0 
1 0 0 1 0  O0 
1 0 0 1 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 , 0 0 D  O0 
1 . 0 0 0  O0 
1 . 0 0 2  O0 
loOOD O0 
1 . 0 0 0  O0 
1 . 0 0 )  O0 
I . O O D  O0 
1 . 0 0 0  O0 
1 . 0 0 D  O0 
I * O O D  O0 
1 , 0 0 0  00  
1 ,ODD O0 
1 . 0 0 0  O0 
1 . 0 0 D  00 
| . O O D  O0 
I . O O D  O0 
1.ODD O0 
i . O O D  O0 
! * 0 0 D  O0 
l * O O D  O0 
I * O O D  O0 
1 . 0 0 0  09 
I * O O D  O0 
1 0 0 0 0  O0 
1 . 0 0 0  O0 
l * O O D  O0 
I . O O D  O0 
1 . 0 0 0  OO 
1 . 0 0 0  OO 
I * O O D  O0 
I . O O D  DO 
I * O O D  OO 
1 . 0 0 D  O0 
| . O D D  O0 
1 * 0 0 0  O0 
I * O O D  00 

lO0 



DC TODD COPS 
EXAMR_E 4 

K = 1 , 0 0 0 0 0  

A R 0 0 0 3 4 6  1 3 : ~ 5  
CHEMICAL D I S P E R S I O N  

NON AUG OTw 1 9 7 8  

NDIM JCASE N NT JOUT LPRNT LNORN 
250 1 51 30 20  1 1 

I1  TOL RSC 
0 , 0  5=OOOOD-04  1 ° 0 0 0 0 0 - - 0 2  

A B C 
1 . 0 0 0 0 D  O0 - l ° O 0 0 0 D  O0 0 . 0  
0 . 0  l o O 0 0 0 D  O0 0 . 0  

UNIFORId SPACING COMPUTED 

SOLUTION GUESSED 

UPDATE I 51 
NEW SPACING COMPUTED 
UPDATE 2 51 
NEW SPACING COMPUTED 
UPDATE 3 5 I  

CONVERGED SOLUTION 

CHE<DE 39 1 e 9 5 0 - - 1 2  9 ° 0  

CHEKBM 0 0 0 0 

D 
I . O 0 0 0 D  O0 
0 . 0  

1 51 1o23D O0 

7 51 4 e O 4 D - 0 2  

13 51 1 . 3 9 0 - 0 5  

5 o 7 2 D - 1 5  2 , 2 6 0 - - 1 5  

5 * 0 7 D - 0 8  1 . 2 8 0 - 0 6  7 . 2 5 0 - - 0 7  

SOLUTION WRITTEN ON U N I T  20  

4 . 2 3 D - 0 1  3 , 3 3 D  OD 

1 * 2 8 D - 0 2  l e 4 S D - 0 2  

4 o 3 9 D - 0 6  4 . 7 3 D - 0 6  

OoO 

A E D C - T R - 7 8 - 5 9  

lOl 



A E D C - T R - 7 8 - 5 9  

DC TODD COPS 
EXAMPLE 4 

1 
2 
3 
4 
5 
6 
? 

8 
9 

10 
i l  
12 
13 
14 
15 
16 
17 
18 
19 
20  
21 
22  
23  
24  
25  
-)6 
27  
28  
29  
30 
31 
32  
33 
34 
35  
36 

38  
39  
40  
41 
42  
43  
44  

4 5  
46  

" 4 7  
48  
4 9  
50  
51 

X 
0 . 0  
1 . 9 1 9 4 D - 0 2  
3 , 8 4 3 1 D - 0 2  
5 , 7 7 0 9 0 - 0 2  
7 * 7 0 2 9 9 - 0 2  
9 * 0 3 8 9 0 - 0 2  
! . 1 5 7 9 0 - 0 1  
1 * 3 " ~ 2 3 3 - 0  I 
1 . 5 4 7 1 0 - 0 1  
1 * 7 4 2 2 0 - 0  I 
I * 9 3 7 1 1 0 - 0  ] 
2 ° 1 3 3 7 0 - 0 1  
2 , 3 3 0 0 0 - 0 1  
2 , 5 2 6 6 0 - - 0 1  
2 , 7  2 3 6 0 - 0 1  
2 , 9 2 1 0 0 - 0 1  
3 , 1 1 8 7 0 - 0 1  
3 . 3 1 6 8 0 - 0 1  
3 * 5 1 5 1 D - 0 1  
3 . 7 1 3 9 D - 0  I 
3 , 9 1 2 9 0 - 0 1  
4 , 1 1 2 2 0 - 0 1  
4 * 3 1 1 9 D - 0  I 
4 . S 1 1 9 D - 0 1  
4 . 7 1 2 2 D - 0 1  
4 . 9 1 2 7 D - 0 1  
5 . 1 1 3 6 D - 0  I 
5 . 3 1 4 8 D - 0  ! 
5 . 5 1 6 2 D - 0  i 
5 , 7 1 7 9 0 - 0 1  
5 . 9 1 9 8 0 - 0 1  
6 , 1 2 2 0 0 - 0 1  
6 . 3 2 4 5 0 - 0 1  
6 . 5 2 7 2 D - - 0  I 
6 . 7 3 0 1 D - 0 1  
6 . 9 3 3 3 D - 0 2  
?* 1 3 6 6 D - - 0 1  
7 * 3 4 0 2 D - 0 1  
7 * S 440D-CI 1 
7 . 7 4 7 9 D - 0 1  
7 . 9 5 2 1 0 - 0  I 
8 , 1  5640 - -01  
8 * 3 6 0 8 0 - 0  I 
8 . 5 6 5 4 D - 0  I 
8 * 7 7 0 1 D - 0 1  
8 * 9 7 4 9 0 - 0  ! 
9 . 1 7 9 8 0 - 0 1  
9 , 3 8 4 8 D - 0  1 
9 ° 5 8 9 8 0 - - 0 1  
9 , 7 9 4 9 0 - 0 1  
i *O000D 00 

Y 
6 . 2 0 0 4 0 - - 0 1  
6 . 1 2 8  ID--O 1 
6 . 0 5 7 0 0 - - 0 1  
5 * 9 8 7 0 0 - - 0 1  
5 . 9 1 8 1 0 - - C 1  
5 * 8 5 0 3 0 - 0  i 
S . 7 8 3 8 0 - - 0 1  
5 . 7 1 8 3 0 - - 0 1  
5 , 6 5 4  ID--OI  
5 . 5 9 1 0 0 - 0 1  
5 , 5 2 9 1 0 - - 0 1  
5 * ~ 6 8 4 0 - - 0 1  
5 . 4 0 9 0 D - - 0 1  
b . 3 5 0 ? D - - 0 1  
5 * 2 9 3 6 0 - 0 1  
5 . 2 3 7 8 0 - 0 1  
5 . 1 8 3 2 0 - 0 1  
5 . 1 2 9 8 O - 0  1 
5 , 0 7 7 8 0 - 0 1  
5 * 0 2 7 0 0 - 0 1  
4 .c3774D--01  
4 * 9 2 9 2 D - 0 1  
4 . 8 8 2 3 0 - - 0 1  
4 . 8 " ~ 6 7 0 - - 0  1 
4 . 7 9 2 5 0 - 0 1  
4 . 7 4 9 6 D - - 0 1  
4 . 7 0 8  I D - O l  
4 . 6 6 8 0 D - - 0 1  
4 * 0 2 9 3 0 - - 0 1  
4 * 5 9 2  ID--O 1 
4 * 5 5 6 3 D - - 0 1  
4 * 5 2 1 9 D - - 0 1  
4 , 4 8 9 1 0 - - 0 1  
4 * 4 5 7 7 0 - 0 1  
4 * 4 2 7 9 0 - - 0 1  
4 * 3 9 ~ ' ? D - - 0 1  
4 . 3 7 3  ID--01 
4 . 3 4 8  ID- -01  
4 . 3 2 4  TD--C 1 
4 * 3 0 3 0 D - 0 1  
4 * 2 8 3 0 0 - 0 1  
4 ° 264  71.~,--0 I 
4 . 2 4 8  20--01 
'~ . 2 3 3 5 C - 0  ! 
4 . 2 2 0 7 0 - - 0 1  
4 . 2 0 9 7 1 ) - - 0 1  
4 * 2 0 0 6 D - - 0 1  
4 .  1935D- -01  
4 * 1 8 8 3 D - - 0 1  
4 . 1 8 5 2 0 - - 0 1  
4 * 1 8 4 1 D - 0 1  

A R 0 0 0 3 4 6  
CHEMICAL 

YP 
- - 3 . 7 9 9 ~ 0 - 0 1  
- 3 * 7 3 2 6 D - 0 1  
- 3 * 6 6 5 6 0 - - 0 i  
- 3 * 5 9 8 8 D - - 0 1  
- 3 . 5 3 2 0 D - 0 1  
- 3 o 4 6 5 2 D - - 0 !  
- 3 , 3 9 8 5 0 - - 0 1  
- 3 . 3 3 1 8 3 - 0 1  
- - 3 , 2 6 5 0 0 - - 0 1  
- 3 . 1 9 8 2 0 - - 0 1  
- 3 . 1 3 1 4 0 - - 0 1  
- - 3 . 0 6 4 4 3 - - 0 1  
- 2 , 9 9 7 4 0 - 0 1  
- 2 . 9 3 0 2 3 - - 0 1  
- 2 . 8 6 2 8 3 - 0 !  
- 2 . 7 9 5 2 0 - 0 1  
- 2 . 7 2 7 4 0 - 0 I  
- 2 . 6 5 9 4 0 - - 0 1  
- 2 * 5 9 1 0 0 - 0 1  
- 2 , 5 2 2 4 ) - 0 1  
- - 2 . 4 5 3 4 0 - - 0 1  
- 2 * 3 8 4 0 D - 0 1  
- - 2 . 3 1 4 2 0 - - 0 1  
- - 2 . 2 4 3 9 0 - - 0 l  
- 2 , 1 7 3 2 0 - 0 1  
- - 2 . 1 0 1 9 0 - - 0 1  
- 2 , 0 3 0 0 0 - 0 1  
- 1 . 9 5 7 5 0 - 0 1  
- 1 * 8 8 4 4 0 - 0 1  
- 1 * 8 1 0 5 0 - 0 1  
- - I , Y 3 5 9 0 - 0 1  
- 1 . 6 6 0 5 J - 0 1  
- - I . 5 8 4 2 ~ - 0 1  
- 1 * 5 0 7 1 D - 0 1  
- - 1 . 4 2 9 0 0 - 0 1  
- - 1 . 3 4 9 9 ) - 0 1  
- - 1 . 2 6 9 7 0 - - 0 1  
- - 1 . 1 8 8 4 0 - 0 1  
- I  * 1 0 5 9 0 - 0  ! 
-- I * 0 2 2 2 3 - 0  I 
- - 9 . 3 7 1 4 0 - 0 2  
- 8 , 5 0 7 5 3 - C  2 
- 7 , 6 2 9 2 0 - 0 2  
- 6 . 7 3 5 8 0 - 0 2  
- 5 , 8 2 6 ? 0 - 0 2  
- 4 . 9 0 1 1 0 - 0 2  
- 3  * 9 5 8 3 0 -  02 
- 2 . 9 9 7 6 D - 0 2  
- - 2 * 0 1 8 2 0 - 0 2  
- - 1 * 0 1 9 3 D - 0 2  

2 * 2 6 1 2 0 - - 1 5  

1 3 : 4 5  
D I S P E R S I O N  

YPP 
3 . 4 9 8 4 0 - 0 1  
3 . 4 8 5 3 ) - 0 1  
3 , 4 7 3 2 D - 0 1  
3 * 4 6 2 2 0 - 0 1  
3 * 4 5 2 3 0 - 0 1  
3 . 4 4 3 5 0 - 0 1  
3 o 4 3 5 9 3 - 0 1  
3 * 4 2 9 5 0 - 0 1  
3 , ~ 2 4 4 0 - 0 1  
3 . 4 2 0 5 3 - 0 1  
3 . 4 1 7 9 0 - 0 1  
3 . 4 1 6 7 0 - 0 1  
3 * 4 1 6 9 0 - 0 1  
3 . 4 1 8 5 0 - 0 1  
3 * 4 2 1 6 0 - 0 1  
3 , 4 2 6 1 0 - 0 1  
3 . 4 3 2 3 0 - 0 1  
3 . 4 4 0 0 0 - 0 1  
3 . 4 4 9 4 D - 0 1  
3 * 4 6 0 5 0 - 0 1  
3 , 4 7 3 4 0 - 0 1  
3 * 4 8 8 1 0 - 0 1  
3 * 5 0 4 6 D - 0 1  
3 * 5 2 3 1 0 - 0 1  
3 , 5 4 3 5 0 - 0 1  
3 . 5 6 6 0 0 - 0 1  
3 . 5 9 0 5 0 - 0 1  
3 * 6 1 7 3 D - 0 1  
3 , 6 4 6 3 0 - 0 1  
3 * 6 7 7 6 0 - - 0 1  
3 * 7 1 1 2 0 - 0 1  
3 * 7 4 7 4 0 - 0 1  
3 , 7 8 6 0 0 - - 0 1  
3 . 8 2 7 3 0 - 0 1  
3 * 8 7 1 3 D - 0 1  
3 * 9 1 8 0 0 - 0 1  
3 * 9 6 7 6 0 - 0 1  
4 * 0 2 0 2 0 - 0 1  
4 * G 7 5 9 0 - 0 1  
4 , 1 3 4 7 D - 0 1  
4 * 1 9 6 7 D - 0 1  
4 . 2 6 2 1 0 - 2 1  
4 * 3 3 1 0 0 - 0 1  
4 . 4 0 3 4 ~ - - 0 1  
4 * 4 7 9 5 0 - 0 1  
4 * 5 5 9 4 0 - 0 1  
4 , 6 4 3 2 0 - 0 1  
4 . 7 3 1 1 0 - 0 1  
4 , 8 2 3 1 0 - - 0 1  
4 * 9 1 9 4 D - 0 1  
5 . 0 2 0 1 D - 0 1  

NON AUG 0 7 *  1978  

! 
0 . 0  
1 * 1 8 3 2 D - - 0 2  
2 . 3 5 5 2 0 - 0 2  
3 . 5 1 6 1 D - - 0 2  
4 . 6 6 6 0 0 - 0 2  
5 . 8 0 5 2 D - - 0 2  
6 * 9 3 3 7 0 - 0 2  
8 . 0 5 1 6 0 - 0 2  
9 , 1 5 9 2 D - 0 2  
1 . 0 2 5 7 3 - - 0 1  
| . 1 3 4 4 0 - - 0 1  
1 * 2 4 2 1 0 - 0 1  
1 . 3 4 8 9 0 - 0 1  
1 , 4 5 4 6 0 - - 0 1  
1 . 5 5 9 5 0 - - 0 1  
1 * 6 6 3 4 D - 0 1  
1 * 7 0 0 4 D - - 0 1  
1 , 8 6 8 6 0 - 0 1  
1 * 9 6 9 8 D - 0 1  
2 * 0 7 0 2 0 - 0 1  
2 * 1 6 9 8 0 - - 0 1  
2 * 2 6 0 5 D - 0 1  
2 . 3 6 6 5 0 - - 0 1  
2 . 4 6 3 6 0 - 0 1  
2 , 5 0 0 1 0 - - 0 1  
2 . 6 5 5 7 0 - - 0 1  
2 * ? S O ? D - - O I  
2 * 8 4 5 0 D - 0 1  
2 . 9 3 8 7 ) - 0 1  
3 * 0 3 1 6 D - 0 1  
3 . 1 2 4 0 D - 0 1  
3 . 2 1 5 8 3 - 0 1  
3 * 3 0 7 0 D - - 0 1  
3 , 3 9 7 7 0 - 0 1  
3 . 4 8 7 9 3 - - 0 1  
3 ~ 5 ? 7 5 0 - - 0 |  
3 . 6 6 6 7 3 - 0 1  
3 , 7 5 5 5 0 - 0 1  
3 . 8 4 3 8 D - - 0 1  
3 . 9 3 1 8 0 - 0 1  
4 . 0 1 9 5 3 - - 0 1  
4 * 1 0 6 8 ~ - - 0 1  
4 * 1 9 3 8 D - 0 1  
4 . 2 8 0 5 3 - - 0 1  
4 * 3 6 7 1 D - 0 1  
4 , 4 5 3 4 0 - 0 1  
4 . 5 3 9 5 3 - 0 1  
4 * 6 2 5 6 0 - 0 1  
4 , 7 1 1 5 ) - - 0 1  
4 * 7 9 7 4 0 - - 0 1  
4 * 8 8 3 2 D - 0 1  

H 
1 * ~ 1 9 0 - 0 2  
1 . 9 2 4 0 - 0 2  
1 . 9 2 8 0 - 0 2  
1 . g 3 2 0 - 0 2  
i * 9 3 0 0 - 0 2  
1 * 9 4 0 D - 0 2  
1 . 9 4 4 0 - 0 2  
1 * 9 4 8 0 - 0 2  
1 * 9 5 2 0 - 0 2  
1.~551D--02 
1 . 9 5 9 0 - 0 2  
1 . 9 6 3 0 - - 0 2  
1 . 9 6 7 0 - 0 2  
1 . 9 7 0 0 - 0 2  
1 , 9 7 4 0 - 0 Z  
1 . 9 7 7 0 - 0 2  
1 . 9 8 0 0 - 0 2  
i . 9 8 4 0 - 0 2  
1 . 9 8 7 0 - 0 2  
1 . 9 9 0 0 - 0 2  
1 4 9 9 4 0 - 0 2  
1 . 9 9 7 D - 0 2  
2 . 0 0 0 D - - 0 2  
2 . 0 0 3 0 - 0 2  
2 . 0 0 6 0 - 0 2  
2 * 0 0 9 0 - 0 2  
2 . 0 1 1 0 - 0 2  
2 . 0 1 4 0 - 0 2  
2 . 0 1 7 0 - 0 2  
2 e 0 2 0 D - 0 2  
2 * 0 2 2 0 - 0 2  
2 . 0 2 5 0 - 0 2  
2 . 0 2 7 0 - 0 2  
2 . 0 2 9 0 - 0 2  
2 . 0 3 2 0 - 0 2  
2 . 0 3 4 0 - 0 2  
2 ° 0 3 6 0 - 0 2  
2 . 0 3 8 0 - 0 2  
2 * 0 4 0 0 - 0 2  
2 * 0 4 1 D - 0 2  
2 4 0 4 3 0 " - 0 2  
2 * 0 4 4 0 - 0 2  
2 * 0 4 6 0 - 0 2  
2 * 0 4 7 0 - - 0 2  
2 * 0 4 8 0 - - 0 2  
2 * 0 4 9 0 - 0 2  
2 * 0 5 0 0 - 0 2  
2 * 0 5 0 0 - 0 2  
2 . 0 5 1 0 - 0 2  
2 . 0 5 1 0 - 0 2  

S 
1 . 0 0 )  O0 
I * O O D  O0 
! . 0 0 0  00 
1 . 0 0 D  O0 
I . O O D  O0 
1 . 0 0 0  O0 
! * 0 0 0  O0 
! . 0 0 0  00 
I * O O D  O0 
1 , 0 0 3  O0 
1 . 0 0 3  00 
1 . 0 0 0  00 
I . O O D  00 
1.OOD 00 
1 * 0 0 0  O0 
1 . 0 0 3  0 0  
I . O O D  00 
I * O O D  O0 
1 , 0 0 3  0 0  
1 * 0 0 0  0 0  
1 . 0 0 3  0 0  
1 . 0 0 3  O0 
! * 0 0 0  0 0  
I *OOD O0 
I * O O D  O0 
! . 0 0 ~  O0 
! . 0 0 3  O0 
l * O O D  0 0  
1 . 0 0 3  O0 
1 * 0 0 0  00 
l * O O D  O0 
1 4 0 0 0  O0 
1 , 0 0 3  O0 
1 , 0 0 0  00 
I*OOD 0 0  
I * 0 0 ~  O0 
1 * 0 0 D  00 
1 * 0 0 0  O0 
1 . 0 0 0  O0 
1 4 0 0 0  O0 
1 * 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  0 0  
1 . 0 0 3  O0 
1 . 0 0 3  0 0  
1 . 0 0 0  0 0  
1 . 0 0 3  O0 
1 . 0 0 0  0 0  
1 4 0 0 0  0 0  
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A E D C - T R - 7 8 - 5 9  

DC 1ODD COPS 
EXAMPL E 4 

K = 0 . 1 0 0 0 0  

ND|M JCASE N 
250 2 51 

11 TOL RSC 
0 , 0  5 . 0 0 0 0 D - 0 4  1 . 0 0 0 0 0 - - 0 2  

A B C 
1 . 0 0 0 0 ~  O0 - 1 , 0 0 0 0 0 - 0 1  0 , 0  
OeO I , O 0 0 0 D  00 OeO 

UN|FORN SPAC|NG COMPUTED 

SOLUTION GUESSED 

UPOATE 1 15 
NEW SPAC|NG QDMPUTED 
UPDATE 2 SO 

CONVERGED SOLUTION 

CHIE(. DE 32  3e 7 3 D - 0 8  OeO 

CHEK BM 0 0 0 0 

SOLUT|ON WRITTEN ON U N | T  20  

A R 0 0 0 3 4 6  | 3 : 4 5  NON AUG 07e 1 9 7 8  
CHEN|CAL  D | S P E R S [ O N  

NT JOUT LPRNT LNORM 
30  2 0  I 1 

D 
I e O 0 0 0 0  00  
0 , 0  

1 S I  1 . 3 4 0 - 0 1  3 , 7 4 D - 0 !  8 e 3 ? D - 0 2  

11 51 2 e ? l O - - 0 4  3e 75D--04  2 ,  OOD-04 

3 , 6 1 0 - - 1 6  l e lB30--16 

4 e ?OD-- 08 6 e 3 4 D - O T  4 . 4 8 D - 0 5  OeO 
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A E  D C - T R - 7 8 - 5 9  

DC tODD COPS 
EXAMPLE 4 

I 
2 
3 
4 

5 
b 
7 
8 
9 

10 
I I  
12 
13 
14 
t 5  
10 
17 
18 
19 
20 
21 
22  
23  
24  
2 5  
20  
2 7  
28  
29  
30  
31 
32  
33  
34  
3 5  
3 (  
3 7  
38  
39  
40 
41 
42  
43  
44  
45  
40  
4 7  
4 8  
4 9  
50  
51 

X 
O*O 
! . ? 0 0 6 D - 0 2  
3 . 4 1 3 9 D - 0 2  
5 . 1 4 0 0 D - 0 2  
6 08 785D- -02  
8 , 6 3 0 4 ~ - 0 2  
I *O 395D- 0 
1 . 2 1 7 2 D - 0  
1 . 3 9 6 3 D - 0  
! . 5 7 6 8 D - 0  
1 . 7 5 8 5 D - - 0  
1.9415D--0 
2 . 1 2 5 8 D - 0  
2 . 3 1 1 3 D - e  
2 . 1 9 8  I O - O I  
2 . 6 8 6  I O - O  1 
2 . 8 7 5 3 D - 0 1  
3 o 0 6 5 8 D - 0 1  
3 . 2 5 7 5 0 - 0 |  
3 . 4 5 0 4 ~ - - 0 1  
3 * 6 4 4 4 D - 0 1  
3 . 8 3 9 7 D - 0 1  
4 . 0 3 0 1 0 - 0 1  
4 , 2 3 3 7 D - 0 1  
4 * 4 3 2 3 D - 0 1  
4 . 6 3 2 1 3 - - 0 1  
4 . 8 3 3 0 0 - 0 1  
5 * 0 3 5 0 D - 0 1  
5 * 2 3 8 1 D - 0  ! 
5 . 4 4 2 2 0 - 0 1  
5 . 6  4 7 3 D - 0 1  
5 , 8 5 3 5 D - - 0 1  
b * 0 0 0 7 D - - O  1 
0 * 2 6 8 9 D - 0 1  
6 . 4 7 8 1 0 - 0 |  
6 0 ~ 8 8 3 D - - 0 1  
6 , 8 9 9 0 D - 0 1  
7 , 1 1 1 9 D - - 0 1  
7 . 3 2 5 3 0 - 0 1  
7 * 5 3 9 8 D - 0 1  
7 * 7 5 5 4 D - 0 1  
7 . 9 7 2 3 3 - 0 1  
8 . 1 9 0 5 D - 0 1  
8 . 4 1 0 1 D - 0 1  
8 . 6 3 1 5 0 - 0 1  
8 . 8 5 4 6 0 - 0 1  
9 . 0 7 9 6 D - - 0 1  
9 . 3 0 6 7 0 - - 0 1  
9 * 5 3 6 0 0 - - 0 1  
9 . 7 6 7 3 D - 0 1  
1 0 3 0 0 0 D  O0 

Y 
9 . 0 5 4  I D - 0 1  
8 . 8 9 4 5 D - O  1 
8 . 7 3 0 4 0 - 0 |  
8 . 5 7 9 8 0 - 0 1  
8 . 4 2 4  7D-O I 
8 . 2 7 1 1 0 - 0 1  
5 * 1 1 9 0 0 - 0 1  
7 . 9 0 8 5 0 - 0 1  
7 . 8 1 9 5 0 - 0 1  
7 0 0 7 1 9 D - - 0 1  
7 . 5 2 6 0 D - - 0 1  
7 ° 3 8 1 7 D - - 0 1  
7 * 2 3 9 0 D - - 0 1  
7.09800--01 
6 .9587D-01  
0 .821  ID-O I 
6 . 6 8 5  2D--O 1 
6.55100--01 
6 . 4 1 8 5 0 - 0 1  
0 . 2 8 7 8 0 - - C 1  
6 . 1 5 8 8 0 - - 0 1  
0 . 0 3 1 6 0 - - 0 1  
5o90020--01 
5 * 7 8 2 6 D - 0 1  
5 . 6 6 0 8 D - 0 1  
5 .54C9D-01 
5 * 4 2 2 8 0 - 0 1  
5 . 3 0 6 5 0 - - 0 1  
5.19~10--01 
5 * 0 7 9 0 D - - 0 1  
4 . 9 6 5 0 0 - - 0 1  
4 . 8 6 0 3 D - - 0 1  
4 o 7 5 3 8 0 - - 0 1  
4 . 0 4 8 9 0 - 0 1  
4 0 5 4 0 2 D - - 0 1  
4 * 4 4 5 6 0 - - 0 1  
4 , 3 4 7 2 D - 0 1  
4 . 2 5 1 1 D - 0 1  
4 . 1 5 7 3 D - 0 1  
4 . 0 0 6 2 0 - - 0 1  
3 . 9 7 7 8 0 - 0 1  
3 . 8 9 2 0 0 - - 0 1  
3 . 8 1 0 8 0 - 0 1  
3 . 7 3 3 0 0 - - 0 |  
3 .65990--01 
3 . 5 9 2 4 0 - - 0 1  
3 . 5 3 1 ( = 0 - - 0 1  
3 . 4 7 9 3 D - - 0 1  
3 0 4 3 7 8 D - - 0 1  
3 . 4 0 9 ~ ) - - 0 1  
3 . 3 9 9 5 D - - 0 1  

A R 0 0 0 3 4 6  
CHEMICAL 

YP 
- 9 . 4 5 9 3 0 - 0 1  
- 9 . 3 0 ~ ,  2D-O  1 
- 0 . 1 5 0 0 0 - 0 1  
- 8 . 9 9 7 0 D - 0 1  
- 5 . 8 4 5 0 D - 0 1  
- 8 . 0 9 4 2 0 - 0 1  
- - 8 , 5444~ ) - - 01  
- 8 .  3959D- -0  ! 
- -8 *  2 4 8 5 D - 0  I 
--8 * 1 0 2 2 D -  01 
- - 7 . 9 5 7 1 D - 0 1  
- 7 = 8 1 3 3 D - 0 1  
- - 7 . 6 7 0 8 D - 0 1  
- 7 o 5 2 9 0 0 - 0 1  
- 7 . 3 8 9 8 0 - 0 1  
- 7 . 2 5 1 3 0 - 0 1  
- - 7 0 1 1 4 1 0 - 0 1  
- 6 * 9 7 5 4 D - - 0 1  
--6.84400--01 
--6.7110,)--01 
--6.  5794D-01 
- -6o44 .920 - -01  
- 0 . 3 2 0 3 D - 0 1  
- 0 .  ! 9 2 8 0 - 0 1  
--6 * 0 0 6 6 D - 0 1  
- -5 .9410D-01  
- - 5 . 8 1 7 8 0 - 0 1  
- 5 . 6 9 5 0 E ) - 0  I 
- 5  ° 5 7 3 2 D - O  I 
- - 5 . 4 5 2 1 0 - - 0 1  
- 5 . 3 . 3 1 5 0 - 0 1  
- 5 * 2 1 1 0 D - 0 |  
- - 5 * 0 9 0 4 D - 0  I 
--4.. 9 6 9  I D - O  1 
- - 4 , 8 4 0 5 0 - 0 1  
- - 4 . 7 2 1 7 0 - - 0 1  
- 4 . 5 9 3 7 0 - 0 1  
- -4 .4612D-Of  
-4 .32240 - -01  
- 4 . ! 7 5 1 D - - 0 1  
- 4 . 0 1 6 3 3 - - 0 1  
- 3 . 8 4 2 5 D - 0 1  
- 3 . 6 4 8 7 D - 0 1  
- - 3 . 4 2 8 0 D - 0 1  
- -30173813--01 
- 2 . 8 7 3 6 D - 0 1  
- - 2 . 5 1 3 7 0 - 0 1  
- 2  *0 7 5 2 0 - 0 1  
- - I  . 5 3 3 3 0 - 0 1  
- 8 0 5 6 0 5 0 - - 0 2  
- - I  . 8 3 0 1 D - - 1 6  

1 3 : 4 5  
D I S P E R S I O N  

YPP 
9 . 1 8 6 6 0 - 0 1  
9 . 0 5 8 7 D - 0 !  
8 . 9 3 0 9 D - 0 1  
8 . 8 0 3 3 D - 0 1  
8 * 6 T 6 0 D - O I  
8 * 5 4 8 9 D - O |  
8 . 4 2 2 2 D - 0 1  
8 . 2 9 5 8 0 - - 0 1  
8 . 1 6 9 9 0 - 0 1  
8 . 0 4 4 4 D - 0 1  
7 . 9 1 9 5 0 - 0 1  
7 . 7 9 5 2 D - 0 1  
7 . 6 7 1 7 D - 0 1  
7 . 5 4 9 0 0 - 0 1  
7 . 4 2 7 2 D - 0 1  
7 . 3 0 6 5 D - 0 1  
7 . 1 8 6 9 0 - 0 1  
7 . 0 6 8 8 3 - 0 1  
~ * 9 5 2 1 3 - 0 1  
6 . 8 3 7 3 3 - 0 1  
6 . 7 2 4 6 D - 0 1  
O . O I 4 3 D - O I  
O * 5 0 ? O D - O I  
6 . 4 0 3 0 D - 0 1  
6 . 3 0 3 2 D - - 0 1  
6 . 2 0 8 4 D - - 0 1  
6 . 1 | 9 6 D - - 0 1  
6 . 0 3 8 2 / ) - 0 1  
5 . 9 6 5 8 0 - - 0 1  
5 . 9 0 4 6 0 - - 0 1  
5 . 8 5 7 4 3 - - 0 1  
5 . 8 2 7 4 0 - - 0 1  
5 . 8 1 9 1 D - - 0 1  
5 . 8 3 7 9 0 " 0 1  
5 * 8 9 1 0 D - 0 1  
5 . 9 8 7 4 D - - 0 1  
6 . 1 3 8 5 0 - 0 1  
0 . 3 5 9 2 D - 0 1  
0 . 0 6 8 5 D - 0 1  
7 . 0 9 0 7 0 - - 0 1  
7 . 0 5 7 4 3 - - 0 1  
8 . 4 0 9 4 0 - - 0 1  
9 . 3 9 9 8 D - 0 1  
I * 0 6 9 8 D  O0 
1 , 2 3 9 5 0  O0 
! . 4 6 1 1 D  OO 
1 0 7 5 0 2 D  DO 
2 . 1 2 7 7 D  O0 
2 . 6 2 1 1 D  O0 
3 . 2 6 5 7 D  O0 
4 0 1 0 9 7 0  OO 

MON AUG 0 7 ,  | 9 7 5  

I 
O°O 
! , 5 2 6 2 D - 0 2  
3 . 0 3 6 5 D - 0 2  
4 . 5 3 0 9 0 - 0 2  
6 . 0 0 9 2 D - 0 2  
7 . 4 7 1 4 D - - 0 2  
5 * 9 1 7 4 0 - - 0 2  
! . 0 3 4 7 D - - 0 1  
1 . 1 7 6 1 D - 0 !  
1 . 3 1 5 8 D - - 0 1  
1 . 4 5 3 9 D - - 0 1  
1 . 5 9 0 3 D - 0 1  
1 * 7 2 5 0 D - - 0 1  
1 * 8 5 8 0 0 - - 0 1  
1 * 9 8 9 3 D - - 0 |  
2 . 1 ~ 8 8 D - 0 1  
2 * 2 4 8 0 D - - 0 1  
2 . 3 7 2 7 D - 0 1  
2 . 4 9 7 0 D - - 0 1  
2 . 6 1 9 5 D - - 0 1  
2 . 7 4 0 3 0 - 0 1  
2 * 8 5 9 3 D - 0 1  
2 . 9 7 6 5 D - 0 1  
3 . 0 9 2 0 0 - 0 1  
3 * 2 0 5 7 0 - 0 [  
3 * 3 1 7 6 0 - 0 !  
3 . 4 2 7 7 0 - - 0 1  
3 * 5 3 6 0 D - 0 1  
3 . 6 4 2 6 0 - 0 1  
3 * 7 4 7 4 D - 0 1  
3 , 8 5 0 5 0 - 0 1  
3 , 9 5 1 8 D - 0 1  
4 . 0 5 1 4 3 - - 0 1  
4 . 1 4 9 3 3 - - 0 1  
4 . 2 4 5 5 D - - 0 1  
4 e 3 4 0 0 D - - O I  
4 . 4 3 2 9 D - - 0 1  
4 . 5 2 4 | D - - 0 1  
4 . 6 1 3 8 0 - 0 1  
4 . 7 0 2 0 D - 0 1  
4 * 7 8 8 7 D - - 0 1  
4 . 8 7 4 1 D - 0 1  
4 . 9 5 8 | D - 0 1  
5 * 0 4 1 0 D - - 0 1  
5 . 1 2 2 8 0 - 0 1  
5 . 2 0 3 7 D - 0 1  
5 . 2 8 3 8 D - - 0 1  
5 * 3 6 3 4 D - - 0 1  
5 . 4 4 2 f T D - O I  
5 e 5 2 1 8 0 - - 0 1  
5 . 6 0 1 0 0 - - 0 1  

H 
1 . 7 0 1 D - ~ 2  
! . T 1 3 D - 0 2  
1 . 7 2 6 0 - ' 0 2  
1 . 7 3 9 0 - - 0 2  
1 . 7 5 2 0 - 0 2  
1 . 7 6 5 D - 0 2  
| . 7 7 7 D - - 0 2  
1 . 7 9 1 0 - 0 2  
| . 8 0 5 D - 0 2  
1 . 8 1 7 D - 0 2  
1 * 8 3 0 D - - 0 2  
1 . 8 4 3 0 - 0 2  
1 . 5 5 5 D - - 0 2  
! . 8 6 8 0 - - 0 2  
1 . 8 8 0 0 - 0 2  
1 * 9 9 2 0 - - 0 2  
! . 9 0 5 0 - - 0 2  
1 . 9 | 7 D - 0 2  
1 . 9 2 9 0 - - 0 2  
! . 9 4 1 0 " 0 2  
! . 9 5 2 D - 0 2  
1 . 9 6 4 D - - 0 2  
1 * 9 7 6 D - 0 2  
1 . 9 5 7 D - 0 2  
S * g g S D - 0 2  
2 . 0 0 9 D - 0 2  
2 * 0 2 0 D - 0 2  
2 * 0 3 0 0 - 0 2  
2 . 0 4 1 D ' 0 2  
2 . 0 5 1 D - 0 2  
2 * 0 6 2 0 - 0 2  
2 . 0 7 2 D - 0 2  
2 . 0 8 2 D - 0 2  
2 . 0 9 2 D - 0 2  
2 . 1 0 2 0 - 0 2  
2 . 1 1 3 1 3 ' - 0 2  
2 . 1 2 3 D - - 0 2  
2 . 1 3 4 D ' - 0 2  
2 . 1 4 5 0 - - 0 2  
2 . 1 5 6 D - 0 2  
2 .16913 - -02  
2 . 1 8 2 D - - 0 2  
2 . 1 9 7 0 - 0 2  
2 . 2 1 3 0 - 0 2  
2 . 2 3 1 0 - 0 2  
2 . 2 5 0 0 - 0 2  
2 . 2 7 1 D - 0 2  
2 * 2 9 3 0 - 0 2  
2 , 3 1 3 1 3 - 0 2  
2 . 3 2 7 D - - 0 2  

S 
I . O I D  OO 
l . O I O  O0 
l . O I )  O0 
1 . 0 1 0  O0 
1 . 0 1 0  O0 
1 . 0 1 3  O0 
1 . 3 1 D  O0 
1 , 0 1 3  OO 
i * O I D  O0 
I . O I D  O0 
1 . 0 1 3  O0 
I . O l D  O0 
1 , 0 1 )  O0 
I , O I D  O0 
| . O L D  O0 
i .  O l )  O0 
I . O I D  O0 
I . O I D  O0 
I . O I D  O0 
I . O I D  O0 
| . O | O  O0 
I . O I D  O0 
I * O I D  O0 
1 . 0 1 0  O0 
I * O I D  O0 
l * O I O  O0 
I * O I D  O0 
i * 0 1 0  O0 
I * O I D  O0 
l * O I O  O0 
i . 0 0 3  DO 
1 . 0 0 3  OO 
1 . 0 0 0  O0 
I . O O D  O0 
I . O O D  O0 
| *OOO O0 
l e O l ~  O0 
I . O i D  O0 
I . O I D  O0 
i * O I O  O0 
| * O L D  O0 
l * O I D  OO 
I * O I D  O0 
I . O I D  O0 
1 * 0 1 D  O 0  
i . O | D  O0 
I . O I D  O0 
l . O I O  O0 
I . O I D  O0 
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DC TODD COaS 
EXAMPLE 4 

K = 0 o 0 0 1 0 0  

A R 0 0 0 3 4 6  1 3 = 4 5  
CHEMICAL D I S P E R S I O N  

NON AUG 0 7 t  1 9 7 8  

NDIN  JCASE N NT JOUT LPRNT LNORM 
250 3 51 3 0  20  1 1 

11 TOL RSC 
0 . 0  5 . 0 0 0 0 D - 0 4  I o O 0 0 0 D - 0 2  

A B C 
I . O 0 0 0 D  O0 - - 1 . 0 0 0 0 0 - - 0 3  0 . 0  
0 . 0  I . O 0 0 0 D  O0 0 . 0  

UNIFORM SPACING COMPUTED 

SOLUTION GUESSED 

UPDATE 1 51 1 
NEM SPACING CO MPUTEO 
UPDATE 2 51 48  
NEW SPACING COMPUTE~ 
UPDATE 3 SO 47  
NE~ SPACING COMPUTED 
UPDATE 4 51 48 
NEm SPACING ,COMPUTED 
UPDATE S SO 48  
UPDATE 6 S l  50  

CONVERGED SOLUT ION 

CHEK DE 10 2 . 8 5 D - - !  I 0 . 0  0 , 0  

CHE• BM 0 0 0 0 2 . 0 2 D - - 0 4  

D 
1 oO000D O0 
0 . 0  

51 4 e O T D - 0 1  

51 3 . 4 0 D - - 0 2  

51 1 . 9 0 D - 0 2  

51 1 . 0 5 0 - 0 2  

51 g . 8 0 D - 0 3  
51 6 . 3 7 D - 0 7  

2 . 4 9 0 - 1 4  

4 . 2 1 0 - - 0 4  9o TAD--02 

SOLUTION ~ R I T T E N  ON U N I T  20  

8 . 5 9 D - 0 1  1 . 6 6 0 - 0 1  

4 . 3 2 0 - 0 1  3 . 4 8 D - 0 3  

6 . 3 6 0 - 0 1  3 . 4 0 0 - 0 3  

3 , 9 9 0 - 0 1  5 . 8 1 D - 0 4  

3 e 2 8 D - O t  1 o 7 7 D - 0 3  
4 . 3 3 0 - 0 6  5 . 5 0 0 - 0 8  

OoO 

A E D C - T R  - 7 8 - 5 9  
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A E D C - T R - 7 8 - 5 9  

OC TODD CD~S 
EXAMPLE 4 

AROC 0 3 4 6  1 3 : 4 5  
CHEMICAL D I S P E R S I O N  

STOP 

X Y YP YPP 
i 0 . 0  9 * 9 8 8 7 0 - - 0 |  - - 1 * 1 3 3 7 0  O0 1 0 4 8 8 3 3  O0 
2 1 . 6 7 5 8 0 - 0 2  9 . 8 0 0 4 0 - 0 1  - - 1 . 1 1 4 8 D  O0 8 . 9 6 4 5 3 - 0 1  
3 3 * 3 6 6 0 3 - 0 2  9 . 0 1 3 5 0 - - 0 1  - 1 * 0 9 4 9 0  O0 1 . 4 4 1 5 0  O0 
4 5 * 0 7 4 8 0 - 0 2  9 * 4 2 8 2 0 - 0 1  --1 * 0 7 6 2 )  O0 7 . 6 4 8 9 D - 0 1  
5 0 . 7 9 7 4 0 - 0 2  9 . 2 4 4 3 D - C I  - 1 0 0 5 6 2 0  O0 1 * 5 2 5 3 3  O0 
6 8 0 5 3 9 7 3 - 0 2  9 . 0 6 2 2 0 - 0 1  - - 1 . 0 3 8 1 0  O0 5 * 9 6 1 3 D - 0 1  
7 1 . 0 2 9 5 3 - 0 1  8 . ~ 8 1 3 0 - 0 1  - 1 . 0 1 8 0 0  O0 1 . 6 5 0 4 0  O0 
8 1 . 2 0 7 1 3 - 0 l  8 o 7 0 2 6 0 - 0 1  - I . O 0 0 4 D  0 0  3 . 7 9 0 6 0 - 0 1  
9 1 . 3 8 5 9 0 - 0 1  8 . 5 2 4 9 0 - 0 1  - - 9 . 8 0 0 8 0 - - 0 1  1 * 8 3 0 4 D  O0 

10 I . 5 6 7 0 0 - 0 1  8 . 3 4 9 7 0 - 0 1  - 9 . 6 3 1 8 0 - - 0 1  9 . 7 9 0 6 0 - 0 2  
11 1 . 7 4 9 | ) - - 0 1  ~ * 1 7 5 4 0 - - 0 1  - 9 . 4 2 6 1 0 - - 0 1  2 * 0 8 3 1 3  O0 
12 1 . 9 3 3 7 0 - - 0 1  8 * 0 0 3 9 0 - 0 1  - 9 . 2 0 6 1 0 - - 0 1  - 2 . 6 7 9 3 0 - 0 1  
13 2 * 1 1 9 0 0 - 0 1  7 * 8 3 3 0 0 - 0 1  - - 9 * 0 5 5 7 0 - - 0 1  2 * 4 3 1 5 0  O0 
14  2 . 3 0 7 1 0 - 0 1  7 . 6 0 5 4 0 - 0 1  - - 8 * 9 0 7 0 D - - 0 1  - 7 , 4 5 3 2 0 - 0 1  
15 2 . 4 9 5 6 0 - 0 1  7 . 4 9 7 9 0 - - 0 1  - - 8 . 6 8 9 7 0 - - 0 !  2 . 9 0 5 1 0  O0 
1 6  2 . 6 8 7 3 D - 0 1  ? . 3 3 4 0 0 - 0 l  - 8 . 5 5 5 4 0 - 0 1  - 1 0 3 6 9 2 3  O0 
17 2 . 8 7 8 9 ~ - 0 1  7o170(=0- -01  - 8 , 3 2 8 1 D - - 0 1  3 . 5 4 1 7 3  O0 
18 3 * 0 7 4 3 0 - 0 1  7o011813--01 - 8 * 2 1 2 3 D - 0 1  - 2 . 1 8 4 8 0  O0 
19 3 0 2 6 8 9 D - 0 1  6 * ~ 5 1 2 0 - 0 1  - 7 * 9 7 1 0 D - 0 1  4 * 3 8 9 7 0  O0 
20 3 . 4 0 8 0 D - 0 1  6 . 6 9 T 2 D - - O I  - 7 . 8 7 8 6 3 - - 0 1  - 3 * 2 5 0 9 3  O0 
21 3 . 0 6 5 4 0 - - 0 1  6 . 5 4 0 0 0 - - 0 1  - 7 . 6 1 8 0 0 - - 0 1  5 * 5 1 0 1 0  O0 
22 3 . 8 6 8 3 0 - 0 1  6 * 3 9 1 3 D - - 0 1  - - 7 . 5 5 5 6 0 - 0 1  - 4 . 6 4 3 6 D  O0 
23  4 . 0 6 6 ¢ 0 - 0 1  6 . 2 3 7 2 0 - 0 1  - 7 . 2 6 8 9 0 - 0 1  b * 9 8 0 1 3  O0 
24 4 . 2 7 5 3 0 - 0 1  6 . ¢ 9 4 4 0 - - 0 1  - 7 * 2 4 5 0 0 - 0 1  -6.46160 O0 
2 5  4 * 4 7 7 8 0 - 0 1  5 . 9 4 3 0 D - 0 1  - 6 * 9 2 3 | D - 0 1  8 * 8 9 6 2 0  O0 
26  4 * 6 8 8 6 0 - 0 1  5 . ~ 0 6 8 0 - - 0 1  - - 6 * 9 4 8 ~ 0 - - 0 1  - - 8 * 8 3 2 6 0  O0 
27  4 . 8 9 3 3 D - 0 1  5 . 0 5 7 8 0 - 0 1  - 6 . 5 7 9 8 3 - - 0 1  ! . 1 3 7 9 0  O l  
28  5 . 1 0 8 3 0 - 0 1  5 . 5 2 9 1 0 - - 0 1  - 0 . 6 6 8 5 3 ~ 0 1  - 1 . 1 9 2 3 0  OI 
29  5 . 3 1 4 8 0 - - 0 1  5 * J 8 1 9 D - - 0 1  - - ~ . 2 3 8 0 0 - 0 |  1 0 4 5 7 6 0  Ol  
30 5 , 5 3 4 2 D - - 3 1  5 * 2 6 1 9 D - - 0 1  - - 6 0 4 1 8 C D - 0 1  - 1 . 5 9 4 7 0  O l  
3 1  5 . 7 4 2 1 3 - - 0 1  5 * L 1 5 6 0 - - 0 1  - - 5 * 8 9 6 5 0 - - 0 1  1 . 8 6 7 1 0  01  
32 5 . 9 6 6 0 D - 0 1  5 . 0 0 6 0 0 - - 0 1  - - 6 . 1 7 1 1 0 - 0 1  - 2 . 1 1 8 6 3  OI 
33  0 . 1 7 4 7 D - 0 1  4 . 8 5 9 6 0 - - 0 1  - - 5 o 5 5 4 1 3 - 0 1  2 . 3 8 8 6 0  Ol 
34  6 . 4 0 3 4 0 - - 0 1  4 . 7 6 2 9 0 - 0 1  - 5 . 9 6 3 0 0 - - 0 1  - - 2 . 8 0 0 4 0  Ol  
3 5  6 . 6 1 2 2 0 - 0 1  4 * 6 1 5 1 D - - 0 1  - 5 * 2 0 9 4 0 - 0 1  3 . 0 4 9 8 0  01 
36 0 . 8 4 5 5 0 - 0 1  4 . 5 3 4 3 ~ - - C 1  - 5 . 7 9 0 8 0 - - 0 1  - 3 * 6 8 7 6 3  01 
37  7 o 0 5 3 6 0 - 0 1  4 . 3 8 3 7 D - - 0 1  - - 4 . 8 6 1 0 0 - - 0 1  3 * 8 8 5 5 0  OI 
38  7 . 2 9 1 3 0 - 0 1  4 , 3 2 3 0 0 - - 0 1  - 5 . 6 6 3 9 0 - - 0 1  - - 4 , 8 4 1 4 0  O l  
39 7 . 4 9 7 6 0 - 0 1  4 = 1 6 8 0 D - - 0 1  - 4 . 5 0 7 4 0 - - 0 1  4 . 9 4 2 0 0  C !  
40 7 . 7 3 8 8 0 - 0 1  4 . 1 3 2 4 0 - - 0 1  - - 5 , 5 9 4 6 0 - - 0 1  - - 6 . 3 4 0 9 0  O! 
41 7 . 9 4 2 1 0 - - 0 1  3 . 9 7 1 2 0 - 0 1  - - 4 . 1 4 6 0 ~ - 0 1  6 . 2 8 4 7 3  Ol 
42  6 * 1 0 5 1 0 - 0 1  3 * 9 6 6 6 0 - 0 1  - - 5 . 5 9 8 4 3 - - 0 1  - - 8 . 2 9 3 1 0  Ol  
43  8 . 3 8 4 0 0 - 0 1  3 . T 9 7 5 0 - - 0 1  - 3 . 7 7 1 5 3 - - 0 1  8 . 0 1 7 2 0  Ol  
44 8 . 6 2 5 7 0 - 0 1  3 . 8 2 9 5 0 - 0 1  - 5 . 6 9 4 6 0 - - 0 1  - - 1 . 0 8 4 3 3  02 
45  8 . 8 1 7 5 0 - 0 1  3 * 6 5 1 9 0 - 0 1  - 3 . 3 7 3 8 3 - - 0 1  1 , 0 3 0 3 D  02 
46  9 . 0 5 2 0 0 - 0 1  3 . 7 2 2 8 0 - - 0 1  - - 5 . 9 0 3 8 0 - - 0 1  - - 1 0 4 1 7 4 0  02 
47  9 . 2 3 5 2 0 - 0 1  3 * 5 3 6 0 0 - 0 1  - 2 , 9 2 7 2 0 - - 0 1  1 . 3 4 1 9 0  02 
48  9 . 4 5 8 1 D - 0 1  3 . ¢ 4 4 9 0 - 0 1  - 6 . 2 5 3 8 ~ - - 0 1  - - 1 , 8 5 7 9 0  02 
49 9 , 6 3 0 4 0 - 0 1  3 o 4 4 5 9 0 - 0 1  - 2 , 3 7 7 1 0 - - 0 1  1 . 7 8 6 8 0  02 
50 9 . 8 3 6 4 0 - 0 1  3 , 5 8 8 8 0 - 0 1  - 0 . 7 0 5 8 D - 0 1  - 2 . 4 3 5 2 0  02 
51 1 . 0 0 0 0 0  O0 3 . 3 7 4 4 0 - - 0 1  2 . 4 8 6 9 0 - - 1 4  4 * 0 8 0 3 0  02 

NON AUG 0 7 ,  1 9 7 8  

! 

0 . 0  
1 . 6 5 8 1 0 - - 0 2  
3 . 2 9 8 ? 3 - 0 2  
4 . 9 2 5 6 0 - 0 2  
6 . 5 3 3 8 0 - 0 2  
8 . 1 2 8 5 0 - 0 2  
9 . 7 0 3 3 0 - 0 2  
! 0 1 2 6 5 D - - 0 1  
1 , 2 8 0 5 0 - 0 1  
1 . 4 3 3 3 0 - 0 1  
1 . 5 8 3 7 0 - 0 1  
1 * 7 3 3 0 D - - 0 1  
1 . 8 7 9 8 3 - - 0 1  
2 o 0 2 5 5 0 - - 0 1  
2 . 1 6 8 4 0 - - 0 1  
2 . 3 1 0 6 0 - 0 1  
2 . 4 4 9 6 0 - - 0 |  
2 . 5 8 8 1 0 - 0 1  
2 . 7 2 3 0 0 - 0 1  
2 . 8 5 7 9 0 - 0 1  
2 . 9 8 8 5 0 - 0 1  
3 , 1 1 9 7 0 - 0 1  
3 . 2 4 6 1 3 - 0 1  
3 * 3 7 3 6 0 - 0 1  
3 . 4 9 5 5 0 - 0 1  
3 * 6 1 9 3 3 - 0 1  
3 . r 3 6 7 0 - 0 1  
3 . 8 5 6 9 o - 0 1  
3 , 9 6 9 6 0 - 0 1  
4 . 0 8 6 3 0 - 0 1  
4 . 1 9 4 2 3 - 0 1  
4 . 3 0 7 5 3 - - 0 1  
4 . 4 1 0 4 0 - 0 1  
4 . 5 2 0 5 0 - 0 1  
4 . ~ 1 8 3 0 - 0 ]  
4 . 7 2 5 1 0 - 0 1  
4 o 8 1 7 9 0 - 0 1  
4 * 9 2 1 4 0 - - 0 1  
5 . 0 0 8 9 3 - 0 1  
5 . 1 0 9 0 0 - - 0 1  
5 . 1 9 1 4 0 - - 0 1  
5 . 2 8 7 9 0 - 0 1  
5 . ~ b S O D - O I  
5 . 4 5 7 3 0 - 0 1  
5 . 5 2 8 9 0 - 0 1  
5 . 6 1 5 7 0 - 0 1  
5 o 6 8 1 9 0 - 0 1  

5 * 7 6 2 0 D - - 0 1  
5 . 8 2 3 0 0 - 0 1  
5 * 8 9 5 6 D - - 0 1  
5 * 9 5 2 4 0 - - 0 |  

H 
1 . 6 7 6 0 " - 0 2  
1 . 6 9 0 0 - - 0 2  
1 * 7 0 9 0 - 0 2  
1 . T 2 3 0 - 0 2  
1 . 7 4 2 0 - 0 2  
1 * 7 5 5 D - 0 2  
1 . ? 7 6 0 - 0 2  
1 . 7 8 8 0 - 0 2  
1 . 8 1 1 0 - 0 2  
1 * 8 2 1 0 - 0 2  
1 . 8 4 6 0 - 0 2  
1 * 8 5 3 0 - 0 2  
! * 8 8 1 0 - 0 2  
! * 8 8 5 0 - 3 2  
I . 9 1 7 0 - 0 2  
! , 9 1 6 D ' - 0 2  
! . 9 5 4 0 - - 0 2  
1 .94613- -02  
1 * 9 9 1 0 - - 0 2  
1 . 9 7 4 D - - 0 2  
2 o 0 2 9 0 - - 0 2  
2 . 0 0 1 0 - 0 2  
2 . 0 6 8 0 - 3 2  
2 * 0 2 5 D - 0 2  
2 . ! 0 9 0 - 0 2  
2 . 0 4 7 0 - 0 2  
2 * 1 5 0 0 - 0 2  
2 . 0 6 5 0 - 0 2  
2 * 1 9 4 0 - 0 2  
2 * 0 7 8 D - 0 2  
2 . 2 4 0 D - 0 2  
2 . 0 8 7 0 - - 0 2  
2 * 2 8 7 0 - 0 2  
2 * 0 8 8 D - 0 2  
2 * 3 3 3 0 - 0 2  
2 * 0 8 1 0 - 0 2  
2 . 3 7 7 0 - 0 2  
2 * 0 6 3 0 - 0 2  
2 * 4 1 1 0 - 0 2  
2 * 0 3 4 D - 0 2  
2 * 4 3 0 0 - 0 2  
1 . 9 8 8 0 - 0 2  
2 * 4 1 7 0 - 0 2  
1 . 9 1 8 0 - 0 2  
2 . 3 5 1 0 - 0 2  
1 . 8 2 6 D - 0 2  
2 * 2 2 9 0 - - 0 2  
1 . 7 2 4 0 - - 0 2  
2 * 0 6 0 0 - - 0 2  
1 0 6 3 6 0 - - 0 2  

S 
I . O I D  O0 
I , O I D  O0 
I . O I D  O0 
I . O I D  O0 
! * 0 1 0  O0 
I , O I D  O0 
1 . 0 1 )  O0 
I * O I D  O0 
I * O I D  O0 
I * O I D  O0 
! * 0 0 0  O0 
1 . 0 2 0  O0 
I *OOD O0 
1 . 0 2 D  O0 
9 * 9 9 D - 0 1  
1 . 0 2 3  O0 
9 * 9 6 0 - 0 1  
1 . 0 2 3  O0 
9 . 9 1 3 - 0 1  
1 o 0 3 0  O0 
9 . 8 8 3 - 0 1  
1 . 0 3 0  O0 
9 . 7 9 0 - 0 1  
1 . 0 4 3  O0 
9 . ? 1 0 - 0 1  
1 * 0 5 0  O0 
9 . 6 0 3 - 0 1  
1 . 0 6 0  O0 
9 . 4 7 0 - 0 1  
1 * 0 8 0  O0 
9 * 3 2 0 - 0 1  
1 . 1 0 3  O0 
9 . 1 3 0 - 0 1  
1 . 1 2 0  O0 
8 * 9 2 0 - 0 1  
! . 1 4 D  O0 
8 . 6 8 0 - 0 1  
1 * 1 7 0  O0 
8 . 4 3 3 - 0 1  
1 . 2 0 0  00  
8 . 1 8 0 - 0 1  
1 . 2 2 0  O0 
? . 9 3 3 - 0 1  
1 . 2 3 0  O0 
? . T 7 0 - 0 1  
1 . 2 2 0  O0 
7 . 7 3 3 - 0 1  
1 . 2 C 3  O0 
7 . 9 4 ~ - 0 1  
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A E D C - T R - 7 8 - 5 9  

DC TODD COPS 
EXAMPLE 5 

A R 0 0 0 3 8 4  1 9 : 1 2  MON AUG 07+  !(378 
INHERENTLY UNSTABLE PROOLEN 

NDIM JCASE N 
250  1 51 

NT JOUT LPRNT LNORM 
3 0  20 I ! 

! 1  TDL R SC 
0 , 0  5 . 0 0 0 0 0 - - 0 4  1 . 0 0 0 0 0 - 0 2  

A B C 
1 . 0 0 0 0 0  O0 0 . 0  0 , 0  1 , 0 0 0 0 0  O0 
1 , 0 0 0 0 D  O0 0 . 0  0 . 0  0 , 0  

UNIFORM SPACING COMPUTED 

SOLUTION GUESSED 

UPDATE ! S 1 
NEW SPACING COMPUTED 
UPDATE 2 2 1 
UPDATE 3 0 0 

51 9 , 2 0 0 - 0 1  
\ 

51 5 . 1 9 D ' - 0 4  
0 0 + 0  

3 o 6 6 D  1 6  

2 . 5 3 D - 0 3  
0 . 0  

9 , 5 6 0 - - 0 1  

6 . 4 2 0 - 0 4  
0 . 0  

CONVERGED SOLUTION 

CHEKOE 45  2 . 6 2 0 - 1 2  0 , 0  0 . 0  0 + 0  

COMPARISON OF SOLUTION WITH TABLE I N  REF 7 

J X YA YB O I F F  
I 1 . 0  l o 0 0 0 0  1 , 0 0 0 0  0 , 0  
2 1 . 2  0 e 7 1 4 0  0 , 7 1 4 0  0 o 0 0 0 0  
3 1 . 4  0 , 4 8 7 t  0 . 4 E 6 9  0 , 0 0 0 2  
4 1 , 6  0 , 3 1 4 6  0 e 3 1 4 5  0 , 0 0 0 1  
5 1 . 8  0 + 1 8 9 7  0 o l e g ?  0 , 0 0 0 0  
6 2 . 0  0 + 1 0 3 9  0 , 1 0 3 6  0 . 0 0 0 3  
7 2 . 2  0 , 0 4 7 5  0 , 0 4 7 6  - 0 . 0 0 0 |  
8 2 . 4  0 , 0 1 3 4  0 + 0 1 3 4  - 0 ~ 0 0 0 0  
9 , 2 + 6  - 0 , 0 0 5 5  - 0 , 0 0 5 8  0 , 0 0 0 3  

10 2 . 8  - 0 , 0 1 5 5  - 0 . 0 1 5 3  - 0 , 0 0 0 2  
11 3 , 0  - 0 . 0 1 9 2  - - 0 e 0 1 9 0  - - 0 , 0 0 0 2  
12 3 , 2  - 0 , 0 1 9 2  - 0 , 0 1 9 5  0 , 0 0 0 3  
! ?  3 . 4  - 0 , 0 1 8 1  - 0 , 0 | 8 3  0 , 0 0 0 2  
IA  4 . 0  - 0 , 0 1 3 1  - 0 , 0 1 2 8  - 0 , 0 0 0 3  
15 S , O  - 0 . 0 0 6 8  - 0 , 0 0 6 8  - 0 . 0 0 0 0  

SOLUTION MRITTEN DN U N I T  20  
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A E D C - T  R - 7 8 - 5 9  

DC TCID~ CDPS 
EXAMPLE 5 

! 

2 
3 
4 
5 
6 
7 
8 
g 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25  
26  
27  
28 
29 
30 
31 
32 
1,3 
34 
35 
38 
37  
38 
39 
40 
41 
42 
43 
44 
45  
46  
47  
48 
4 9  
50 
51 

STOP 

X 
I . O D O 0 0  O0 
1 . 2 7 E 7 0  O0 
1 , 5 3 ~ 7 0  ~ 
1 . 8 1 4 8 0  O0 
2 . 1 7 7 5 0  O0 
2 . 5 6 0 6 D  O0 
2 . 9 ~ 7 8 0  O0 
3 , ~ 3 5 2 0  00 
3 . 7 2 7 9 0  ~0  
4 . 1 1 0 4 0  O0 
4 . ~ 9 7 g 0  O0 
4 . 8 0 5 5 0  ~ 0  
5 . 2 7 3 0 0  O0 
5 . 6 6 0 6 0  O0 
6 . 0 4 8 1 0  OO 
6 . 4 3 5 7 0  O0 
6 . 6 2 3 ? 0  O0 
7 . 2 1 0 8 0  O0 
7 . 5 9 8 3 0  00 
7 , 9 8 5 9 0  O0 
8 , 3 7 3 4 0  O0 
8 . 7 6 1 0 0  00  
q . 1 4 8 5 ~  O0 
~ . 5 3 6 1 D  O0 
9 . 9 2 3 7 0  00  
! . 0 3 1 1 0  01 
1 . 0 6 9 9 0  01 
1 . 1 0 8 6 0  01 
1 . 1 4 7 4 0  Ol 
1 . 1 8 6 1 D  01 
1 . 2 2 4 9 D  01 
1 . 2 6 3 7 0  01 
! . 3 0 2 4 0  01 
1 . 3 4 1 2 0  0 1  
1 . 3 7 9 9 0  O1 
1 . 4 1 8 7 0  01 
1 . 4 5 7 4 0  Ol  
1 . 4 9 6 2 0  0 1  
1 . 5 3 4 9 0  01 
1,573"J"D O l  
1 . 6 1 2 4 0  01 
1 . 6 5 1 2 0  01 
! . 6 9 0 0 0  O l  
1 . 7 2 8 7 0  01 
1 . 7 6 7 5 0  O1 
1 . 8 0 6 2 0  O l  
! , 8 4 5 0 0  01 
1 . 8 8 3 7 0  Ol  
1 . 9 2 2 5 0  O l  
1 . 9 6 1 2 0  Ol 
2 . 0 0 0 0 0  O1 

ARO00384  1 9 : 1 2  MON AUG 0 7 ,  1978  
INHERENTLY  UNSTABLE PROBLEM 

Y YP 
1 . 0 0 0 0 0  O0 - 1 . 5 7 9 7 D  00 
~ , 6 7 ~ 3 0 - 0 1  - 1 o 2 2 6 6 D  00 
3 . 0 3 6 8 0 - 0 ]  - 8 . 5 9 ~ 2 D - 0 1  
! . 8 2 0 9 0 - 0 1  - 5 , 0 5 7 6 0 - - 0 1  
5 . ? ~ 9 2 f ) - 0 2  - 2 . 3 1 8 4 0 - 0 1  

- 2 , Q O ~ g D - ~ 3  - 7 . 7 8 3 8 D - - 0 2  
- 1 , 8 4 4 2 0 - 0 2  - 1 . 3 0 4 7 0 - 0 2  
- I . 8 8 1 0 0 - 0 2  6 . 7 9 3 8 0 - 0 3  
- 1 , 5 3 7 0 0 - 0 2  9 . 6 5 7 5 0 - - 0 3  
- 1 , 1 o 1 0 0 - 0 2  7 . 9 9 3 3 0 - - 0 3  
- 9 . 2 2 7 8 0 - 0 3  5 . 9 1 4 9 D - 0 3  
- 7 . 2 6 2 ~ 0 - 0 3  4 . 3 1 7 7 0 - 0 3  
- 5 . G 1 9 0 0 - 0 3  3 . 2 0 1 0 0 - - 0 3  
- 4 . 7 3 ? 9 0 - 0 3  2 . 4 2 2 3 0 - 0 3  
- 3 . 9 1 1 " / T ) - - 0 3  1 . 8 7 G 7 0 - ~ 3  
- 3 . 2 6 8 5 0 - 0 3  1 . 4 6 8 7 0 - 0 3  
- ~ . 7 5 9 9 0 - 0 2  1 . 1 7 0 1 0 - 0 3  
- 2 . 3 5 2 1 D - 0 3  ~ . 4 4 2 6 0 - 0 4  
- 2 . 0 2 1 2 0 - 0 3  7 . 7 0 6 5 D - 0 4  
- 1 . 7 4 9 - ~ ) - 0 2  6 . 2 5 3 6 0 - 0 4  
- 1 . 5 2 5 1 0 - 0 3  5 . 2 8 6 2 0 - 0 4  
- I . 3 7 7 3 ~ - - 0 3  4 . 4 3 4 5 0 - - 0 4  
- - 1 . 1 7 9 2 0 - 0 3  3 . 7 4 8 1 0 - 0 4  
- I . 0 ~ 5 1 0 - 0 3  3 . 1 8 9 8 D - 0 4  
- g . 3 0 6 7 0 - 0 4  2 . 7 3 2 0 D - 0 4  
- 8 * 2 2 3 6 0 - 0 4  2 * 3 5 2 5 0 - 0 4  
- 7 . 4 7 4 3 0 - 0 4  2 . 0 3 8 5 0 - 0 4  
- 6 . 7 3 6 ( k " ) - - 0 4  1 * 7 7 4 6 0 - - 0 4  
- 6 . 0 ~ 3 5 ~ - 0 4  | * 5 5 2 0 0 - 0 4  
- 5 , 5 2 9 5 ~ - 0 4  1 . 3 6 3 3 0 - 0 4  
- 5 , 0 2 3 2 0 - 0 4  1 , 2 0 2 5 0 - 0 4  
- 4 . 5 9 4 5 0 - 0 4  1 . 0 6 4 7 0 - - 0 4  
- 4 . 2 0 5 4 d ) - - 0 4  9 . 4 6 1 6 0 - - 0 5  
- - 3 . 8 5 9 0 0 - 0 4  E . 4 3 6 5 0 - - 0 5  
- 3 . 5 4 9 7 D - 0 4  7 . 5 4 6 6 0 - 0 5  
- 2 . 2 7 2 6 0 - 0 4  6 . 7 7 1 1 0 - 0 5  
- 3 . 0 2 3 6 0 - 0 4  6 * 0 9 2 8 0 - 0 5  
- - 2 . 7 9 9 3 0 - - 0 4  5 . 4 9 7 3 D - 0 5  
- 2 . 5 9 6 6 D - 0 4  4 . 9 7 3 0 0 - - 0 5  
- 2 . 4 1 3 0 0 - ~ 4  4 . 5 0 9 5 0 - 0 5  
- 2 , 2 4 6 4 0 - 0 4  4 . 0 9 9 4 0 - - 0 5  
- 2 * 0 9 4 7 0 - - 0 4  3 . 7 3 2 6 0 - 0 5  
- 1 . 9 5 6 4 D - 0 4  3 , 4 1 5 6 0 - - 0 5  
- 1 . 8 3 0 1 0 - 0 4  3 . 0 9 1 1 0 - 0 5  
- 1 . 7 1 4 2 0 - 0 4  2 . 9 7 2 0 0 - 0 5  
- 1 * 6 0 8 7 D - 0 4  2 * 1 5 6 1 0 - - 0 5  
- 1 . 5 0 8 3 0 - - 0 4  4 . 3 3 9 0 D - - 0 5  
- 1 . 4 2 9 7 0 - 0 4  - 5 , 6 4 9 9 0 - 0 5  
- 1 . 3 0 2 ~ 0 4  3 . 4 1 6 8 D - 0 4  
- ! , 3 9 2 8 D - - 0 4  - 1 . 2 8 1 7 0 - - 0 3  

0 , 0  5 . 7 9 3 6 0 - 0 3  

YPP 
1 . 5 0 0 0 0  00 
! . 4 6 8 7 D  00 
1 . 2 8 6 5 D  00 
9 . 5 4 9 6 0 - 0 1  
5 . 6 4 5 6 0 - 0 1  
2 . 6 1 7 9 0 - 0 1  
9 . 3 0 5 6 0 - 0 2  
2 . 1 4 1 5 0 - 0 2  

- 1 . 2 8 2 6 0 - 0 3  
- - 5 , 5 3 6 6 0 - 0 3  
- 4 . 8 0 4 7 0 - 0 3  
- 3 . 4 3 8 ~ 0 - - 0 3  
- 2 . 3 8 5 2 0 - - 0 3  
- 1 . 6 7 7 0 0 - 0 3  
- 1 . 2 0 6 7 0 - 0 3  
- - 8 . 8 7 9 4 0 - - 0 4  
- 6 . ~ 6 1 9 0 - 0 4  
- 5 , 0 8 3 1 0 - 0 4  
- 3 * 9 3 6 0 D - - 0 4  
- 3 , 0 8 7 9 0 - 0 4  
- 2 . 4 5 0 9 0 - - 0 4  
- - 1 , 9 6 6 0 0 - - 0 4  
- 1 . 5 9 2 1 0 - 0 4  
- 1 , 3 0 0 7 0 - 0 4  
- 1 . 0 7 1 2 0 - 0 4  
- 8 , 8 8 6 7 0 - 0 5  
- 7 . 4 2 3 2 0 - 0 5  
- 6 . 2 4 0 0 0 - 0 5  
- 5 * 2 7 6 4 0 - 0 5  
- 4 . 4 8 6 3 D - 0 5  
- 3 . 8 3 4 1 0 - 0 5  
- 3 . 2 9 2 6 0 - - 0 5  
- 2 . 8 4 0 4 0 - 0 5  
- 2 * 4 6 0 8 D - 0 5  
- 2 . 1 4 0 5 0 - 0 5  
- 1 . 8 6 9 0 D - 0 5  
- 1 . 6 3 7 8 0 - 0 5  
- 1 . 4 4 0 1 D - - 0 5  
- 1 . 2 7 0 3 0 - - 0 5  
- - 1 . 1 2 4 5 0 - - 0 5  
- 9 . 9 6 2 1 0 - - 0 6  
- 8 . 9 4 0 3 0 - 0 6  
- 7 , 6 6 4 2 0 - 0 6  
- 8 . 1 6 8 7 0 - 0 6  
- | . 8 5 7 1 0 - 0 6  
- 2 . 4 3 5 4 0 - - 0 5  

? . 1 7 6 6 0 - 0 5  
- 3 . 2 0 7 2 0 - 0 4  

1 . 2 9 2 0 0 - - 0 3  
- 5 . 0 5 9 4 0 - - 0 3  

4 . 7 6 1 9 0 - 0 2  

1 
0 . 0  
1 . 9 5 7 7 0 - 0 ]  
3 . 3 3 7 5 D - - 0 1  
4 . 2 1 2 5 0 - 0 1  
4 . 6 0 8 4 0 - 0 1  
4 . 6 8 5 0 0 - - 0 1  
4 . 6 3 5 7 0 - - 0 1  
4 . 5 6 1 1 0 - - 0 1  
A * A 9 4 5 0 - - 0 1  
4 . 4 4 1 9 0 " 0 1  
4 . 4 0 1 2 0 - 0 1  
4 . 3 6 9 4 0 - 0 1  
4 . 3 4 4 2 0 - 0 1  
4 . 3 2 3 9 0 - 0 1  
4 . 3 0 7 2 0 - - 0 1  
4 , 2 9 3 3 0 - 0 1  
4 . 2 8 1 7 D - 0 1  
4 . 2 7 1 8 0 - - 0 1  
A . 2 6 3 3 0 - - 0 1  
4 . 2 5 6 0  0 - 0 1  
4 . 2 4 9 7 H 1  
4 . 2 4 4 2 [ ~ 0 1  
4 , 2 3 9 3 D - 0 1  
4 . 2 3 5 0 D - 0 1  
4 . 2 3 1 2 0 - - 0 1  
4 . 2 2 7 8 D - 0 1  
4 * 2 2 4 7 D - 0 !  
4 . 2 2 1 9 0 - 0 1  
4 . 2 1 9 5 0 - 0 1  
4 , 2 1 7 2 0 - - 0 1  
4 . 2 1 5 2 0 - 0 1  
4 . 2 1 3 3 0 - - 0 1  
4 . 2 1 1 6 0 - 0 1  
4 . 2 1 0 0 0 - 0 1  
4 . 2 0 8 6 0 - - 0 1  
4 . 2 0 7 3 D - - 0 1  
4 . 2 0 6 1 0 - 0 1  
4 , 2 0 4 9 0 - 0 1  
4 . 2 0 3 9 0 - 0 1  
4 . 2 0 2 9 D - 0 1  
4 . 2 0 2 0 0 - 0 1  
4 . 2 0 1 2 0 - 0 1  
4 . 2 0 0 4 0 - - 0 1  
4 , 1 9 9 7 0 - - 0 1  
4 , 1 9 9 0 0 - 0 1  
4 . 1 9 8 3 0 " - 0 1  
4 , 1 9 7 7 0 - 0 1  
4 . 1 9 7 2 0 - 0 1  
4.1966~--01 
4 o 1 9 6 3 0 - 0 1  
4 . 1 9 5 2 0 - 0 1  

H 
2 , 3 6 7 0 - 0 1  
2 . 6 4 0 D - - 0 1  
3 . 1 4 1 0 - - 0 1  
3 . 6 2 8 0 - - 0 1  
3 . 8 3 1 0 - 0 1  
3 . 8 7 2 0 - - 0 1  
3 . 8 7 5 0 - 0 1  
3 . 6 7 5 0 - ' 0 1  
3 . 6 7 5 0 - 0 1  
3 . 8 7 5 0 - - 0 1  
3 . 8 7 5 0 - 0 1  
3 . 6 7 5 0 - 0 1  
3 . 8 7 6 D - - 0 1  
3 . 5 7 6 0 - 0 1  
3 . 8 7 6 0 - - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 1 ) - - 0 1  
3 . 8 7 6 0 - - 0 |  
3 . 8 7 6 0 - 0 1  
3 , 6 7 6 0 - 0 1  
3 e 8 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 * 8 7 6 D - 0 1  
3 . 8 7 6 0 - 0 1  
3 * 8 7 6 D - 0 1  
3 * 8 7 6 D - 0 1  
3 , 8 7 6 0 . - 0 1  
3 . 8 7 6 0 - - 0 1  
3 . 8 7 6 0 - - 0 1  
3 . 8 7 6 1 ) - - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 5 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - 0 1  
3 . 8 7 6 0 - - 0 1  
3 . 8 7 6 0 - - 0 1  
3 . 8 7 6 0 - 0 1  
3 * 8 7 6 0 - 0 1  
3 . 8 7 6 0 - - 0 1  
3 ,8761 ) - -02  
3 . 8 7 6 0 - 0 1  
3 , 8 7 6 0 - 0 1  

S 
1 . 1 2 0  O0 
1 . 1 9 0  O0 
1 . 1 6 0  O0 
1 o 0 6 0  O0 
1 . 0 1 0  OO 
1 , 0 0 D  O0 
1 . 0 0 0  O0 
1 . 0 0 D  O0 
1 . 0 0 0  O0 
1 , 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 D  O0 
1 . 0 0 0  O0 
l . O O D  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
l . O O D  O0 
1 . 0 0 0  O0 
I . O O D  O0 
1 . 0 0 0  O0 
! . 0 0 0  O0 
I . O O D  O0 
1 . 0 0 0  O0 
! ; 0 0 0  O0 
1 . 0 0 0  O0 
1 , 0 0 0  O0 
1 , 0 0 0  O0 
1 , 0 0 0  00  
1 . 0 0 0  00  
1 , 0 0 0  O0 
1 . 0 0 0  O0 
1 , 0 0 0  00  
I * 0 0 D  00  
1 * 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 , 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  O0 
1 . 0 0 0  00  
1 , 0 0 0  O0 
I . O O D  O0 
1 * 0 0 0  O0 
1 . 0 0 0  0 0  
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OC TOOO COPS A R 0 0 0 3 8 4  1 9 : 1 6  MON AUG OTw 1 9 7 8  
EXAMPLE 6 

K = I O . O  

NDIM JCASE N NT JOUT LPRNT LNORM 
2R0 ! S t  30  20  1 1 

11 TOL gSC 
0 e 0  5 ° O 0 0 0 D - 0 4  1 , 0 0 0 0 D - - D 2  

A B C O 
l o O 0 0 0 0  qO O,O O°O 0 . 0  
] . O 0 0 O O  O0 OoO OoO OoO 

UNIFORM SPACING COMPUTED 

SOLUTION GUESSED 

UPDATE | 8 51 
NEW SPACING COMPUTED 
UPDATE 2 12 | 

CONVERGED SCLUT|ON 

CHEKOE l q  ? . 4 1 0 - 1 5  0°O 0 ° 0  0 , 0  

51 5 . 7 2 0 - 0 1  laOOD 01 3 , O O O - O t  

26  3 ° 5 6 0 - 0 4  2 ° 1 5 D - 0 4  1 . 0 6 1 ) - 0 4  

CHEKBM 12 3g 12 26 2 ° 0 3 D - - 0 4  3 , 4 2 D - 0 3  2 ° 0 3 0 - - 0 2  3 ° 0 9 0 - - 0 5  

SOLUTION WRITTEN ON U N I T  20 

A E  D C - T R - 7 8 - 5 9  
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A E D C - T R - 7 8 - 5 9  

0C TOO0 COPS 
FXAMPLE 

1 
2 
3 
4 
5 
E, 
7 
8 

10 
11 
12 
17 
14 
15 
l b  
17 
18 
19 
20 
2~ 
22 
23 
24 
25 
26 
27  
28 
29 
30 
31 
32 
2'3 
34 
35 
3E 
37 
38 
_'?9 
4O 
41 
42 
43 
44 
45  
4,15 
47 
48 
49 
50 
51 

ARO00.~ 84 1 9 : 1  (~ 

X Y YP YPP 
0 * 0  0 . 0  - ~ . g g 7 1 D  O0 1 . 1 9 7 4 0  
5 , 9 8 2 0 0 - 0  TM - 5 . ~ 7 6 5 0 - 0 2  - 9 , 3 0 ~ 7 0  O0 1 , 1 4 0 2 D  
1 . 1 7 8 4 D - 3 2  - 1 . 3 9 5 8 0 - 0 1  - E , G 5 5 2 0  O0 1 . 0 8 5 9 D  
1 . 7 ~ 4 6 0 - 0 2  - 1 , 5 8 6 5 0 - 0 1  - - ~ , 0 3 1 7 0  O0 1 , 0 ~ 4 5 0  
2 . 4 5 5 ~ 0 - 0 2  -?.117-¢-¢-¢-¢-¢-¢-¢-¢-¢~)-01 - 7 . 3 3 6 5 0  O0 9 ° 7 7 3 6 0  
~ ° 2 1 ~ 1 D - ~ 2  - ? , ~ 4 7 ~ D - ~ 1  - ~ 0 6 1 6 2 0  0O 9 , 1 8 4 5 0  
3 , 9 7 6 2 0 - - 0 2  - ~ , 1 2 ~ 4 0 -  01 - 5 , 9 3 9 3 0  O0 8 , 6 3 3 0 0  
4 , 9 7 7 ~ 0 - 0 ~  - 3 . ~ 7 7 0 0 - 0 1  - 5 . ~ 0 9 2 0  ~0 7 , 9 5 8 7 0  
5 , 9 8 6 4 0 - ~ 2  - 4 , ! 5 3 3 0 - ~ 1  - 4 , 3 3 8 3 0  O~ 7 , 3 3 ~ 3 0  
7 , ~ 7 2 9 0 - - 0 2  - ~ , ~ 9 6 0 0 - 0 1  - 3 , 3 7 6 9 0  O0 6 , 5 5 2 3 0  
9 , 1 1 ~ ? D - 0 ~  - 5 . 1 7 9 7 0 - 0 |  - 2 * ] 1 ~ 5 D  O0 5 , E 8 1 8 0  
1 , 1 7 7 3 0 - 0 1  - 5 0 6 0 8 5 0 - 9 1  - 9 , ~ 3 5 3 0 - ~ 1  4 0 5 4 2 7 0  
1 . ~ 4 3 5 0 - - 0 1  - 5 , 6 2 6 9 0 - - 0 1  7 .65~20 " - ' 01  2 . 9 ~ 7 5 0  
1 . 0 7 9 2 0 - 0 1  - ~ , 2 2 1 9 0 - 0 1  1 , 5 ~ 0 0  0 0  2 , 0 1 9 8 0  
2 . 2 3 1 4 0 - P 1  - ~ . 7 ~ 1 6 D - 0 1  2 , C 2 7 5 D  O~ 1 . 4 0 9 6 0  
2 , 4 5 1 6 ~ - 0 1  - 4 , 2 8 5 1 0 - 0 1  2 , 2 8 3 9 0  O0 ~ , 2 7 0 3 0  
2 , 6 5 6 5 0 - - 0 1  - 3 . 8 0 0 6 0 - 0 1  2 , 4 3 1 1 0  O0 5 ° 1 ~ 7 7 0  
2 0 8 5 4 0 0 - ~ 1  - 3 0 3 1 2 8 0 - 0 1  2 , 4 9 6 1 0  O0 1 , 4 8 7 5 0  
~ . 0 4 9 4 D - 0 1  - 2 , 8 2 4 4 ~ - 0 1  2 , 4 9 2 2 0  O0 - 1 , 8 4 2 1 0  
3 , 2 4 7 1 0 - 0 1  - 2 o 2 3 7 2 D - 0 1  2 , ~ 2 4 8 0  O0 - 4 , 9 2 1 7 0  
~ ° 4 5 2 0 0 - 0 1  - 1 , ~ 5 2 8 0 - ~ 1  2 , 2 9 3 9 ~  C~ - 7 , 8 0 0 9 0  
3 , 6 6 9 9 D - 0 1  - 1 , 3 7 3 7 0 - 0 1  2 , 0 9 3 7 0  O0 - - 1 , 0 5 0 8 0  
3 , 9 0 9 3 0 - 0 1  - 9 , 0 5 2 3 0 - 0 7  1 , 8 1 0 8 0  0 0  - 1 ° 3 0 4 8 D  
4 , 1 8 ~ 9 ~ - - 0 1  - 4 . E 1 7 . = . 0 - 0 2  1 * 4 2 0 4 0  O0 - - 1 * 5 3 6 6 D  
~ , 5 3 0 5 0 - 0 1  - 6 * ~ 6 2 0 0 - 0 3  8 * 4 8 8 ~ 0 - 0 1  - 1 , 7 3 8 3 0  
5 , 0 0 0 0 0 - 0 1  1 . 3 4 6 0 0 - 0 2  - 1 , 4 9 5 6 0 - - 0 3  - 1 , 8 3 9 ~ 0  
5 , 4 6 ~ 5 0 - - 0 1  - E , ~ 7 4 2 D - 0 3  - 8 . 4 7 9 9 D - 0 1  - 1 , 7 3 9 4 0  
5 . R 1 7 1 0 - 0 1  - ~ . 6 2 9 7 0 - 0 2  - 1 , ~ 1 9 9 0  0 0  - 1 . 5 3 7 8 0  
6 . 0 9 0 7 D - 0 1  - 9 , 0 E 2 ~ 0 - 0 2  - I , 8 1 0 1 0  O0 - 1 , 3 0 5 6 0  
6 , 7 3 0 1 D - 0 1  - t , ~ 7 4 6 0 - 0 1  - ? . 0 ~ 3 0 0  O0 - 1 , 9 5 1 7 D  
6 . 5 4 8 0 D - 0 1  - 1 , 8 5 3 6 D - 0 1  - 2 0 2 ~ 3 3 D  O0 - - 7 . 8 0 8 2 0  
~ , 7 5 2 9 0 - - 0 |  - 2 . 3 2 7 8 D - 0 1  - - 2 , 4 2 4 3 0  O0 - - 4 , 9 2 7 9 0  
~ , 9 5 0 6 D - 0 1  - ? , 8 ~ 5 0 0 - 0 1  - 2 ° 4 ; 1 8 ~  O0 - 1 , 8 4 7 3 0  
7 , 1 4 6 0 0 - 0 1  - 3 . ~ 1 ~ 3 D - 0 1  - ~ , 4 ~ 5 8 0  O0 1 , 4 8 3 3 0  
7 , 3 4 3 5 0 - 0 1  - ~ o d O 0 9 0 - 0 1  - 2 , 4 3 0 9 0  00 5 , 1 4 7 ~ 0  
7 . 5 4 8 4 0 - 0 1  - 4 , 2 8 5 5 0 - 0 1  - 2 , 2 8 3 8 0  O0 9 , 2 ~ 8 D  
7 . 7 6 8 6 0 - 0 1  - 4 , 7 6 ~ 0 0 - 0 1  - 2 , 0 2 7 6 0  O0 1 , 4 0 9 2 0  
8 , 0 2 0 8 0 - 0 1  - 5 , 2 2 2 4 0 - 0 1  - 1 , 5 ~ 6 8 0  O0 2 , 0 1 9 3 0  
8 , ~ 5 6 5 0 - 0 1  - 5 , ~ ? P 2 0 - 0 1  - 7 , 7 0 4 3 D - 0 1  2 , 9 4 ~ 2 0  
8 , 8 2 2 7 0 - 3 1  - 5 , 6 1 2 8 0 - 0 1  9 , 6 1 8 3 0 - 0 1  4 , 5 3 8 7 0  
q , 0 8 8 7 0 - - 0 1  - 5 , 1 8 3 3 D - 0 1  2 ° ~ 1 8 0 0  O0 5 , 6 7 8 2 0  
9 , 2 6 2 7 n - 0 ~  - A , 6 ~ D - 0 1  ~ , 3 8 0 9 0  O0 6 , 5 4 9 3 D  
9 , 4 ~ ! ~ 0 - ~ 1  - 4 , 1 5 5 ~ - 0 1  4 , 3 4 2 4 0  0 0  7 , 3 ~ 0 9 0  
9 , 5 0 2 3 0 - 0 1  - 3 , 6 7 8 9 D - 0 1  5 0 1 1 3 3 0  O0 7 , 9 5 6 7 D  

9 . ~ 7 ~ 4 D - 0 1  - 2 , ~ 4 8 7 0 - ~ 1  6 , E 2 0 2 0  O0 9 , 1 8 5 3 0  
9 , 7 5 4 4 0 - - 0 1  - 2 , 1 1 8 4 D - 0 1  7 , 3 4 0 4 D  0 0  9 , 7 7 2 5 0  
9 , 8 2 3 5 D - 0 1  - 1 * 5 9 7 1 D - 0 !  ~ * 0 3 5 6 0  O0 1 , 0 3 4 ~ 0  
9 , 8 R 2 ~ D - - 0 1  - 1 , 0 9 ~ 3 ~ - - 0 1  8 , ~ 5 9 1 D  0 0  1 , 0 8 5 9 0  
9 , ~ 4 1 2 0 - - 0 1  - 5 , 6 7 ~ 8 0 - - 0 2  ~ , 3 1 3 ~ 0  O0 1 , 1 4 0 1 D  
1 . 0 0 0 0 D  O0 0 . 0  ! . 0 0 0 1 0  01 1 , 1 9 7 4 0  

02 
0 o 

O2 
O2 
O! 
01 
01  

0 !  
01  
01  
01 
0 1  
01  
01 

01  
0 0  

0 0  
'~0 
0 0  

0 0  
0 0  
0 1  

01  
01  
01  

")i 
01 

01  
0 1  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 1  
01  
01  
01  
01  

0 !  
01  

01 

0 1  
01  
01  
O2 
q 2  
O2 

0 t  

MO~ AUG 0 7 ,  1 9 7 8  

1 
0 , 0  

- ! , 6 8 9 3 0 - 0 4  
- 8 , 6 0 0 5 0 - - 0 4  
- I , 4 5 0 7 0 - - 0 3  
- 2 , ~ 3 1 8 0 - - 0 3  
- 4 , 5 4 8 3 0 - 0 3  
- 6 , 7 4 5 3 0 - 0 3  
- 1 , 0 1 5 7 D - - 0 2  
- 1 , 4 1 1 4 0 - 0 2  
- - 2 , 0 2 5 7 0 - 0 2  
- 2 , 8 8 7 0 0 - 0 2  
- 4 , 3 2 9 4 0 - - 0 2  
- 6 , 9 8 0 0 0 - - 0 2  
- 8 , 8 0 8 5 0 - 0 2  
- I , O 0 7 0 D - - O  1 
- 1 .  1 0 6 7 0 " 0 1  

- 1 * 1 8 9 6 0 - 0 1  
- 1 • 2 5 9 9 0 - - 0  1 
- - 1 , 3 1 9 R 0 - 0 1  
- 1 . 3 7 0 8 D - 0 1  
- 1 , 4 1 3 7 D - 3 1  
- 1 , 4 4 8 8 0 - 0 1  
- I , 4 7 5 9 0 - 0 1  
- - I , 4 9 4 4 0 - - 0 1  
- - 1 , 5 0 3 0 0 - - 0 1  
- 1 , 4 9 9 8 0 - - 0 1  
- - 1 , 4 9 8 6 0 - - 0 1  
- - 1 , 5 0 5 3 0 - - 0 1  
- 1 , 5 2 3 7 0 - 0 1  
- 1 * 5 5 0 9 0 - g l  
- ! , 5 8 6 0 0 - - 0 1  
- - 1 o 6 2 8 9 0 - - 0 1  
- I 0 6 7 9 9 0 - 0 1  
--1 , 7 3 9 9 0 - - 0 1  
- 1 , 8 1 0 2 0 - 0  I 
- 1  , 8 9  3 1 0 - 0 1  
- 1 o 9 9 2 8 0 - - 0 1  
- 2 ° 1 1 8 9 0 - - 0 1  
- 2 , 3 0 1 8 0 - - 0 1  
- - 2 , 5 6 7 0 0 - - 0 1  
- - 2 , 7 1 1 3 0 - - 0 1  
- 2 , 7 9 7 5 0 - - 0 1  
- 2 * 8 5 9 0 0 - 0 1  
- 2 * 8 9 8 6 0 - - 0 1  
- 2 ° 9 3 2 7 0 - 0 1  
- 2 , 9 5 4 7 0 - 0 1  
- 2 , 9 7 2 8 0 - - 0 1  
- ~ , 9 8 5 7 0 - 0 1  
- 2 * 9 9 3 8 0 - - 0 1  
- 2 , 9 9 8 5 D - - 0 1  
- 3 , 0 0 0 2 0 - - 0 1  

H 
5 , 8 8 2 0 - 0 3  
5 , 8 8 2 0 - 0 3  
5 , 8 8 2 0 - 0 3  
6 , g  130- -03  
7 , 8 0 1 0 - - 0 2  
7 , 6 0 1 0 - - 0 3  
1 , 0 0 1 0 - 0 2  
I , 0 0 ~ 0 - 0 2  
1 • 3 8 6 D - 0 2  
1 . 7 4 0 0 - 0  2 
2 , 6 5 9 0 - 0 2  
4 * 6 6 3 0 - - 0 2  
3 ,  35bD- -02  
2 ° 5 2 3 0 - - 0 2  
2 , 2 0 1 0 - 0 2  
2 , 0 4 9 0 - 0 2  
I , 9 7 5 0 - 0 2  
1 , 9 5 4 0 - 0 2  
1 , 0 7 8 0 - - 0 2  
2 , 0 4 9 0 - 0 2  
2 , 1 7 9 0 - - 0 2  
2 , 3 9 4 0 - - 0 2  
2 , 7 3 6 0 - 0 2  
3 , 4 7 6 0 - 0 2  
4 , 0 9 5 0 - 0 2  
4 , 6 9 5 0 - 0 2  
3 , 4 7 6 0 - - 0 2  
2 , 7 3 6 0 - 0 2  
2 , 3 9 4 0 - 0 2  
2 , 1 7 9 0 - 0 2  
2 , 0 4 9 0 - - 0 2  
1 ° 9 7 8 0 - 0 2  
1 ° 9 5 4 0 - 0 2  
1 , 9 7 5 0 " - 0 2  
2 , 0 4 9 D - 0 2  
2 , 2 0 1 D - 0 2  
2 , 5 2 3 0 - 0 2  
3 , 3 5 6 0 - 0 2  
4 , 6 6 3 0 - 0 2  
2 ° 0 5 9 0 - - 0 2  
1 , 7 n 0 0 - 0 2  
1 * 3 8 E ' 0 - 0 2  
! , 0 0 9 0 - - 0 2  
1 o 0 0 1 0 - - 0 2  
7 , 8 0 1 0 - - 0 3  
7 * 6 0 1 0 - - 0 3  
6 , 9 1 3 0 - 0 .  ~ 
5 , 8 8 2 0 - 0 3  
5 , 8 6 2 0 - 0 3  
5 * B 820 - -02  

5 
1 , 0 0 0  O0 
1 , 0 0 0  O0 
1 , 1 8 0  O0 
1 . 1 0 0  O0 
1 °OOD O0 
1 , 3 2 0  O0 
! . O l D  O0 
1 , "~70 O0 
1 , 2 6 0  O0 
1 • 530  O0 
! • 75D O0 
7 , 2 0 0 - 0 1  
7 , 5 2 0 - 0 1  
8 .  7 3 0 - 0 1  
9 , 3 1 1 ) - 0 1  
9 * 0 4 0 - "  O l  

g ° 8 g D - O !  
1 , 0 1 0  O0 
1 , 0 4 0  O0 
! ° 0 6 0  O0 
I . I O D  O0 
1 4 1 4 0  O0 
I , 2 7 0  O0 
1 , 3 5 0  O0 
I , O O D  O0  
7 , 4 0 0 - 0 1 [  
7 , 8 7 0 - - 0 1  
8 , 7 5 0 - - 0 1  
9 , 1 0 0 - 0 1  
9 , 4 0 0 - - 0 1  
9 , 6 5 0 - - 0 1  
9 , 8 8 0 - 0 1  
1 . 0 1 0  O0 
1 , 0 4 0  O0 
1 , 0 7 0  O0 
! , 1 5 0  O0 
1 ° 3 3 0  O0 
1 , 3 9 0  O0 
5 ,  T 0 0 - 0 1  
6 . 5 4 0 - 0 1  

7 , 9 7 0 - 0 1  
7 . 2 8 0 - 0 1  
9 , 9 2 0 - 0 1  
7 , 5 9 0 " - 0 1  
1 , 0 0 0  O0 
9 . 0 9 1 ) ' - 0 1  
8 . 5  I D "  01  
1 o000  0 0  
! . 0 0 0  0 0  
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A E D C - T  R-78-59 

DC TODD COPS 
EXANF:~I_E 6 

K = 1 5 , 0  

A R 0 0 0 3 8 4  1 9 : 1 6  MON AUG OT~ 1 9 7 8  

NDIM JCASE N NT JOUT LPRNT LNORM 
2 5 0  2 51 30  20  I ! 

I I  TOL RSC 
0 . 0  5 , 0 0 0 0 0 - 0 4  I . O 0 0 0 D - 0 2  

A fl C 0 
I . O 0 0 0 D  DO 0 . 0  0 . 0  0 . 0  
1 , 0 0 0 0 O  O0 0 , 0  0 . 0  OoO 

U N I F O N  SPACING COMPUTED 

S I ] - U T I O N  GUESSED 

UPDATE t 7 I 
NEW SPACING COMPUTED 
UPDATE 2 12 I 
UPDATE 3 0 0 

CONVEqGED SOLUTION 

CHEXDE Z8 2 . 2 8 D ' - 1 5  OoO 0 * 0  O, 0 

51 6 , 9 9 0 - - 0 Z  [ * 5 0 0  OI  3 . 6 7 0 - - 0 1  

26 1 e 3 1 0 - - 0 3  6 o 8 6 D - - 0 4  2 e 6 9 0 - 0 4  
0 0 . 0  0 . 0  0 , 0  

CHEKBM 12 39  12 26  9 , 0 4 0 - 0 4  1 , 5 0 0 - 0 2  2 . 0 3 0 - - 0 1  9 . 5 5 0 - 0 5  

SI~LUTION WRITTEN ON U N I T  20 
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AEDC-TR-78-59 

0C TOOD COPS 
EXAMPLE 6 

1 
9 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25  
26 
27 
28 
~.9 
30 
31 
32 
33 
34 
35  
36  
37 
38  
39 
40 
41 
42 
43  
44 
45  
46  
47  
48 
49  
50 
51 

X 
0 . 0  
4 . 8 1 7 6 0 - 0 3  
9 ° 6 2 5 1 0 - 0 3  
1 , 4 ~ 5 3 0 - - 0 2  
~ . 9 2 7 0 0 - 0 7  
2 . 5 7 7 3 0 - 0 2  
3 . 2 5 7 6 0 - - 0 2  
~ . 9 ~ 7 9 D - 0 2  
4 * 9 0 0 8 0 - 0 2  
5 * R q 2 0 0 - - 0 2  
7 * ~ 5 4 8 0 - 0 2  
9 , 4 5 7 8 0 - - 0 2  
l o 4 1 0 7 0 - - 0 1  
1 * ~ 9 0 4 0 0 0 1  
2.0551~-01 
2 . 2 8 5 3 0 - 0 1  
2 * 4 9 9 1 0 - 0 1  
2 * 7 0 5 3 D - 0 1  
2 . 9 0 9 5 0 - - 0 1  
3 . 1 1 6 5 0 - 0 1  
3 * 3 3 1 0 0 - 0 !  
~ . 5 5 8 7 0 - - 0 1  
3 . 8 0 8 2 0 - - 0 1  
4 . 1 0 1 0 0 - 0 1  
4 . 4 6 8 6 0 - 0 1  
5 . 0 0 0 0 0 0 0 1  
5 . 5 3 1 4 0 - ' 0 1  
5 * 8 9 9 0 0 - - 0 1  
6 . 1 ~ 1 8 D - - 0 1  
6 * 4 4 1 3 0 - - 0 1  
6 . 6 6 9 0 0 - 0 1  
6 . 8 8 3 5 0 - 0 1  
7 . 0 9 0 5 0 - - 0 1  
7 . 2 9 4 7 0 0 0 1  
7 . 5 0 0 9 0 0 0 1  
7 . 7 1 4 7 0 - 0 1  
7 . 9 4 4 9 0 - 0 1  
8 . 2 0 9 6 0 - 0 1  
8 . 5 8 9 ~ D - 0 |  
9.05420'--01 
9°26450001 
9 . 4 1 0 8 0 - - 0 1  
9 * 5 0 9 9 0 0 0 1  
9 . 6 0 6 2 0 - 0 1  
9 , 6 7 4 2 0 - 0 1  
9 . 7 4 2 3 0 0 0 1  
9 . 8 0 7 3 0 0 0 1  
9 * 8 5 5 5 0 0 0 1  
9 * 9 0 3 6 0 - 0 1  
9 . 9 5 1 8 0 " - 0 1  
1 . 0 0 0 0 0  0 0  

A R 0 0 0 3 8 4  

Y YP 
0 . 0  - 1 . 4 9 9 1 0  01 

- 6 . ~ 4 4 ~ 0 - 0 ~  - 1 . 3 8 5 0 0  01 
- 1 . ~ ] 5 7 0 - 0 1  - 1 . 2 7 8 2 0  Ol  
- I . 9 2 7 1 0 - 0 1  - 1 . 1 7 8 3 0  OI 
- 2 . 4 7 1 ~ 0 - 0 1  - 1 . 0 8 4 6 0  01 
- ~ . 1 3 8 6 D - 0 1  - - ~ . 6 7 4 7 0  00 
- 3 * 7 5 ~ 0 0 - 0 1  - 8 0 5 5 3 ? 0  00 
- 4 . 7 0 4 6 0 - 0 1  - 7 . 5 2 9 9 0  00 
- 4 . 9 6 5 7 ~ - - 0 1  - 6 * 2 2 8 9 0  00 
- 5 . 5 2 3 5 0 - 0 1  - ~ * 0 5 0 4 0  O0 
- 6 . 1 5 0 1 D - 0 1  - ? . 5 6 3 7 0  00 
- 6 . 7 1 3 4 0 - 0 1  - 1 o 8 7 1 3 0  00  
- 6 . 9 5 2 8 0 - 0 1  6 . 1 8 4 1 0 0 0 1  
- ~ . 4 7 3 2 0 - 0 1  1 . 0 0 9 6 0  00 
- 5 * 9 2 0 4 0 - 0 1  2 * 3 3 1 1 0  00 
- 5 . 3 4 7 3 0 - 0 1  2 . 6 2 5 8 0  0 0  
- 4 0 7 6 6 7 0 - 0 1  2 . 7 8 8 2 0  00 
- 4 . 1 8 3 5 0 - 0 1  2 . ~ 5 6 3 0  O0 
- ~ * 5 9 9 8 0 - 0 1  2 . 8 4 7 6 0  00  
- ~ . 0 1 7 ~ 0 - 0 1  2 . 7 6 9 4 0  O0 
- 2 . 4 3 7 9 0 - 0 1  2 . 6 2 2 4 0  00  
- 1 , 8 6 4 8 0 - 0 1  2 . 4 0 0 q 0  O0 
- ! . ~ 0 3 0 0 - 0 1  2 , 0 ; 0 9 0  O0 
- - 7 . ~ 3 4 5 0 - 0 2  1 * ~ 5 2 4 0  OO 
- 2 . 6 0 7 7 0 - 0 2  1 0 0 1 4 1 D  O0 

1 . 0 9 1 ~ } - 0 3  - 1 . 5 6 4 0 0 - 0 3  
- 2 . 6 2 0 3 0 - 0 2  - 1 . 0 1 4 8 0  O0 
- 7 . 5 4 5 7 D - 0 2  - - 1 . 6 5 1 5 0  O0 
- 1 . 3 0 3 9 D - 0 1  - 2 . 0 9 0 1 0  O0 
- 1 , 8 6 5 5 0 - 0 1  - - 2 . 4 0 0 3 0  O0 
- 2 . 4 3 8 4 D - - 0 1  - 2 . 6 2 2 0 0  O0 
- 3 . 0 1 7 8 0 - 0 1  - 2 . 7 6 9 2 0  O0 
- 3 . 6 0 0 3 0 - 0 1  - - 2 . 8 4 7 6 D  00 
- 4 . 1 8 4 0 0 - 0 1  - 2 . 8 5 6 5 0  O0 
- 4 . 7 6 7 3 0 - 0 1  - - 2 . 7 8 8 7 0  O0 
- 5 . 3 4 8 0 0 - 0 1  - 2 0 6 2 6 8 0  00  
- 5 . 9 2 1 5 0 - - 0 1  - 2 . 3 3 2 9 0  O0 
- 6 . 4 7 5 0 0 - 0 1  - - 1 . 8 1 4 5 0  O0 
- 6 0 9 5 9 4 D - 0 1  - 6 . 4 1 7 0 0 - - 0 1  
- - 6 . 7 2 9 7 0 - - 0 1  ! * 8 7 6 1 0  O0 
- 6 0 1 6 3 0 0 - 0 1  3 * 5 8 4 6 0  O0 
- 5 . 5 3 1 5 0 - 0 1  5 . 0 6 9 9 0  O0 
- 4 * 9 7 3 8 0 - 0 1  6 * 2 4 T 4 0  O0 
- 4 . 3 1 1 0 0 - 0 1  7 * 5 4 7 3 0  O0 
- 3 * 7 6 3 2 0 - 0 1  8 . 5 7 0 6 0  O0 
- 3 . 1 4 2 ( 5 0 - 0 1  9 * 6 9 1 0 0  O0 
- 2 . 4 7 5 0 0 0 0 1  1 * 0 8 6 2 0  01 
- 1 0 9 2 9 4 0 - 0 1  1 . 1 7 9 8 0  Ol 
- 1 . 3 3 7 2 0 - 0 1  1 . 2 T 9 8 0  O! 
- 6 . 9 5 1 7 9 - - 0 2  1 . 3 8 6 6 0  Ol  

0 , 0  1 . 5 0 0 7 0  O|  

1 9 : 1 6  

YPP 
2 . 4 4 7 4 0  02 
2 . 2 9 0 5 D  02 
2 . 1 4 4 4 0  02 
2 . 0 0 8 3 0  02 
1 . f 1 8 1 5 D  02 
1 0 7 2 3 9 0  02  
1 . 5 7 4 2 0  02 
1 . 4 3 8 6 0  02 
1 * 2 6 7 9 0  02 
! . 1 1 5 0 0  02 
9 * 2 4 9 1 0  01 
7 . 1 0 1 7 D  01 
3 . 9 6 6 4 0  O1 
2 . 3 8 7 8 0  01 
1 . $ 7 7 6 0  01  
9 . 9 6 9 3 D  O0 
5 . 3 2 0 7 0  O0 
1 * 3 6 1 4 0  00 

- - 2 * 1 4 8 4 0  O0 
- 5 , 3 4 4 1 ~  O0 
- - 8 . 3 0 6 3 0  30 
- 1 . 1 0 8 0 0  01 
0 1 . 3 6 8 4 0  O! 
- 1 . 6 1 4 8 0  O l  
- 1 . 8 1 0 4 0  O l  
- - 1 . 9 4 9 4 D  01 
- 1 . 8 3 3 1 0  0 1  
- - 1 * 6 1 7 3 0  O! 
- - 1 * 3 7 0 4 D  Oi 
- - 1 . 1 0 9 6 0  Ol  
- - 8 , 3 1 9 3 0  O0 
- - 5 * 3 5 5 6 D  O0 
- - 2 . 1 5 9 5 0  00 

1 . 3 4 9 7 0  O0 
5 * 3 0 7 3 0  O0 
9 . 9 5 2 4 0  O0 
1 . 5 7 5 3 0  01 
2 * 3 8 3 6 0  Ol 
3 . 9 5 | 7 0  O1 
7 . 0 ~ 5 1 0  Ol  
9 . 2 2 0 0 0  Ol 
1 , 1 1 2 8 0  02 
1 . 2 6 6 1 0  02  
1 . 4 3 7 1 0  02 
1 . 5 7 3 | 0  02 
1 . 7 2 3 0 0  02  
1 . 8 8 0 8 0  02 
2 . 0 0 7 8 0  02 
2 . 1 4 4 1 0  02 
2 . 2 9 0 4 0  02 
2 * 4 4 7 4 0  02 

MON AUG 0 7 .  1978  

[ 
0 . 0  

- i  .6r~ 4 8 0 - - 0 4  
- - 6 . 6 0 5 5 0 - 0 4  
--1 * 4 4 0 4 0 - 0 3  
- 2 .  5 0 9 9 0 - - 0 3  
- - 4 . 3 3 8 1  D - 0 3  
- 6 . 6 8 8 3 0 - - 0 3  
- - 9 * 4 ] 4 9 0 - 0 3  
- - 1 . 3 9 0 8 0 - - 0 2  
- - 1 0 9 1 1 6 D - - 0 2  
- 2 . 7 6 8 1 0 - 0 2  
- 4 .  1 2 6 9 0 - 0 2  
- 7  * 3 4 8 6 0 - 0 2  
- 9 . 9 1 1 6 0 - 0 2  
- 1  • 1 5 5 5 0 - - 0 1  
- - 1 . 2 8 5 3 0 - 0 1  
- !  • 3 9 3 5 0 - 0 1  
-1  . 4 8 5 8 0 - 0 1  
- 1 . 5 6 5 3 0 0 0 1  
-1 o 6 3 3 7 0 - 0 1  
-1  . 6 9 2 2 0 - - 0  I 
- - ! . 7 4 1 1 0 0 0 1  
- 1 . 7 8 0 4 0 - 0 1  
- !  . 8 1 0 2 0 0 0 1  
- - l o 8 2 8 1 0 - 0 1  
- 1 . 8 3 2 4 0 - 0  ! 
--1 * 8 3 6 7 0 " - 0  1 
- 1 . 8 5 4 6 0 0 0 1  
- 1  • 8 8 4 4 0 - 0 1  
--1 * 9 2 3 8 0 - - 0 1  
- - 1 0 9 7 2 7 0 - - 0  1 
- 2 . 0 3 1 2 0 - 0 1  
- 2 . 0 9 9 7 D - 0  1 
- 2  • 1 7 9 2 0 ' - 0 1  
- 2 . 2 7 1 4 0 - 0 1  
- 2 . 3 7 9 6 0 0 0 1  
- 2 . 5 0 9 5  0 - 0  1 
- - 2 * 6 ? 3 9 0 - 0 1  
- 2 . 9 3 0 3 0 - 0 1  
- 3 . 2 5 3 1 0 0 0 1  
- 3 . 3 8 9 3 0 - - 0 1  
- 3 . 4 7 5 1 0 - - 0 1  
- - 3 . 5 2 7 2 0 - - 0 1  
- 3 . 5 ? 2 0 0 - 0 1  
- 3 . 5 9 9 5 0 - 0 1  
- 3 . 6 2 3 1 0 - 0 1  
- 3  * 6 4 1 4 D - - 0 1  
- 3 . 6 5 2 0 0 - - 0 1  
- 3 . 6 5 9 9  000  I 
- 3 7 6 6 4 8 0 - - 0 1  
- 3 . 6 6 6 5 0 - 0 1  

H 
4 . 8 1 8 D - 0 3  
4 * 8 1 8 0 - - 0 3  
4 * 8 1 8 D - 0 3  
4 * 8 1 8 0 0 0 3  
6 * 5 0 2 0 - 0 3  
6 . 5 0 - ~ 0 0 0  ] 
6 . 8 0 3 0 - 0 3  
9 . 6 2 9 0 - 0 3  
9 o 9 1 1 0 - 0 3  
I . 4 6 3 0 0 0 2  
2 . 1 0 3 0 - 0 2  
4 . 6 5 0 0 0 0 2  
3 • 7 9 7 0 - 0 2  
2 . 6 4 7 0 0 0 2  
2 . 3 0 2 0 0 0 2  
2 .  1 3 8 0 - 0 2  
2 . 0 6 2 0 - 0 2  
2 . 0 4 2 0 - - 0 2  
2 . 0 ? 0 0 - 0 2  
2 . 1 4 5 D - 0 2  
2 • 2 7 7 0 - 0 2  
2 . 4 9 5 0 - - 0 2  
2 . 9 2 7 0 - 0 2  
3 . 6 7 7 0 0 0 2  
5 . 3 1 4 0 - - 0 2  
5 . 3 1 4 0 - 0 2  
3 . 6 7 7 0 - 0 2  
2 . 9 2 7 0 - 0 2  
2 . 4 9 5 0 0 0 2  
2 , 2 ] ' 7 0 - 0  2 
2 . 1 4 5 0 0 0 2  
2 . 0 7 0 0 - 0 2  
2 * 0 4 2 0 - - 0 2  
2 . 0 6 2 0 - 0 2  
2*  1 3 8 0 - - 0 2  
2 * 3 0 2 0 - - 0 2  
2 . 6 4 7 0 - - 0 2  
3 , 7 9 7 0 - 0 2  
4 . 6 5 0 0 - 0 2  
2 .  1 0 3 0 - 0 2  
1 . 4 6 3 0 0 0 2  

9 . 9 1 3 0 - - 0 3  
9 .  6 2 9 0 - - 0 3  
6 .  8 0 3 0 - - 0 3  
6 . 8 0 3 0 - - 0 3  
6 * 5 0 2 0 0 0 3  
4 . 8 1 8 0 - - 0 3  
4 . 8 1 8 0 - 0 3  
4 . 8 1 8 0 - - 0 3  
4 0 8 1 0 0 - 0 3  

S 
1 . 0 0 0  O0 
1 . 0 0 0  00  
1 . 0 0 D  O0 
1 . 3 5 0  O0 
1 . 0 5 0  O0 
I . 0 0 0  O0 
1 . 4 2 D  O0 
1 . 0 3 0  O0 
I . 4 8 0  O0 
1 . 4 4 0  O0 
2 . 2 1 0  O0 
8 . 1 7 0 o 0 1  
( 5 . 9 7 0 0 0 1  
8 . 7 0 0 - - 0 1  
9 *  2900  01 
9 . 6 4 0 0 0 1  
9 , 9 1 0 0 0 1  
1 . 0 1 0  O0 
1 . 0 4 0  O0 
! , 0 6 0  O0 
1 . 1 0 0  O0 
1 . 1 7 0  O0 
! • 2 6 0  O0 
1 • 4 5 0  O0 
1 . 0 0 D  O0 
6 . 9 2 0 " - 0 1  
7 * 9 6 0 0 0 1  
8 .  5 2 0 0 0 1  
9 . 1 3 0 0 0 1  
9 * 4 2 0 0 0 1  
9 . 6 5 0 - - 0 1  
9 .  8 7 0 -  O! 
1 . 0 1 0  O0 
1 . 0 4 0  O0 
! . 0 8 0  O0 
1 . 1 5 0  O0 
1 . 4 3 0  O0 
1 . 2 2 0  O0 
4 . 5 2 0 0 0 1  
6 . 9 6 0 - - 0 1  
6 . 7 8 0 - 0 1  
9 , 7 1 0 0 0 1  
7 . 0 7 0 0 0 1  
1 . 0 0 0  O0 
9 . 5 6 0 - - 0 1  
7 , 4 1 0 " - 0 1  
1 0 0 0 0  O0 
1 , 0 0 0  O0 
1 . 0 0 0  O0 
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OC TODD COPS 
EXANPtE 6 

K : 2 0 . 0  

A R 0 0 0 3 8 4  1 9 : t 6  NON AUG 0 7 ,  1 9 7 8  

ND|M JCASE N NT JOUT LPRNT LNORM 
2 5 0  3 51 30  20 1 l 

| I  TnL RSC 
OoO 5 , 0 0 0 0 0 - 0 4  1 , 0 0 0 0 0 - - 0 2  

A B C O 
1 o 0 0 0 0 0  ~O 0 . 0  0 , 0  0 = 0  
l * O 0 0 0 0  O0 0 . 0  0 , 0  0 . 0  

UNIFORM SPACING COMPUTEO 

SOLUTION GUESSED 

UPDATE l 7 ! 51 
NEW SPACING COMPUTED 
UPDATE 2 12 1 26 
UPDATE 3 0 0 0 

CONVERGED SOLUTION 

CHEKDE 33 8 o 0 2 0 - 1 5  0 , 0  0 t 0  

CHEKSM 12 11 12 26 2 , 1 6 0 - - 0 3  

0 , 0  

3 = 8 3 0 - 0 2  

A E DC-TR-78 -59  

SI~LUTIDN WRITTEN ON U N I T  20 

7 , 7 4 D - 0 t  2~OOD 0 t  4 o 0 0 D - 0 1  

2 , 8 4 0 - 0 3  I , 4 5 0 - - 0  3 5 . 0 1 0 - 0 4  
0 , 0  0 ° 0  0 , 0  

8 ,, 05  D'-O 1 ! o93 D-O'Q. 
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A E D C - T R - 7 8 - 5 9  

DC TODD CDPS 
EXAMPLE 6 

1 
2 
3 
4 
5 
6 
7 
8 
g 

10 
11 
12 
13 
1,~ 
15 
16 
17 
IR 
19 
20 
21 
22  
23 
24 
25 
26 
9__7 
28 
29 
70 
31 
32  
.13 

35  
36 
37 
38 
39 
40 
41 
49 

43  
44 
~5 
4(- 
47  
48  
49  
50 
51 

AR00038~ 

X Y yp  
0 . 0  0 ° 0  - 1 . 9 9 7 9 0  Ol  
4 . 1 2 f ? ~ - 0 ~  - 7 . 8 9 5 3 D - 0 2  - 1 . 8 7 1 2 D  Ol 
8 . 2 5 2 4 D - - 0 2  - 1 . 5 1 2 9 D - - 0 1  - 1 * 6 7 7 2 D  O! 
1 . 2 3 7 9 0 - - 0 2  - 2 . 1 7 5 2 ~ - 0 1  -1 .5~47D Ol 
I .~505D-07  - 2 . 7 R 0 9 0 - 0 |  - 1 .40290  O~ 
2 . ~ 9 ~ 3 D - 5 2  - 3 . 3 7 8 ~ D - ~ 1  - 1 . 2 7 1 0 0  Ol 
2 , 7 3 g 2 D - - 0 2  - 4 , 1 3 7 9 D - 0 1  - 1 . I 0 0 1 D  O1 
2 . 3 8 0 3 D - 0  ~ - ~ . T 9 3 6 0 - 0 1  - S . ~ 8 3 6 D  O0 
4.0345D-02 -5 .36R2D-~ l  - e * I O g l O  ~ 0  
5.OF8~n-02 - 6 . I 0 7 3 D - 0 1  -6 .2421D O0 
6*17830-02 -~ .7050~ -31  -4 ,5854D O0 
7 , 9 6 R ~ 0 - 0 2  - 7 , 3 3 2 ~ D - 0 1  - 2 . 5 4 3 3 0  O0 
1 ,2559D-~I  -7*7030D-01 
1.6532D-01 -7 .1677D-01 
I . g257~-01  -~ ,5515D-~1 
2.16320-01 -5 .9174D-01 
2 , ~ 8 3 R D - 0 1  - ~ . 2 7 9 1 D - 0 1  
2 . 5 9 7 0 D - 0 1  - ~ . 6 3 Q S O - q l  
2.8086D--01 -~ .99080 -01  
3 . 0 2 3 7 0 - 0 1  - 3 . ? E O 5 D - O I  
3 , 2 ~ 7 0 0 - 0 1  - 2 , 7 2 3 2 D - 0 1  
3 . 4 8 4 0 D - ~ 1  - 2 . 0 9 0 7 0 - 0 1  
3.7~500-01 -1,4697D--01 
• *0465D-01 - 8 . 6 7 1 9 0 - ~ 2  

5*85ROD- -01  
1 . 9 6 8 6 D  O0 
2 , 5 1 1 7 D  ~0 
2 , ~ 0 5 7 0  O0 
2 . ~ 2 3 D  O0 
3 , n 2 ~ 2 D  0 0  
3 * 0 0 9 7 0  O0 
2 , 9 2 5 7 0  O0 
2 . 7 7 1 7 D  O0 
2 , 5 4 0 8 D  O0 
2 . 2 1 7 7 D  O0 
1 . 7 6 6 1 D  O0 

~ . 4 2 g 1 0 - 0 1  - ~ . 1 6 1 1 D - - 0 2  I * 0 ~ 9 6 0  O0 
5 . 0 0 0 0 0 - 0 1  7 . 6 7 5 0 D - 0 5  - I . 4 3 2 8 D - 0 3  
5 * 5 7 0 9 D - 0 1  - ~ ° 1 7 2 ~ D - 0 2  - I , ~ 9 9 9 D  O0 
5 * ~ 5 3 5 0 - 0 1  - ~ . 6 8 0 6 0 " 0 2  - 1 , 7 6 S O D  O0 
6 , 2 5 5 0 D - 0 1  - 1 . 4 7 0 3 D - - 0 1  - 2 , 2 1 6 ; D  O0 
6.5154[~01 -? .Og l lD- -01  -2 .5403D O0 
6 . 7 5 3 0 0 - 0 1  - ~ . 7 2 2 6 D - - 0 1  - 2 . 7 7 1 5 0  O0 
~ * 9 7 6 3 0 - - 0 1  - 3 . 3 6 0 9 D - 0 1  - 2 , 9 2 5 7 D  O0 
7 , ~ 9 1 n D - 0 1  - 4 , 0 0 0 2 D - 0 1  - 3 , 0 1 0 1 D  O0 
7 , 0 0 3 0 D - 0 1  - ~ . 6 4 0 0 0 - 0 1  - ~ ° 0 2 4 9 D  O0 
7 . 6 1 6 2 ~ - 0 1  - 5 . 2 7 ~ 8 0 - 0 1  - 2 . 9 6 2 5 D  O0 
7 . f 1 3 6 8 D - O t  - 5 . ~ 8 ~ D - 0 1  - 2 . 8 0 7 8 0  O0 
8 . ~ 7 ~ - - ~ 1  - ~ , 5 5 3 2 D - 0 1  - 2 , 5 1 5 5 0  O0 
8 o 3 4 6 8 0 - 0 1  - 7 . 1 7 1 2 D - 0 1  - - 1 . 9 7 9 7 0  O0 
8 . 7 4 ~ 1 0 - 0 1  - 7 , 7 1 8 2 D - 0 1  - 6 , n 3 0 8 D - 0 1  
9 * 2 ~ 3 ~ 0 - ~ 1  - 7 . 3 6 9 2 D - 9 1  
9 . 3 8 2 2 0 - 0 1  - 6 . T 3 2 1 0 - - 0 1  
9 . n g x 1 0 - 0 1  - 6 , 1 2 8 2 D - 0 1  
9 .59650-01 -5.3841D--~I  
9,6620~--01 - 4 . 8 0 6 ~ D - ~ I  
9 . 7 ~ 1 D - 0 1  -4 .1482D-01 
9 . 7 9 3 2 0 - n l  - 3 . 3 8 6 6 0 - 7 1  
9.835~r)--01 -2.TRTOD-01 
9 , 8 7 6 2 0 - 0 1  - 2 . 1 7 9 7 D - 0 1  
9 * 9 i 7 5 0 - 0 1  - l *~15qD- -q l  
~ , Q 5 8 7 D - - 0 1  - 7 , 0 1 0 1 D - - 0 2  
1 * 0 0 0 0 0  O0 0 . 0  

2 , % 7 1 2 D  O0 
4 , 6 4 6 2 0  O0 
6 . 2 9 7 8 D  O0 
8 , 1 5 5 0 D  O0 
9 , 5 2 7 1 D  O0 
1 . 1 0 4 2 D  01 
i , 2 7 4 8 D  Ol 
I .4067D O] 
1 , 5 3 8 4 D  01 
1 , ~ 8 C 9 D  q l  
I *83~90 01 
2 , 0 0 1 5 D  Ol 

19:16 

YPP 
4 , 1 9 7 4 D  02 
3 * 8 8 0 8 0  02 
3 . 5 8 9 3 D  02 
3 * ~ 2 0 7 0  02 
3 , 0 7 3 2 D  02 
2 * 8 2 6 8 0  02 
2 ° 5 0 9 8 D  02 
2 , 2 3 0 ~ D  02 
1 , g T g g D  02 
1 , ~ 4 4 0 D  02 
I , ~ 5 1 9 D  02 
9,9453D 01 
4o6680D 01 
~ ° 4 7 ~ 6 D  01 
1.5519~ Ol 
9 . 4 6 4 3 D  O0 
4 , 8 5 9 8 0  O0 
I * 0 3 1 ~ D  0 0  

- - 2 . 3 3 ~ 4 D  O0 
- 5 . 4 2 3 2 0  O0 
- 8 * 3 1 3 6 0  O~ 
- 1 * I 0 6 0 D  01 
- 1 ° 3 6 7 6 0  OI 
-1 .6158D 91 
- I ° 8 4 0 0 D  Ol  
- 1 ° 9 7 0 9 D  01 
- 1 ° 8 4 4 6 D  OI 
- - 1 . 6 1 9 3 D  01 
- 1 . 3 7 0 0 0  Ol 
- 1 . 1 0 7 8 D  Ol  
- 8 , 3 2 7 7 0  O0 
- 5 , 4 3 6 7 D  O0 
- 2 . 3 5 4 4 D  O0 

l o 0 1 2 2 D  O0 
4 . 8 3 2 9 0  O0 
9 ° 4 7 3 2 0  O0 
1 , 5 ~ 5 1 D  O| 
2 . 4 6 2 6 D  Ol 
4 . 6 0 7 ~ D  01 
9 , 8 0 0 1 0  Ol 
1 ° 3 4 1 1 0  02 
1 ° 6 3 5 6 0  02 
1 . 9 7 ~ 5 D  02 
2 , 2 2 5 4 D  02 
2 . 5 0 5 7 0  02 
2 . 8 2 3 7 D  ~2 
3 * 0 7 0 8 0  02 
3 ° 3 1 8 9 D  02 
3 . 5 8 8 1 0  02 
3 , 8 8 0 2 D  02 
4 . 1 9 7 4 D  02 

MON AUG 0 7 ,  1 9 7 8  

I 
0 . 0  

- 1 , 6 5 2 5 D - - 0 4  
- 6 ° 4 2 4 5 D - - 0 4  
- 1 ° 4 0 5 4 0 - - 0 3  
- - 2 , 4 2 9 7 0 - - 0 3  
- 3 * 8 1 0 4 D - 0 3  
- - 6 , 2 2 5 8 0 - 0 3  
- 9 . 0 9 4 1 0 - 0 3  
- 1 . 2 4 2 3 D - 0 2  
- - 1 . 8 3 7 4 0 - - 0 2  
- 2 * 5 4 9 9 0 - 0 2  
- - 3 . 8 1 1 7 0 - 0 2  
- - 7 , 3 1 7 3 D - 0 2  
- 1 . 0 2 8 9 0 - 0 1  
- 1 ° 2 1 6 2 D ' - 0 1  
- - 1 . 3 6 4 4 0 - 0 1  
- 1 . 4 8 8 0 0 - 0 1  
- 1 . 5 9 3 7 0 - 0 !  
- - ! . 6 8 5 1 D - - 0 1  
- 1 . 7 6 4 2 D - 0 |  
- 1 . 8 3 2 1 D - - 0 1  
- - 1 . 9 8 9 2 0 - - 0 1  
-1,9354D-01 
- I . 9 7 0 2 0 - 0 1  
-1.9921D--01 
-1 .99810-01  
--2.00410-01 
- 2 . 0 2 6 0 0 - - 0 1  
- 2 . 0 6 0 9 0 - 0 1  
- 2 . 1 0 7 1 0 - - 0 1  
- - 2 . 1 6 4 2 1 ) - 0 1  
- 2 . 2 3 2 0 0 - 0 1  
- 2 * 3 1 1 1 D - - 9 1  
- ? . 4 0 2 6 0 - - 0 1  
- - 2 * 5 0 8 3 0 - 0 1  
- 2 * 6 3 1 9 0 - 0 1  
- 2 . T 8 0 1 0 - - 0 1  
- - 2 . 9 6 7 5 0 - ' - 0 1  
- - 3 , 2 6 5 0 0 - 0 1  
- 3 * 6 1 6 9 0 - - 0 1  
- 3 . 7 4 3 7 0 - - 0 1  
- 3 ° 8 1 5 2 D - 0 1  
- 3 . 8 7 4 9 D - 0 1  
- 3 . 9 0 8 3 0 - 0 1  
- 3 . 9 3 7 0 D - 0 1  
- 3 * 9 6 1 3 0 - - 0 1  
- - 3 . 9 7 5 1 0 - - 0 1  
- 3 o 9 8 5 4 D - 0 1  
- 3 , 9 9 3 0 D - 0 1  
- 3 ° 9 9 7 8 D - 0 1  
- 3 . 9 9 9 4 0 - 0 1  

H 
4 . 1 2 6 D - 0 2  
4 . 1 2 6 0 - - 0 3  
4 . 1 2 6 D - 0 3  
4 . 1 2 6 0 - - 0 Z  
4 . 4 ? 6 0 - 0 3  
6 . 4 1 1 D - 0 3  
6 . 4 1 1 D - - 0 3  
6 . 5 4 2 D - 0 3  
1 . 0 3 4 0 - 0 2  
1 . 1 0 9 0 - - 0 2  
1 , 7 9 0 0 - 0 2  
4 . 5 9 1 0 - - 0 2  
3 * 9 7 3 D - 0 2  
2 , 7 2 5 0 - 0 2  
2 , Z 7 4 D - 0 2  
2 * 2 0 7 0 " - 0 2  
2 * 1 3 2 0 - 0 2  
2 . 1 1 6 D - 0 2  
2 . 1 5 0 D - 0 2  
2 o 2 3 3 D - 0 2  
2 , 3 7 6 0 - 0 2  
2 , 6 0 4 0 - - 0 2  
3 . 0 1 5 0 - 0 2  
3 , 8 2 6 0 - 0 2  
5 . 7 0 9 0 - 0 2  
5 * 7 0 9 D - 0 2  
3 , 8 2 6 D - 0 2  
3 . 0 1 5 D - - 0 2  
2 , 6 0 4 0 - 0 2  
2 . 3 7 8 0 - 0 2  
2 ° 2 3 3 D - 0 2  
2 . 1 5 0 D - 0 2  
2 . 1 1 6 0 - 0 2  
2 . 1 3 2 D - - 0 2  
2 * 2 0 7 D - 0 2  
2 * 3 7 4 0 - - 0 2  
2 , 7 2 5 D - - 0 2  
~ , 9 7 3 0 - 0 2  
4 o 5 9 1 0 - 0 2  
1 , 7 9 0 0 - 0 2  
1 . 1 0 9 D - 0 2  
1 . 0 3 4 D - 0 2  
6 . 5 4 2 D - 0 3  
6 , 4 1 1 0 - 0 7  
6 . 4 1 1 D - 0 3  
4 . 4 7 6 D - 0 3  
4 . 1 2 6 0 - 0 3  
4 . ! 2 ~ D - 0 3  
4 . 1 2 6 0 - 0 7  
4 , 1 2 6 0 - 0 3  

S 
1 o 0 0 0  O0 
I °OOD O0 
1 °OOD O0 
1 . 0 8 D  O0 
1 . 4 3 D  O0 
I ,OOD O0 
1 , 0 2 0  O0 
I °58D O0 
I .O?D O0 
1 .(>10 O0 
2 . 5 6 0  O0 
8 , 0 5 0 - 0 1  
6 . 8 6 0 - 0 1  
8 , 7 1 D - 0 1  
9 °30D--O I 
9 . 6 6 0 - 0 1  
9 . 9 3 0 -  01 
l . 0 2 D  O0 
I , 0 4 D  O0 
I . 0 6 D  O0 
1 , 1 0 0  O0 
1 . 1 6 D  O0 
1 . 2 7 D  O0 
1 . 4 9 D  O0 
1 °OOD O0 
6 . ? O D -  01 
7 . 8 8 D - - 0 1  
8 . 6 4 D - - 0 1  
9 * 1 3 0 - 0 1  
9 . 4 0 D - - O  I 
9 . 6 3 D - - 0 1  
9 . 8 4 0 - 0 1  
1 . 0 1 D  O0 
1 . 0 4 0  O0 
I ° 0 8 D  O0 
1 . 1 5 D  O0 
1 . 4 6 1 )  O0 
1 . 1 6 0  O0 
3 . 9 0 0 - 0 1  
6 . 2 0 0 . 0 1  
9 . 3 2 0 - - 0 1  
6 . 3 3 0 -  O] 
9o80D- -01  
1 *OOD O0 
6 . 9 8 D - - 0 1  
9 . 2 2 D - - 0 1  
l . O O D  O0 
1 , 0 0 D  O0 
1 . 0 0 0  O0  

l l 4  



A E DC-T R-78-59 

DC TO:)D CDPS 
~X AMJ~I_ F 6 

K = 2 5 , 0  

ARGO0384 | 9 : 1 6  MON AuG 0 7 ,  1 9 7 8  

NDIM JCASE N NT JOUT LPRNT LNOPM 
250  4 51 30  2D I ! 

1 |  TDL RSC 
0 , 0  5 , 0 0 0 0 D - 0 4  1 . 0 0 0 0 0 - - 0 2  

A 8 C 0 
l * O 0 0 0 D  O0 0 . 0  0 . 0  0~0  
I . O 0 0 0 D  O0 0 , 0  0 . 0  0 . 0  

UNIFORN SPACING COqPUTED 

SOLUTION GUESSED 

UPDATE I 6 | 51 
NEN SPACING COMPUTED 
UPDATE 2 12 1 26  
UPDATE 3 0 0 

CONVERGED SOLUT ION 

CHEKD[ 18 5 . 3 7 D ' - 1 4  0 . 0  

CHEKBM 12 I I  12 26 2 . g _ ' ~ . - 0 3  6 , 0 | D - - O a  

SOLUTION WRITTEN ON UNIT  20 

8 . 2 2 0 - 0 1  2 , 5 1 0  Ol 4 . 2 0 0 - 0 ]  

3 , 6 8 0 - 0 3  2 , 3 3 D - 0 3  5 . 9 3 D - - 0 4  
0 . 0  0 . 0  0 * 0  

| . 6 6 0  O0 2 . 3 5 0 - - 0 4  
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A E D C - T R - 7 8 - 5 9  

OC TODD COPS 
EXAM I31-E 6 

l 
2 
3 
4 
5 
6 
7 
8 
g 

]0 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
~5 
46 
47 
48 
49 
50 
51 

STOP 

X 
0 . 0  
~ . F 4 1 2 0 - 0 ~  
7 . 2 8 2 4 D - 0 3  
1 . 0 9 2 4 D - 0 2  
1.45~5D-02 
1 , A 2 0 6 0 - 3 2  
2 , 3 1 6 8 0 - 0 7  
2 . 9 4 1 2 0 - 0 2  
3 , 5 6 5 6 0 - 0 2  
4 , 3 4 0 9 0 - - 0 2  
5.4611D-02 
7.1484D-02 
1.14660--0] 
] * 5 4 8 0 0 - 0 1  
1 * 8 2 7 3 0 - 0 1  
2 0 0 6 9 4 0 - 0 1  
2 0 2 q 6 7 0 - 0 1  
2,5171D--01 
207361[ 'P ' -01 
2,9581D--01 
3 * 1 8 7 7 0 - - 0 1  
3 , 4 3 2 5 0 - - 0 ]  
3 , 7 0 1 8 0 - 0 1  
4 . 0 0 9 4 D - - 0 1  
4 0 4 0 2 8 0 - 0 ]  
5 . 0 0 0 0 0 - 0 1  
5 , 5 9 7 2 0 - - 0 1  
5 , Q 9 0 0 0 - - 0 1  
6 . 2 9 8 2 0 - - 0 1  
6 , 5 6 7 5 0 - - 0 1  
6 0 8 1 2 ~ 0 - 0 1  
7 0 0 4 1 9 0 - 0 1  
7 , 2 6 3 9 D - 0 1  
7 * 4 8 2 9 0 - 0 1  
7 , 7 0 3 3 0 - 0 ]  
7 , 9 3 0 6 0 - 0 ]  
8 , 1 7 2 7 0 - 0 1  
8 * 4 5 2 0 0 - - 0 1  
8 * 8 5 3 4 D ' - 0 1  
9 * 2 8 5 2 0 - 0 ]  
9 * 4 5 3 9 0 - - 0 1  
9,5~59D'-01 
9 , 6 4 3 4 D - - 0 1  
9 , 7 0 5 9 0 " - 0 1  
9 , 7 6 8 3 0 - - 0 1  
9 * 8 1 7 9 0 - - 0 1  
9 * 8 5 4 4 0 - 0 1  
9 * 8 9 0 8 0 - 0 1  
9 * 9 2 7 2 0 - 0 1  
9 , 9 6 3 6 0 . - 0 ]  
1 . 0 0 0 0 0  O0 

ARO0038~ 19:16 

Y yp 
0 . 0  - 2 , 4 g ~ g D  Ol 

- 8 * 6 7 6 5 0 - 0 2  - 2 , 2 7 2 ] D  Ol 
- l , 6 f i T O D - O l  - 2 . 0 6 6 3 0  Ol 
- 2 * 3 7 4 5 D - 0 1  - 1 , 8 7 7 8 0  Ol 
- ~ , 0 2 6 3 0 - 0 1  - ! . 7 0 5 0 0  Ol 
- 2 . E 1 7 ~ 0 - - ~ 1  - 1 * 5 4 6 6 0  OI 
- 4 , 5 3 6 0 0 - 0 ]  - 1 , 3 5 1 7 D  Ol 
- 5 , 1 1 1 3 D - 0 ]  - 1 . 1 3 6 8 0  01 
-5.7617D--~1 -g*51100  O0 
- 5 * 4 2 0 9 0 - 0 1  - - 7 , 5 5 2 0 0  O0 
- 7 * 1 3 3 6 0 - 0 ]  - 5 . 2 6 5 7 0  O0 
--7.7999D--~I -2 ,7997D O0 
- 8 , 1 7 7 6 0 - 0 1  6 * 1 9 8 6 0 - 0 1  
- 7 * 6 0 4 5 0 - 0 ]  2 , 0 6 7 6 0  O0 
- 6 . g 4 6 ] D - - O l  2 , 6 0 2 9 0  O0 
- - 6 , 2 7 9 2 0 - 0 1  2 , 8 8 4 2 0  DO 
- 5 , 6 0 4 6 0 - 0 1  3 , 0 3 5 0 0  O0 
- 4 . 9 2 7 5 0 - - 0 1  3 . 0 9 4 8 0  O0 
- 4 o 2 5 0 2 0 - 0 1  3 , 0 8 0 1 D  O0 
- - 3 , 5 7 4 4 0 - 0 1  2 * 9 ~ 6 9 0  O0 
- 2 . g 0 2 6 0 - 0 ]  2 , 8 4 4 3 D  O0 
- 2 , 2 3 3 ~ D - 0 ]  2 . 6 1 3 1 D  O0 
- 1 . 5 7 2 1 D - 0 1  2 , 2 8 5 7 D  O0 
- 9 0 3 6 9 1 D - 0 2  1 , 8 3 1 1 0  O0 

y p p  
6 . 4 4 7 4 0  
5 . 9 0 4 2 0  
5 , 4 0 8 3 0  
4 * 9 8 5 5 0  
4 . 5 4 2 0 D  
4 . 1 6 4 5 D  
3 , 7 0 2 3 0  
Z . l g 6 3 0  
2 0 7 6 3 3 0  
2 . 3 1 1 5 D  
1 * 7 9 5 2 0  
1 , 2 4 2 9 0  
5 . 1 0 8 2 0  
? . 4 3 0 0 D  
1 . 4 6 5 1 D  
8 , 8 5 4 1 0  

02 
02 
02 
02 
02 
02 
02 
02 
02 
02 
02 
02 
Ol 
Ol  
01 
O0 

4 0 5 4 2 2 0  O0 
9 , 5 6 6 3 D - Q 1  

- 2 , 2 4 0 1 0  O0 
- 5 * 2 1 2 7 0  O0 
- 8 , 0 4 3 ] 0  O0 
- - l * 0 7 8 g D  Ol 
- 1 . 3 4 5 & 0  Ol 
- 1 . 5 9 8 7 0  01 

- ? . 4 7 2 8 0 - 0 2  1 , 1 5 0 5 0  O0 - 1 , 8 3 2 6 D  01 
- 5 . 1 7 5 2 0 - 0 6  - ! . 2 6 0 7 0 - 0 3  - 2 . 9 7 4 2 D  01 
- 3 . 4 8 3 0 D - 0 2  - 1 . ] 5 0 5 D  O0 - 1 , 8 3 9 0 0  01 
- 9 * 3 7 5 7 0 - 0 2  - 1 , 8 3 0 0 0  O0 - - 1 , 6 0 2 9 0  Ol 
- I , ~ 7 2 5 D - 0 1  - 2 , 2 8 5 0 0  O0 - ] , 3 4 7 9 0  O] 
- 2 . 2 3 3 6 D - 0 1  - - 2 . 6 1 2 8 D  O0 - - 1 , 9 8 0 4 0  01 
- - 2 , 9 0 2 8 0 - - 0 1  - - 2 , 8 4 4 1 0  O0 - - 8 , 0 5 3 8 0  O0 
- 3 , 5 7 4 6 0 - 0 1  - 2 * g g 7 0 0  O0 - - 5 , 2 2 2 4 0  O0 
- 4 , 2 5 0 4 0 - 0 1  - 3 * 0 8 0 4 0  O0 - 2 , 2 5 1 4 0  O0 
- 4 * 9 2 7 8 0 - 0 1  - - 3 , 0 9 5 3 0  O0 9 * 4 0 4 5 0 - - 0 1  
- 5 * 6 0 5 ] D - 0 ]  - ? * 0 3 6 0 0  O0 4 * 5 ] 6 0 0  O0 
- 6 * ? 8 0 0 0 - 0 ]  - - 2 * 8 8 6 2 0  O0 8 * 8 0 7 6 0  O0 
- 6 * 9 4 7 6 D - O r  - - 2 , 6 0 6 9 D  O0 1 , 4 5 6 2 0  01 
- - 7 , 6 0 8 2 D - 0 1  - - 2 * 0 8 2 3 0  O0 2 , 4 0 7 2 0  O] 
- 8 , 1 9 8 5 0 - 0 1  - 7 . 0 6 1 8 0 - 0 1  4 . 9 7 7 6 0  O! 
- 7 , 8 4 9 4 0 - 0 1  2 * 8 4 7 0 0  O0 ] , 2 1 2 0 0  02 
- 7 , 1 6 9 2 0 - 0 1  5 * 3 5 8 8 0  O0 1 , 7 7 3 0 0  02 
- ~ 0 4 4 7 1 D - 0 1  7 , 6 2 9 0 0  O0 2 0 2 9 5 ] D  02 
- 5 , 7 8 2 2 0 - 0 ]  g , 5 8 1 0 0  O0 2 , 7 5 0 5 0  02 
- 5 , 1 2 7 E D - - 0 ]  ] , 1 4 3 ] 0  O] 3 0 1 8 6 1 0  02 
- 4 , 3 4 8 5 0 - 0 ]  1 , 3 5 7 6 0  Ol 3 . 6 9 4 4 0  02 
- 3 * 6 2 7 0 0 - 0 1  ] * 5 5 2 2 0  01 4 * ] 5 8 4 0  02 
- 3 , 0 3 4 0 0 - 0 1  1 * 7 1 0 4 0  01 4 * 5 3 7 2 0  02 
- 2 * 3 8 0 2 0 - 0 ]  1 , 8 8 3 1 0  01 4 0 9 5 ] 9 0  02 
- ] , 6 6 0 7 0 - 0 ]  2 , 0 7 1 5 0  01 5 , 4 0 6 0 0  02 
- 8 * 6 9 5 3 0 - 0 2  2 * 2 7 7 3 0  01 5 * 9 0 3 1 0  02 

0 0 0  2 , 5 0 2 ] 0  01~  6 * 4 4 7 4 0  02 

~ION AUG 0 7 .  1978  

! 
0 . 0  

- 1 , 8 0 4 5 0 - 0 4  
- 6 , 2 2 3 6 0 - - 0 4  
- - ! , 3 5 U 4 D - 0 3  
- - 2 , ] 4 3 8 D - 0 3  
- ~ . 5 5 5 0 0 - 0 3  
- 5 . 5 3 2 3 0 - - 0 3  
- 8 . 4 8 8 8 0 - 0 3  
- - 1 , 1 8 9 0 0 - - 0 2  
- - ] * 6 6 2 2 0 - - 0 2  
- - 2 * 4 2 3 8 0 - - 0 2  
- - 3 . 6 8 9 4 0 - 0 2  
- - 7 * 1 9 0 9 D - - 0 2  
- 1 , 0 3 7 8 0 - 0 1  
- - ] * 2 4 ] 3 0 - 0 ]  
- - 1 , 4 0 3 5 0 - - 0 1  
- - ] , 5 3 6 6 0 - - 0 1  
- - 1 * 6 5 2 7 0 - - 0 1  
- - 1 , 7 5 3 2 0 - - 0 ]  
- 1 , 8 4 0 0 0 - 0 1  
- 1 , 9 1 4 3 0 - - 0 1  
- - ] . 9 7 7 1 D - - 0 1  
- 2 , 0 2 8 1 0 - 0 1  
- 2 , 0 6 6 3 0 - - 0 1  
- 2 , 0 9 0 7 0 - 0 1  
- 2 * 0 9 7 7 0 - 0 1  
- 2 , ] 0 4 6 0 - - 0 1  
- 2 , 1 2 9 0 0 . - 0 1  
- 2 * 1 6 7 3 D - 0 ]  
- 2 , 2 1 8 3 0 - - 0 1  
- 2 , 2 8 1 1 0 - - 0 1  
- 2 * 3 5 5 4 D - 0 ]  
- 2 , 4 4 2 2 D - - 0 2  
- - 2 , 5 4 2 7 0 - - 0  ] 
- - 2 , 6 5 8 8 0 - - 0  ] 
- - 2 , 7 9 4 0  O-01  
- - 2 , 9 5 4 2 0 - - 0 1  
- 3  * 1 5 7 8 0 - 0 1  
--3 * 4 7 6 8 0 - - 0 1  
- -3082880 - -01  
- - 3 * 9 5 6 ] 0 - - 0 ]  
- 4 * 0 3 2 6 0 - 0 1  
- 4 , 0 8 0 3 0 " - 0 1  
- 4 , 1 1 4 2 0 - 0 ]  
- 4 , 1 4 3 8 0 - 0 1  
' - 4 . 1 6 3 7 0 - 0 1  
- - 4 , 1 7 5 8 0 - - 0 1  
- - 4 , 1 8 5 7 0 - 0 1  
- 4 * 1 9 3 1 0 - - 0 1  
- 4 , 1 9 7 7 0 - - 0 1  
- - 4 , ! 9 9 3 0 - - 0 1  

H 
3 , 6 4 1 0 - 0 3  
3 . 6 4 1 0 - 0 3  
3 , 6 4 1 0 - - 0 3  
3 * 6 4 1 0 - 0 2  
3 , 6 4 1 0 - 0 3  
4 * 9 6 2 0 - 0 3  
6 .  2 4 4 0 - 0 3  
&* 2440 - -03  
7 . 7 5 3 0 - 0 _  TM 

I , 1 2 0 0 - 0 2  
1 , 6 8 7 0 - 0 2  
4 , 3 1 8 0 - 0 2  
4 , 0 1 4 0 - 0 2  
2 • 7 9 3 0 - 0 2  
2 , 4 2 ]  D--02 
2 • 2730 - -02  
2 , 2 0 5 0 - 0 2  
2 ,  1 9 0 0 - 0 2  
2 , 2 2 0 0 - 0 2  
2 .  2 9 6 0 - 0 2  
2 , 4 . 4 8 0 - - 0 2  
2 , 6 9 3 0 - - 0  2 
3 , 0 7 6 0 - 0 2  
3 , 9 3 4 0 - - 0 2  
5 , 9 7 2 0 - 0 2  
5 * 9 7 2 0 - 0 2  
3 , 9 3 4 0 - 0 2  
3 , 0 7 6 0 - - 0 2  
2 , 6 9 3 0 - 0 2  
2 , 4 4 8 0 - 0 2  
2 • 2961)--02 
2 , 2 2 0 0 - 0 2  
2 ,  ] 9 0 0 - 0 2  
2 ,  2050 - -02  
2 • 2 7 3 0 - 0 2  
2 , 4 2 1  0 - 0 2  
2 , 7 9 3 0 . - 0 2  
4 0 0 ] 4 . 0 - 0 2  
4 , 3 1 8 0 - - 0 2  
! , 6 8 7 0 - - 0 2  
I * 1200- -02  
7 , 7 5 3 0 - - 0 3  
6 • 2 4 4 0 - 0 3  
6 • 2 4 4 0 - 0 3  
4 0 9 6 2 D - 0 3  
3 ,  6 4 ]  D--03 
3 , 6 4 ] 0 - 0 3  
3 , 6 4 1 0 - - 0 3  
3 . 6 4 1 0 - - ' 0 3  
3 o 6 4 1 0 - - 0 3  

5 
I , 0 0 0  O0 
I , 0 0 0  O0 
1 , 0 0 0  O0 
] ,OOD O0 
1 , 3 6 0  O0 
] • 260  O0 
I ,OOD O0 
1 , 2 4 0  O0 
1 , 4 4 0  O0 
1 , 5 1 D  O0 
2 , 5 6 0  O0 
9 , 3 0 D - - 0 1  
6 , 9 6 0 - ' 0 1  
8 . 6 7 0 - 0 1  
9*3gD--O ] 
9 *  7 0 0 - 0 1  
9 * 9 3 0 - 0 1  
1 , 0 1 0  O0 
1 , 0 3 0  O0 
I * 0 7 0  O0 
1 * 1 0 0  O0 
1 * 1 4 0  O0 
! * 2 8 D  O0 
] * 5 2 0  O0 
] .OOD O0 
6 , 5 9 0 -  O] 
7 * 8 2 0 " - 0  ] 
8,751:) - -0]  
9 , 0 9 0 - ' 0 1  
9 , 3 8 0 - - 0 1  
9 , 6 7 0 - - 0 1  
9 , 8 6 0 -  OI 
1 *01D O0 
1 , 0 3 0  O0 
] * 0 6 0  O0 
1 , 1 5 0  O0 
1 , 4 4 0  O0 
1 , 0 8 0  O0 
3 , 9 1 0 " 0 1  
6 . 0 4 0 - 0 1  
6 o 9 2 0 - 0 1  
8 , 0 5 0 - 0 1  
1 . 0 0 0  O0 
7 , 9 5 0 - - 0 1  
7 ' .  34D.*- 0 ] 
1 . 0 0 0  O0 
1 0 0 0 0  O0 
1 0 0 0 0  O0 
1 0 0 ¢ 0  O0 
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A E D C - T R - 7 8 - 5 9  

DC TODD CDPS 
EXAMPLE • 

J : 19 

A N 0 0 0 3 8 4  | 9 : 2 0  MON AUG O • l  1 g 7 8  
y e l  = E X P | Y )  

L A/,I BD A = 8 . 9 2 5 ~ . 2 4 0 g g A  S S 2 0 - O |  4 0 E 4 7 C S 9 4 | A 9 C 2 5 1  

NDIM JCASE N NT JOUT LPRNT LNORN 
2 5 0  I 51 3 0  20  ! 1 

I I  TOL PSC 
OeO S . O 0 0 ~ D - 0 4  1 , 0 0 0 0 0 - - 3 2  

A B C D 
l , O 0 0 0 D  O0 0 , 0  0 . 0  0 , 0  
1 , 0 0 0 0 D  O0 O,O OeO OtG 

UNIFORM SPACING COMPUTED 

SOLUTION GUESSED 

UPDATE 1 26  51 
NEW SPACING COMPUTED 
UPDATE g 26 50  
UPDATE 3 26 50  

CONVERGEO SOLILIT ION 

CHEKOE 28 2 . 3 3 D - - 1 6  0 ° 0  OeO OeO 

51 1 , 1 3 0 - - 0 1  4 e 6 2 0 - 0 I  7 e 5 8 0 - - 0 2  

51 4 * 6 2 0 - - 0 3  t . 6 4 D - - 0 3  4 0 3 0 D - 0 3  
51 8 , 5 4 0 - - 0 8  2 , 9 4 D - - 0 8  T * 8 6 1 ~ - 0 8  

CHEKBN 50  27  40 0 2 *  t 7 0 - 0 7  1 , 0 5 0 - - 0 6  4 0 7 3 D - O g  0 , 0  

SOLUTION WRITTEN ON U N I T  20 

40EA 7 C 5 9 4 1 A 9 C 2 5 1  
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AEDC-T  R-78-59 

DC TODD COPS 
EXAMPl. E 7 

1 
2 
3 
4 
5 
6 
7 
8 
9 

IO 
I I  
12 
l ?  
14 
15 
16 
17 
18 
| 9  
20 
21 
22 
23 
24 
25  
26 
27  
2f l  
2q 
3O 
31 
32 
33 
34 
35 
36 
37  
38 
3c) 
4O 

42 
43 
44 
45 
46 
47 
48 
49 

51 

STOP 

A R 0 0 0 3 8 4  1 9 : 2 0  
Y ' '  : E X P ( Y |  

X V yp y p p  
O*O 0 , 0  - - 4 * 6 3 6 3 0 - 0 1  1 * 0 0 0 0 0  O~ 
1 , 8 8 3 3 0 - 0 2  - 8 * 5 5 4 7 1 ) - - 0 3  - 4 * 4 4 8 8 0 . 0 1  9 * 9 1 4 8 0 - - 0 |  
3 * 7 7 9 6 D - 0 2  - 1 * 6 8 1 ~ 0 - 0 2  - 4 , 2 6 1 6 0 - 0 1  9 , 8 3 3 3 0 - 0 1  
5 * 6 8 5 5 0 - 0 2  - 2 * 4 7 7 0 0 - - 0 2  - 4 , 0 7 4 6 0 - - q l  9 * 7 5 5 3 D - 0 1  
7 , 6 ~ 9 9 0 . 0 2  - 3 * 2 4 1 9 D - 0 2  - - 3 , 8 8 7 9 0 - 0 1  9 * 6 8 1 0 D - - 0 1  
9 , $ 4 3 4 0 - 0 2  - 3 * 9 7 5 5 D - 0 2  - 3 * 7 0 1 4 0 - 0 1  9 , 6 1 0 ~ 0 - 0 |  
1 , 1 4 8 8 0 - 0 1  - 4 , 6 7 7 ~ ) - 0 2  - 3 , 5 1 5 1 0 - 0 1  9 * 5 4 3 0 D - 0 1  
1 * 3 4 4 5 0 - 0 1  - 5 * 3 4 6 8 0 - 0 2  - 3 , 3 2 9 1 0 - 0 1  9 , 4 7 9 4 O - 0 1  
1 * 5 4 1 2 0 - 0 1  - 5 ° q 8 ~ 4 0 - 0 2  - Z ° 1 4 3 2 0 - 0 |  9 * 4 | 9 2 D - 0 1  
| , 7 3 9 0 0 - 0 1  - 6 * 5 8 6 " / 0 - 0 2  - 2 * 9 5 7 5 D - 0 1  9 * 3 6 2 6 D - 0 1  
1 * 9 3 7 7 0 . 0 1  - 7 * 1 5 6 0 0 - 0 2  - 2 , 7 7 1 9 0 - 0 1  ~ * 3 0 9 4 0 - 0 1  
2 * 1 3 7 4 0 - 0 1  - 7 , 6 9 1 1 0 - 0 2  - 2 , 5 e 6 5 0 - 0 1  9 * 2 5 9 7 0 - 0 1  
2 * 7 3 8 0 0 - 0 |  - 8 * 1 9 1 3 0 - 0 2  - 2 * 4 0 1 2 0 - ~ 1  q * 2 | 3 5 D - 0 !  
2 , 5 3 9 5 0 - 0 1  - 8 , 6 5 6 ~ 0 - 0 2  - 2 , 2 1 6 1 0 . 0 1  9 , 1 7 0 8 0 - 0 1  
2 , 7 4 1 7 0 - 0 1  - 9 , 0 8 5 7 0 - 0 2  - 2 , 0 3 1 0 0 - - 0 1  9 , 1 3 1 5 O - - 0 1  
2 * 9 4 4 6 0 - 0 1  - 9 * 6 7 9 I D - 0 2  - | * 8 4 6 1 0 - - 0 1  9 , 0 9 5 6 0 - - 0 1  
3 * 1 4 8 2 0 - 0 1  - g * 8 3 6 2 0 - 0 2  - 1 * 6 6 1 2 0 - 0 1  9 , 0 6 3 2 0 - 0 1  
3 , 3 5 2 4 r ~ ' 0 1  - I * 0 1 5 7 0 - 0 1  - 1 , 4 7 6 5 0 - 0 1  9 , 0 ~ 4 2 0 - 0 1  
3 , 5 5 7 2 0 - 0 1  - 1 , 0 4 4 0 0 - 0 |  - ] , 2 ~ 2 8 0 - C 1  g * 0 0 8 7 0 - 0 1  
~ * 7 6 2 4 0 - 0 1  - 1 * 0 6 8 6 D - 0 1  - 1 , 1 0 7 1 0 - 0 1  8 * 9 8 6 5 0 " ' 0 1  
3 * 9 6 8 0 D - 0 1  - 1 . 0 ~ 9 5 0 - 0 1  - q * 2 2 5 2 0 " - 0 2  8 , 9 6 7 8 0 - 0 1  
4 * 1 7 4 0 0 - 0 1  - 1 * | 0 6 6 O - 0 1  - 7 * 3 7 9 7 D - - 0 2  8 * 9 5 2 5 0 - 0 1  
4 , 3 8 0 3 0 - ~ 1  - I * I | g g D - 0 1  - 5 , 5 3 4 5 0 - 0 2  8 ° q 4 0 5 0 - 0 |  
4 , 5 8 6 7 0 - 0 1  - 1 * 1 2 9 4 0 - 0 1  - 3 * 6 8 9 5 0 - - 0 2  8 , 9 3 2 0 0 - 0 1  
4 * 7 9 3 3 D - 0 1  - 1 * 1 3 5 | D - 0 |  - 1 , 8 4 4 7 0 - 0 2  8 *9269D- -01  
5 * ~ 0 0 0 0 - 0 1  - | , 1 3 7 0 0 - 0 1  - 1 , 9 3 2 7 0 - 0 8  R , 9 2 5 2 0 - 0 1  
5 . 2 0 6 7 D - 0 |  - 1 * 1 3 5 1 D - - 0 1  1 , 8 4 4 7 0 - 0 2  ~ . 9 2 6 9 8 - - 0 1  
5 , 4 1 7 3 0 - 0 1  - 1 , 1 2 9 4 0 - 0 1  3 ° ~ 8 9 5 0 - 0 2  8 * 9 3 2 0 D - 0 1  
5 . 6 1 9 7 0 - 0 1  - 1 * 1 1 9 9 0 - 0 1  5 , 5 3 4 5 0 - - 0 2  8 * 9 4 0 5 0 - 0 1  
5 * 8 2 6 0 0 - - 0 1  - I * 1 0 6 ~ O - - O !  7 , 3 7 9 7 0 - 0 2  8 , 9 5 2 5 D - 0 1  
6 * 0 3 2 0 0 - 0 1  - I * 0 8 9 5 0 - 0 1  9 , 2 2 5 2 0 - 0 2  8 , 9 8 7 8 0 - 0 |  
6 , 2 3 7 6 D - 9 1  - 1 . ~ 6 8 E 0 - 0 1  I . I 0 7 I D - O !  8 , 9 ~ 6 5 0 - 0 t  
6 * 4 4 2 8 D - - 0 1  - I . 0 4 4 0 0 - - 0 1  1 . 2 ~ 1 8 0 - 0 |  9 . 0 0 8 7 0 - 0 1  
6 . 6 4 7 6 D - 0 1  - 1 . 0 1 5 7 D - 0 1  1 . 4 7 6 5 0 - 0 1  9 , 0 3 4 2 0 - 0 1  
6 ° 8 5 1 8 0 - ~ |  - 9 ° 8 3 6 2 D - 0 2  1 , 6 6 1 2 0 - 0 1  9 , q 6 3 2 0 - 0 |  
7 , 0 5 5 4 0 - 0 1  - 9 , 4 7 9 1 0 - 0 2  1 , 8 4 6 1 0 - - 0 1  9 , 0 9 5 6 0 - 0 1  
7 . 2 8 8 3 0 - 0 1  - 9 ° 0 8 5 7 0 - 0 2  2 , 0 3 1 0 0 - 0 1  9 , 1 3 1 5 0 - 0 1  
7 * 4 6 ~ 5 0 - 0 1  - R , 6 5 6 3 0 - 0 2  2 * 2 1 6 1 0 - ~ !  9 , 1 7 0 8 0 - 0 1  
? * 6 ~ 2 0 D - 0 1  - 8 , 1 9 1 3 0 - 0 2  2 , 4 0 | 2 0 - 0 1  9 * 2 1 3 5 0 - 0 1  
7 . 8 6 2 6 D - 0 1  - 7 . 6 9 1 1 D - 0 2  2 . 5 e 6 5 D - O t  g . 2 5 9 7 D - ~ t  
8 * 0 6 2 3 0 - - 0 1  - ? * 1 5 b ~ D - 0 2  2 , 7 7 1 9 0 - - ~ 1  9 . 3 0 9 4 0 - - 9 1  
8 * 2 6 1 0 0 - 0 1  - 6 , 5 8 6 7 0 - 0 2  2 , q 5 7 5 r ) - 0 1  9 , 3 6 2 6 0 - 0 1  
8 . 4 5 8 8 D - O r  - ~ . g 8 3 5 D - 0 2  3 . 1 4 3 2 0 - 0 2  9 . 4 1 9 2 D - 0 1  
8 . # 5 5 5 D - 0 l  - 5 . 3 4 8 8 D - 0 2  3 . 3 2 g l O - O l  9 * 4 7 9 4 0 - 0 1  
8 * ~ 5 1 2 0 - 0 1  - 4 , 6 7 7 4 0 - 0 2  3 , 5 1 5 1 0 - - 0 1  9 , 5 4 3 0 0 - 0 1  
q * 0 4 5 7 0 . 0 1  - ~ . g 7 5 5 0 - 0 2  2 , 7 0 1 4 0 - 0 1  9 * 6 1 0 2 0 - 0 1  
9 , P 3 9 0 D - O ]  - 3 . 2 4 1 g 0 - 0 2  3 * 8 8 7 9 0 - 0 1  9 , 6 8 1 ~ 0 - 0 1  
9 , 4 7 1 1 ~ - 0 1  - 2 , 4 7 7 0 D - 0 2  4 o 0 7 4 6 0 - 0 |  9 , 7 5 5 3 0 - - 0 1  
9 * 6 2 2 0 0 - 0 |  - - 1 , 6 ~ 1 3 0 - 0 2  4 * 2 6 1 6 0 - - 0 1  9 , 8 3 3 3 0 - 0 1  
~.8117D-01 -8.5547D--03 4.44580-01 9 .g14~0-~ |  
I * O 0 0 0 D  00 0 . 0  4 . 6 3 6 3 0 . 0 1  1 . 0 0 0 0 0  00 

NON AUG 0 7 ,  1978  

[ 
0 * 9  

- - 8 , | 1 0 8 0 " 0 5  
- 3 , 2 2 1 9 0 - - 0 4  
- 7 , 1 9 6 6 0 . ' - 0 4  
- 1 , 2 6 9 6 0 - 0 3  
- 1 . 9 6 7 9 D - 0 3  
- 2 . 8 1 0 1 D - 0 3  
- - 3 . 7 9 1 2 H 3  
" - 4 ' * 9 0 6 3 0 - 0 3  
- - 6 , ! 4 9 9 0 - 0 3  
- - 7 , 5 | 6 2 0 " 0 3  
- 8 * 9 9 9 4 0 - 0 3  
- 1 * 0 5 9 3 0 - - 0 2  
- - 1 o 2 2 9 0 0 " 0 2  
- | * 4 0 8 5 0 - - 0 2  
- 1 * 5 9 6 9 0 - 0 2  
- - 1 . 7 9 3 6 0 - 0 2  
- - 1 * 9 9 7 8 0 - - 0 2  
- - 2 * 2 0 8 ? 0 - - 0 2  
- - 2 , 4 2 5 6 0 - 0 2  
- 2 * 5 4 7 5 D - - 0 2  
- - 2 *8738D- -02  
- ] * 1 0 3 4 0 - - 0 2  
- 3 , 3 3 5 7 0 . 0 2  
- 3 * 5 6 9 7 0 - - 0 2  
- 3 * 8 0 4 6 0 - - 0 2  
- 4 * 0 3 9 4 0 - - 0 2  
- 4 * 2 7 3 4 D - 0 2  
- 4 , 5 0 5 7 0 - 0 2  
- 4 , 7 3 5 4 O - 0 2  
- 4 * 9 6 1 6 O - 0 2  
- 5 . 1 8 3 5 0 - 0 2  
- 5 . 4 0 0 4 D - - 0 2  
- 5 . 6 t 1 3 D - 0 2  
- 5 , 8 1 5 5 0 - - 0 2  
- 6 * 0 1 2 2 0 - - 0 2  
- 6 , 2 0 0 6 0 - 0 2  
- - ~ . 3 8 0 1 0 - 0 2  
- 6 . 5 4 9 8 D - 0 2  
-6  , 7 0 9 2 0 - - 0 2  
- - 6 , 8 5 7 5 0 - - 0 2  
--6 ° 9 9 4 1 0 " - 0 2  
- 7 * 1 1 8 5 0 - 0 2  
- 7 * 2 3 0 0 0 - 0 2  
- 7 . 3 2 8 1 0 - 0 2  
- 7 . A | 2 ~ D - 0 2  
- 7 . n 8 2 2 D - 0 2  
- - 7 ° 5 3 ? 2 0 - 0 2  
- 7 , 5 7 6 9 0 - 0 2  
- 7 * 6 0 1 0 D - 0 2  
- - 7 * 6 0 9 1 0 - - 0 2  

H 
1 * 8 8 3 0 " - 0 2  
i , 8 9 6 0 - - 0 2  
! ° 9 0 9 0 - - 0 2  
1 , 9 2 1 0 " 0 2  
1 * 9 3 3 D - 0 2  
I * 9 4 5 0 - 0 2  
1 • 9 5 6 D - 0 2  
| , 9 6 7 0 - - 0 2  
I , 9 7 8 0 - 0 2  
I * 9 8 8 0 - 0 2  
I * 9 9 ? 0 . 0 2  
2 .  0 0 6 0 - 0 2  
2 , 0  1 4 0 - 0 2  
2 , 0 2 2 9 - - 0 2  
2 , 0 2 9 0 - 0 2  
2 ° 0 3 6 0 - 0 2  
2* *0420- -02  
2 * 0 4 7 D - 0 2  
2 , 0 5 2 0 - 0 2  
2 , 0 5 6 0 - - 0 2  
2 ° 0 6 0 0 - 0 2  
2 , 0 6 3 0 - - 0 2  
~ * 0 6 5 0 - - 0 2  
2 , 0 6 6 1 ) " 0 2  
2 , 0 6 7 0 - - 0 2  
2 * 0 6 ? 0 - - 0 2  
2 , 0 6 6 0 - - 0 2  
2 , 0 6 5 0 - - 0 2  
2 , 0 6 3 0 . 0 2  
2 , 0 6 0 0 - - 0 2  
2 * 0 5 6 0 - 0 2 :  
2 ° 0 5 2 0 - 0 2  
2 * 0 4 7 0 - - 0 2  
2 , 0 n 2 0 - 0 2  
2 , 0 Z 6 0 - 0 2  
2 , 0 2 9 0 - - 0 2  
2 , 0 2 2 D - 0 2  
2 , 0 1 4 0 - 0 2  
2 , 0 0 6 0 - 0 2  
I . 9 9 7 0 - 0 2  
1 . 0 8 8 0 . 0 2  
1 o 9 7 8 0 - 0 2  
! * 0 6 7 0 - 0 2  
1 , 9 5 6 0 - - 0 2  
! , 0 4 5 0 - 0 2  
I * 9 3 3 0 - 0 2  
1 . 9 2 1 0 - 0 2  
1 , 9 0 0 0 - 0 2  
I • 8 9 6 0 - 0 2  
I * 8 8 3 0 - 0 2  

S 
1 , 0 1 0  O0 
! , 0 1 0  00 
1 , 0 1 D  00 
! , 0 1 0  O0 
1 , 0 1 D  O0 
1 , 0 1 0  O0 
1 o 0 1 0  O0 
1 , 0 1 0  O0 
! , 0 1 0  O0 
] , 0 0 0  00  
1 * 0 0 0  O0 
1 , 0 0 D  O0 
1 , 0 0 0  O0 
|eOOD O0 
! ,OOD O0 
1 , 0 0 0  O0 
I ,OOD O0 
I , 0 0 0  O0 
] .OOD O0 
1 * 0 0 0  00 
1 , 0 0 0  O0 
1 . 0 0 0  O0 
1 , 0 0 D  00  
1 , 0 0 0  O0 
| oOOO 00  
1 , 0 0 0  O0 
9 , 9 9 D - 0  ! 
9 , 9 9 D - 0 ]  
9 , 9 9 0 - 0 1  
9 , 9 8 0 - 0  | 
g * g s D - O  ! 
9 . 9 5 1 ) - 0 1  
9 , 9 7 0 - - 0 1  
g*gTD--O I 
9 * 9 7 0 - 0 1  
9 * 9 6 D - 0  [ 
g * 9 6 0 - 0 1  
g * 9 6 0 - - O !  
9 . 9 6 0 " - 0 1  
9 * 9 5 0 - 0 1  
9 . 9 5 0 - 0 1  
9 * 9 5 0 - 0 |  
9 * 9 4 D - 0 1  
9 , 9 4 D - 0 1  
9 , 9 4 0 - 0 1  
9 ° 9 4 D - 0 |  
¢) ° g 4 0 - 0 1  
9 , 9 3 0 - - 0 1  
9 * 9 3 0 - 0 1  
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all 

a2i 

Alj, i = 1 and N, 
j = 1 and N 

AI, Bi, C i, Di, 
i = 1 and N 

dlmjk 

D 

Dm i 

E 

Ei 

F 

f(x, y, y', I) 

gi 

H 

hi 

I 

11 

Jl(a,b) 

Kl(a,b) 

k 

Mi 

A E DC-TR-78-59 

NOMENCLATURE 

Eq. (104) 

Eq. (105) 

Eqs. (B-26) thru (B-29) 

End conditions parameters, Eq. (24) 

System coefficients, Eqs. (11 !) thru (133) 

Differentiation operator, Eq. (40) 

Eq. (110) 

Eq. (B-4) 

Operator, Eq. (38) 

Eq. (B-5) 

Eq. (134) 

Integral of quintic spline at xi, Eqs. (95) and (96) 

Eq. (B-l) 

Length of the ith interval, Eq. (1) 

Integral of y(x), Eq. (93) 

Value of I at xi 

Integral of the cubic spline, Eq. (27) 

Integral of the quintic spline, Eq. (89) 

Parameter in example problems, Eqs. (146), (152), (159), and 
(169) 

Second derivative of the cubic spline at xi, Eq. (8) 
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A E DC-TR-78-59 

ml  

rn.  I 

N 

pi(x) 

Qi 

qi(x) 

Ri 

x(x) 

V1 

x 

xl 

Y 

YAI, YBx 

Yal, Ybl, Ycl, YdJ 

Yi 

z(x) 

zi 

a(x), t3(x), ~,(x), e(x) 

61 

Eq. (B-3) 

First derivative of the cubic spline at xi, Eq. (7) 

Eq. (B-2) 

First derivative of the quintic spline at xi, Eqs. (74) and (65) 
/ 

Second derivative of the quintic spline at xl, Eqs. (75) and (59) 

Number of points 

Cubic spline polynomial in the ith interval, Eqs. (5) and (11) 

Eq. (98) 

Quintic sptine polynomial in the ith interval, Eqs. (73) and (86) 

Eq. (109) 

Cubic spline, Eq. (5) 

Eq. (108) 

Independent variable 

Given abscissas 

Dependent varaible 

Used in definition of Pi(X), Eqs. (9) and (10) 

Used in the definition of ql(x), Eqs. (82) thru (85) 

Given ordinates or else y(x0 

Quintic spline, Eq. (73) 

z(xi) 

Coefficients of linear or linearized differential equation, Eqs. (9,2) 
and (136) thru (139) 

Parameter used in definition of "i, Eq. (66) 
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A i 

r/i 

Oi 

X 

Xi, i = 1 and N 

oi 

Parameter used in definition of %i, Eq. (60) 

Eq. (3) 

Eq. (4) 

Eqs. (I53) and (177) 

Lagrange multipliers, Eq. (B-5) 

Eq. (2) 

A EDC-TR-78-59  
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